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PREFACE 


This book is the result of several years of classroom teaching, research investiga- 
tions, and experiences with operating antennas. It is primarily intended for use 
at the introductory and intermediate levels by seniors and graduate students of 
electrical engineering. Introductory course work in static and dynamic electro- 
magnetics is required background but an effort is made, particularly in Chapters 
2 to 6, not to rely heavily on the mathematics of electromagnetic theory. 
Instead, the engineering aspects of antenna theory are emphasized. 

The book covers the topic of antennas from roughly three vantage points: 
antenna fundamentals, antenna techniques, and the design of various antenna 
types. In the first four chapters fundamental material is stressed. Since the 
beginning student typically has had very little exposure to antennas, many details 
are found in Chapter 1. In that chapter the emergence of antenna theory from 
Maxwell’s equations is established, along with many definitions of terms used in 
antenna practice. At the end of Chapter | are discussions of how antennas are 
used in operating systems, so that the student can develop an immediate 
appreciation for the uses of antennas. Chapter 2 examines a few simple antenna 
systems to solidify the principles developed in Chapter 1 and to provide specific 
antenna types for the discussion of arrays in Chapter 3. The discrete approach 
(arrays) to antennas is considered early because the general relationship between 
current distributed in space and radiation is more easily understood in that setting. 
Then the continuous distribution of current follows naturally in the discussion 
of line sources in Chapter 4. 
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A survey of most of the antenna types encountered in practice is presented in 
Chapter 5 (Wire Antennas), Chapter 6 (Broadband Antennas), and Chapter 8 
(Aperture Antennas). These discussions are bound together with the analysis 
principles described in the introductory material. Emphasis is placed on the 
understanding of how antennas operate and on illustrating commonality among 
antenna types. However, design principles are included for the various antenna 
types, and “rules of thumb” are often given to simplify design calculations. 

Specialized techniques are also presented. In Chapter 7, moment methods are 
used to analyze wire antennas of practically any configuration. High frequency 
techniques are detailed in Chapter 9 with applications to aperture antennas and 
antennas in the presence of ground surfaces. In Chapter 10 the topic of antenna 
synthesis for line sources and linear arrays is introduced. 

This book can be readily adapted to various curricula. After the first five 
chapters are covered, any of the remaining five chapters could be selected. The 
first six chapters are ideally suited to a one-quarter, senior course. For a semester 
course, Chapter 8 is the logical addition to the first six chapters. Follow-on 
courses at the graduate level in a quarter system could include a course using 
Chapters 8 and 10 and a course using Chapters 7 and 9. An alternative would 
be a course based on Chapters 7 and 10 and a course based on Chapters 8 and 9. 

Several features have been incorporated into the text as aids to learning. 
Defined terms follow the official IEEE (Institute of Electrical and Electronics 
Engineers) standard definitions of terms. Specific references to the literature are 
listed at the end of each chapter so that the reader may locate further source 
material on topics of particular interest. The appendices provide useful data on 
frequency designations and conductors, and many mathematical relationships. 
Computer programs are also presented in Appendix G. These programs are 
useful in solving many of the problems included at the end of each chapter. 

We are appreciative of the assistance received during the writing of the 
manuscript. In particular, we are grateful to the many students who provided 
comments during the long classroom testing phase and to the publisher’s reviewers 
for their valuable suggestions. Gary A. Thiele acknowledges colleagues at The 
Ohio State University and friends from Australia who reviewed Chapters 7 and 9 
and who contributed to the computer programs in Appendices G.7, G.8, and G.9. 
Also, we express our deep appreciation to Cynthia Will for her expert typing of 
several manuscript versions. Finally, we must recognize our families for the many 
hours of neglect they endured. In particular, our wives, Claudia and Jo Ann are 
to be commended for their patience. 

Warren L. Stutzman 
Gary A. Thiele 
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ANTENNA FUNDAMENTALS 
AND DEFINITIONS 


1.1 INTRODUCTION 


Since the dawn of civilization communications has been of primary importance 
to human beings. At first, communication was achieved by sound through voice. 
As the distances of communicating increased, various devices were introduced, 
such as drums, horns, and so forth. For even greater distances visual methods 
were introduced, for example, signal flags and smoke signals in the daytime and 
fireworks at night. These optical communication devices, of course, utilize the 
light portion of the electromagnetic spectrum. It has been only very recently in 
human history that the electromagnetic spectrum, outside the visible region, has 
been employed for communication, through the use of radio. 

The radio antenna is an essential component in any radio system. A radio 
antenna is a device that provides a means for radiating or receiving radio waves. 
In other words, it provides a transition from a guided wave on a transmission 
line to a “free-space” wave (and vice versa in the receiving case). Thus, informa- 
tion can be transferred between different locations without any intervening struc- 
tures. The possible frequencies of the electromagnetic waves carrying this 
information form the electromagnetic spectrum (the radio frequency bands are 
given in Appendix D.1). One of human kind’s greatest natural resources is the 
electromagnetic spectrum and the antenna has been instrumental in harnessing 
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this resource. A brief history of antenna technology [1, 2, 3, 4] and a discussion 
of the uses of antennas follow. 

The theoretical foundations for antennas rest on Maxwell’s equations. James 
Clark Maxwell (1831-1879) before the Royal Society in 1864 presented his re- 
sults, which showed that light and electromagnetics were one in the same physi- 
cal phenomenon. He also predicted that light and electromagnetic disturbances 
both can be explained by waves traveling at the same speed. 

In 1886 the German physicist Heinrich Hertz (1857-1894) was able to verify 
experimentally the claim of Maxwell that electromagnetic actions are pro- 
pagated through air. Hertz discovered that electrical disturbances could be 
detected with a secondary circuit of the proper dimensions for resonance and 
containing an air gap for sparks to occur. The primary source of electrical 
disturbances studied by Hertz consisted of two metal plates in the same plane, 
each with a wire connected to an induction coil; this earliest antenna is similar 
to the capacitor-plate dipole antenna described in Section 2.1. Hertz constructed 
dipole and loop antennas, as well as relatively sophisticated parabolic cylinder 
reflector antennas fed with dipoles along the focal line. 

Guglielmo Marconi (1874-1937), an Italian electrical engineer, also built a 
microwave parabolic cylinder at a wavelength of 25 cm for his original code 
transmissions. But his subsequent work was at longer wavelengths for improved 
communication range. The transmitting antenna for the first transatlantic radio 
communication in 1901 consisted of a spark transmitter connected between the 
ground and a system of 50 vertical wires. The wires were fanned out and sup- 
ported on the top by a horizontal wire between two masts. The receiving 
antenna was supported by kites. Marconi realized the importance of elevating 
antennas at these low frequencies, which were around 60 kHz. 

The Russian physicist Alexander Popov (1859-1905) also recognized the im- 
portance of Hertz’s discovery of radio waves, and began working on ways of 
receiving them a year before Marconi. He is sometimes credited with using the 
first antenna in the first radio system by sending a signal from ship to shore for 
three miles in 1897. However, it was Marconi who developed radio commercially 
and followed through to the impressive level of transoceanic radio communica- 
tion. Marconi may be considered to be the father of amateur radio. 

Antenna developments in the early years were limited by the availability of 
signal generators. About 1920 resonant length antennas (such as a _half- 
wavelength dipole) were possible after the De Forest triode tube was used to 
produce continuous wave signals up to 1 MHz. At these higher frequencies 
antennas could be built with a physical size in the resonance region (e.g., a 
half-wavelength). Before World War II microwave (about 1 GHz) kylstron and 
magnetron signal generators were developed along with hollow pipe waveguides. 
These lead to the development of horn antennas, although Chunder Bose (1858- 
1937) in India produced the first electromagnetic horn antenna many years 
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earlier. The first commercial microwave radiotelephone system in 1934 was be- 
tween England and France and operated at 1.8 GHz. During the war an inten- 
sive development effort [5] primarily directed toward radar, spawned many 
“modern” antenna types, such as large reflectors, lenses, and waveguide slot 
arrays. 

Let us now direct our attention to the uses of antennas. The transmission of 
electromagnetic energy may employ some type of guiding structure (a transmis- 
sion line) or can be accomplished with transmit and receive antennas with no 
guiding structure in between. If a transmitter and receiver are spaced a distance r 
apart, the power loss when using a transmission line is proportional to (e ”)” 
where « is the attenuation constant of the transmission line. If antennas are used 
in a line of sight configuration, the power loss is proportional to 1/r?. Many 
factors enter into the decision of whether to use transmission lines or antennas. 
Generally speaking, at low frequencies and short distances transmission lines are 
practical. High frequencies are often used because of the available bandwidth. As 
distances become large and the frequency high, the signal losses and the costs of 
using transmission lines become large, and thus the use of antennas is favored. 
A notable exception to this is the fiber optic transmission line in the visible 
region. 

In several applications antennas must be used. For example, in mobile com- 
munications involving aircraft, spacecraft, ships, or land vehicles antennas are 
required. Antennas are also popular in broadcast situations where one transmit 
terminal can serve an unlimited number of receivers, which can be mobile (e.g., 
car radio). Nonbroadcast radio applications such as municipal radio (police, fire, 
rescue) and amateur radio also require antennas. In noncommunication applica- 
tions such as radar, antennas are also necessary. 

Other factors that influence the choice of the type of transmission system 
include historical reasons, security, and reliability. Telephone companies began 
interconnecting multiple transmit and receiver terminals with transmission lines 
before radio technology was available. Recently the telephone companies have 
employed radio more heavily; well over half of all long distance telephone calls 
are now carried over microwave radio links. Transmission lines also provide a 
certain degree of security. When radio is used, anyone with an adequate receiv- 
ing system can listen to a transmission. With transmission lines a “wire-tap” is 
required to violate privacy. For more sophisticated systems coding may be 
employed to secure a radio link. Also, security is a concern for only a small 
fraction of the communication situations. Another factor to be considered is 
reliability. For example, radio signals are affected by environmental conditions 
such as structures along the signal path, the ionosphere, and weather. Further- 
more, interference is always a threat to radio systems. All of these factors must 
be examined together with a cost comparison of systems using transmission lines 
and antennas. Every year radio equipment decreases in cost and increases in 
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reliability. This tends to tip the scale in favor of radio systems. Thus, the demand 
for antennas and a knowledge of their operation will be ever present. 

The following two sections of this first chapter present a brief review of elec- 
tromagnetic field principles and the solution of Maxwell’s equations for radia- 
tion problems. After a few basic relationships are derived, direct application of 
Maxwell’s equations is required only in a few special situations. The remainder 
of this chapter is devoted to antenna terminology and some simple examples. 
Also included are discussions of antenna applications in communication systems 
and radar. 


1.2 ELECTROMAGNETIC FUNDAMENTALS 


The fundamental electromagnetic equations are! 


OB 
V xX Gia ie (1-1) 
VxH =< 94S; (1-2) 
VD = p,(t) (1-3) 
V-B=0 (1-4) 
0 
VV: Fr=- ar Pr(t) (1-5) 


The first four of these differential equations are frequently referred to as 
Maxwell’s equations and the last as the continuity equation. The curl equations 
together with the continuity equation are equivalent to the curl and divergence 
equations. In time-varying field problems the curl equations with the continuity 
equation is the most convenient formulation. Each of these differential equations 
has an integral counterpart.” 

If the sources p;(t) and Y(t) vary sinusoidally with time at radian frequency a, 
the fields will also vary sinusoidally and are frequently called time-harmonic 
fields. The fundamental electromagnetic equations and their solutions are con- 
siderably simplified if phasor fields are introduced as follows:? 


& =Re(Ee), # = Re(He), etc. (1-6) 


’ Time-varying quantities will be denoted with script quantities, for example, € = &(x, y, z, t). 

? For a thorough discussion of the fundamental electromagnetic equations see [6]. 

> The student is cautioned that some authors use e~/ which leads to sign differences in subsequent 
developments. 
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where phasor quantities E, H, D, B, p;, and J; are complex-valued functions of 
spatial coordinates only (i¢., time dependence is not shown). Using the phasor 
definitions of the electromagnetic quantities from (1-6) in (1-1) to (1-5) and 
eliminating the e/ factors that appear on both sides of the equations yields 


V x E= —joB (1-7) 
Vx H=joD4+J, (1-8) 
VD p7 (1-9) 
V-B=0 (1-10) 
V-J;= —jopr. (1-11) 


The time derivatives in (1-1) to (1-5) have been replaced by a jc factor in (1-7) to 
(1-11) and time-varying electromagnetic quantities have been replaced by their 
phasor counterpart. This process is similar to the solution of network equations 
where the time dependent differential equations are Laplace transformed and the 
time derivatives are thus replaced by ja (or s). Equations (1-7) to (1-10) are often 
referred to as the time-harmonic form of Maxwell’s equations, because they 
apply to sinusoidally varying (i.., time-harmonic) fields. 

If more than one frequency is present the time-varying forms of the electro- 
magnetic quantities can be found by inverse transforms after (1-7) to (1-11) have 
been solved for the phasor quantities as a function of radian frequency . This is 
again analogous to the procedure used to solve network problems. Fortunately 
this is not usually necessary in antenna problems since the bandwidth of the 
signals is usually very small. In the typical case a carrier frequency is accom- 
panied by some form of modulation giving a spread of frequencies around the 
carrier. For analysis purposes we use a single frequency equal to the carrier 
frequency. Thus, all subsequent material in this book will assume time-harmonic 
fields. 

The total current density J, is composed of an impressed, or source, current J 
and a conduction current density term oE, which occurs in response to the 
impressed current: 


Jp=oE + J. (1-12) 


The role played by the impressed current density is that of a known quantity. It 
is quite frequently an assumed current density on an antenna, but as far as the 
field equations are concerned it is a known function. The current density oE is a 
current density flowing on a nearby conductor due to the fields created by 
source J and may be computed after the field equations are solved for E. In 
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addition to conductivity o, a material is further characterized by permittivity ¢ 
and permeability , where* 

D= cE (1-13) 
and 

B = uwH. (1-14) 


We will now rewrite the field equations in preparation {os their solution. 
Substituting (1-12) and (1-13) into (1-8) gives 
V x H = jo(: a, e+ s= jocE + J (1-15) 


where we have defined «’ = ¢ — j(a/w). Let p be the source charge density corre- 
sponding to the source current density J. Then using (1-12) to (1-14) in (1-7) and 
(1-9) to (1-11), and repeating (1-15) we have [see Prob. 1.2-2 for (1-18)]: 


V x E= —jopvH (1-16) 
Vx H=jocE+J (1-17) 
V-E= - (1-18) 
V-H=0 (1-19) 
V-J= —jap. (1-20) 


These are the time-harmonic electromagnetic field equations with source current 
density J and source charge density p shown explicitly. Sometimes it is conven- 
lent to introduce a fictitious magnetic current density M. Then (1-16) becomes 


V x E= —jopH — M. (1-21) 


Magnetic currents are useful as equivalent sources that replace complicated 
electric currents. 

The solution of the fundamental electromagnetic equations is not commas 
until the boundary conditions are satisfied. A sufficient set of boundary condi- 
tions (in the time-harmonic form) is 


fi x (H, — H,)=J, (1-22) 
(E, — E,) x i= M, (1-23) 


*In general ¢ and p can be complex, but in many antenna problems they can be approximated as 
real quantities. 
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where the electric and magnetic surface currents, J, and M,, flow on the boun- 
dary between two homogeneous media with constitutive parameters ¢€,, 144, 04, 
and &, [l7, 02. M, is zero unless an equivalent magnetic current sheet is used. 
The unit normal to the boundary surface ni is directed from medium 1 into 
medium 2. The cross products with the unit normal form the tangential compon- 
ents to the boundary, and these equations can be written as 


Fian2 = Aan + J; (1-24) 
en a Eyam ot M, G (1-25) 


These boundary conditions are derived from the integral form of (1-17) and 
(1-21). If one side is a perfect electrical conductor, the boundary conditions 
become 


Hin = J, (1-26) 
Exn = 0. (1-27) 


The tangential boundary conditions on the magnetic field intensity are il- 
lustrated in Fig. 1-1 for the general case and for the case where medium 1 is a 
perfect conductor. It is important to note that all field quantities in the boundary 
condition equations are evaluated at the boundary and that the equations apply 
to each point along the boundary. 

Also derivable from Maxwell’s curl equations is a conservation of power 
equation, or Poynting’s theorem [7]. Consider a volume v bounded by a closed 
surface s. The complex power P, delivered by the sources in v equals the sum of 


Medium 2 


(a) (b) 


Figure 1-1 Magnetic field intensity boundary condition. (a) General case. (b) One 
medium a perfect conductor. 
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the power P, flowing out of s, the time-average power P,,, dissipated in v, plus 
the time-average stored power in », 


Po= Py + Pa, + 72O(Wngy — Wess): (1-28) 


The complex power flowing out through closed surface s is found from 
1 > 
=) * + 
P any fp E x H* - ds (1-29) 


where ds = dsn and fi is the unit normal to the surface directed out from the 
surface. The quantity S = 4E x H* is the complex Poynting vector. The time- 
average dissipated power in volume v bounded by closed surface s is 


ple [|| ol EP av. (1-30) 


The time-average stored magnetic energy is ; 


W,.. = ; {I SH lHP dv. (1-31) 


v 


The time-average stored electric energy is 


W,.. = : {lI see |? do. (1-32) 


v 


If the source power is not known explicitly, it may be calculated from the 
volume current density as follows: 


p= : {{| E - J* dv. (1-33) 


v 


If magnetic current density is used, a term H* - M is added to the integrand in 
the preceding equation. 

From (1-29) we see that the integral of the complex Poynting vector 4E x H* 
over a closed surface s gives the total complex power flowing out through the 
surface s. It is natural to assume that the complex Poynting vector represents the 
complex power density in watts per square meter at a point. Then the complex 
power through any surface s (not necessarily closed) can be found by integrating 
the complex Poynting vector over that surface. We are particularly interested in 
real power (the real component of the complex power which represents the 
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electric and magnetic field intensities being in-phase). The real power flowing 
through surface s is 


P., = : Re( | E x H* - ds } (1-34) 


The reference direction for this average power flow is that of the specified unit 
normal fi contained in ds = dsn. 


1.3 SOLUTION OF MAXWELL’S EQUATIONS FOR 
RADIATION PROBLEMS 


The antenna problem consists of solving for the fields that are created by an 
impressed current distribution J. In the simplest approach this current distribu- 
tion is obtained during the solution process. How to obtain the current distribu- 
tion will be discussed at various points in the book, but for the moment suppose 
we have the current distribution and wish to determine the fields E and H. As 
mentioned in the previous section, we need only work with the two curl equa- 
tions of Maxwell’s equations as given by (1-16) and (1-17). These are two 
coupled, linear, first-order differential equations. They are coupled because the 
unknown functions, E and H, appear in both equations. Thus, these equations 
must be solved simultaneously. In order to simplify the solution for E and H 
with a given J we introduce the scalar and vector potential functions ® and A. 

The vector potential is introduced by noting from (1-19) that the divergence of 
1H is zero, 


V-H=0. (1-35) 


Therefore the vector field H has only circulation; for this reason it is often called 
a solenoidal field. Because it possesses only a circulation it can be represented by 
the curl of some other vector function as follows 


H=VxA (1-36) 


where A is the (magnetic) vector potential. To be more precise, (1-36) is possible 
because it satisfies (1-35) identically, that is, from (A-9) VV x A =0 for any A. 
The curl of A is defined by (1-36), but its divergence is yet to be specified for a 
complete definition of A. 

The scalar potential is introduced by substituting (1-36) into (1-16), which 
gives 


V x (E + jopA) = 0. (1-37) 
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The expression in parentheses is an electric field, and since its curl is zero, it is a 
conservative field and behaves as a static electric field. The (electric) scalar 
potential ® is defined from 


E + jouA = —V® (1-38) 


because this definition satisfies (1-37) identically, that is, from (A-10) 
V x V® = 0 for any ®. Solving (1-38) for the total electric field gives 


E = —jopA — VO (1-39) 


which may be a familiar result. 

The fields E and H are now expressed in terms of potential functions by (1-36) 
and (1-39). If we knew the potential functions then the fields could be obtained. 
We shall now discuss the solution for the potential functions. Substituting (1-36) 
into (1-17) gives 


VxH=VxVxA=jocE+J. (1-40) 
Using the following vector identity, from (A-17), 
VxVxA=V(V-A)—V2A (1-41) 
and (1-39) in (1-40) yields 
V(V- A) —V7A = jwe'(—japA — V®) + J (1-42) 
or 
V7A + wpe’ A — V(joe'® + V- A) = —J. (1-43) 


As we mentioned previously, the divergence of A is yet to be specified. A conven- 
ient choice would be one that eliminates the third term of (1-43). It is the 
Lorentz condition 


V-A= —joe’®. (1-44) 


Then (1-43) reduces to 
VA+o7pneA= —J. (1-45) 


The choice of (1-44) leads to a decoupling of variables, that is, (1-45) involves 
A and not ®. This is the vector wave equation. It is a differential equation which 
can be solved for A after the impressed current J has been specified. The fields 
are easily found then from (1-36) and 


“A 
E = —jopA + uy, ; (1-46) 


joe 
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where this equation was obtained from (1-39) and (1-44). Notice that only a 
knowledge of A is required. A more cumbersome approach would be to solve the 
scalar wave equation 


V0 + wtp = —© (1-47) 
in addition to the vector wave equation. [It is left as a problem to derive (1-47).] 
If this approach is used, E is found from (1-39). Note that p in (1-47) is related to 
J in (1-45) by the continuity equation; see (1-20). 
The vector wave equation (1-45) is solved by first forming three scalar equa- 
tions. This is done by decomposing A into rectangular components: 


VWA=%V°A.4+ 9 VA, +2V°A,, (1-48) 
Rectangular components are used because the unit vectors in rectangular com- 
ponents can be factored out of the Laplacian, since they are not themselves 
functions of coordinates. This feature is unique to the rectangular coordinate 
system. The Laplacian of A is always performed for A decomposed into rectan- 
gular components; however, the Laplacian of each component of A may be 


expressed in any coordinate system. Proceeding with the solution, we substitute 
(1-48) into (1-45) and equate rectangular components, and we get 


VIA AA =) 
V7A, + B’ A, 
V7A,+ B°A,= —J, 


I 
| 
~~ 


(1-49) 


where f? = we’. At this point we will assume that o = 0 so that ¢’ = ¢, which is 
also assumed to be real. Then 


B= o/ ue, (1-50) 


which is a real number, may be recognized as the phase constant for a plane 
wave. 

The three equations of (1-49) are identical in form. Thus if we solve one of 
them, the other two are easily solved. We first find the solution for a point 
source, that is, the unit impulse response. The general solution is then the sum of 
weighted point source responses. The differential equation for a point source is 


Voy + By = —6(x) d(y) d(z) (1-51) 


where w is the response to a point source at the origin, and 6 is the unit impulse 
function, or dirac delta function (see Appendix F.1). If the current is in the 
z-direction, for example, then y = A,. For all points except at the origin 


V2 + By =0. (1-52) 
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This is the complex scalar wave equation or Helmholtz equation. Because of 
spherical symmetry the Laplacian is written in spherical coordinates and w has 
only radial dependence. The two solutions to (1-52) are e /*"/r and e*/"/r. These 
correspond to waves propagating radially outward and inward, respectively. The 
physically meaningful solution is the one for waves traveling away from the 
point source. Evaluating the constant of proportionality (see Prob. 1.3-2) we 
have for the point source solution 


Pet 
wy =~ 


Arr” 


(1-53) 


This is the solution to (1-51) and gives the effect of a point source at distance r 
away from a point source located at the origin. If the source were positioned at 
an arbitrary location, we must compute the distance R between the source 
location and observation point P (see Fig. 1-2). Then 


eit 


~ AtR- 


W (1-54) 


The point source solution is actually that of an ideal dipole and will be discussed 
more fully in the next section. 

For an arbitrary z-directed current density, the vector potential is z-directed. If 
we consider the source to be a collection of point sources weighted by the 
distribution J,, the response A, is a sum of the point source responses of (1-54). 
This is expressed by the integral over the source volume v’: 


Lee | {| i ae dv’. (1-55) 


, 


Source volume v’ 


@ P field point 


Figure 1-2 Vectors used to solve radiation problems. 
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Similar equations hold for the x- and y-components. The total solution is then 
the sum of all components: 


e —JBR 


=a I [3 ae (1-56) 


This is the solution to the vector wave equation (1-45). The geometry is shown in 
Fig. 1-2. The coordinate system shown is used to describe both the source point 
and field point. r’ is the vector from the coordinate origin to the source point, 
and r, is the vector from the coordinate origin to the field point P. The vector R 
is the vector from the source point to the field point and is given by r, — r’. This 
geometry will be used henceforth. 

We can summarize rather simply the procedure for finding the fields generated 
by a current distribution J. First A is found from (1-56). The H field is found 
from (1-36). The E field may be found from (1-46), but frequently it is simpler to 
find E from (1-17) as 


“= (V x H—J) (1-57) 


if we are in the source region, or from just 


BS evi (1-58) 
Je 


if the field point is removed in distance from the source, that is, if J = 0 at point 
Te 


XN 


1.4 THE IDEAL DIPOLE 


In this section the principles presented in the previous section are used to find 
the fields of an infinitesimal element of current. We shall use the term ideal dipole 
for a piece of uniform amplitude current which is of infinitesimal length or of 
very small finite length, Az </. It does not exist by itself, but it may be con- 
sidered to be a piece of a larger current on an actual antenna. The ideal dipole 
concept is also useful because its fields approximate those of electrically small 
dipoles to be discussed in Chapter 2. 

Consider an element of current of length Az along the z-axis centered on the 
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coordinate origin. It is of constant amplitude I. In this case the volume integral 
of (1-56) for vector potential reduces to the one-dimensional integral° 


Az/2 e cy 


= ba 1-59 
ul ine nee ¢ ( ) 


The length Az is very small compared to a wavelength and to the distance R. See 
Fig. 1-3. Since Az is very small, the distance R from points on the current 
element to the field point approximately equals the distance r from the origin to 
the field point. Substituting r for R in (1-59) and integrating gives 

Te ifr 


A =~ Az. (1-60) 


This is exactly true for an infinitesimal current element and is approximately 
true for a small (Az </ and Az < R) but finite uniform current element. The 
vector potential A, for an infinitesimal current was also derived in the previous 
section; see (1-53) in which J Az = 1. For many current sources we can readily 
make the substitution of r for R in the denominator of the integrand in (1-59) 
but usually cannot make the same substitution in the exponent. However, in the 
case of a very small source, we can use r for R in both the denominator and 
exponent. 

We are now ready to calculate the electromagnetic fields created by the ideal 
dipole. The magnetic field is found from (1-36) as 


H=V x A=V- (4,2). (1-61) 
If we apply the vector identity (A-16), the preceding equation becomes 
H = (VA,) x 2+ AV x 2) = (VA,) x 2. (1-62) 


The second term is zero because the curl of a constant vector is zero. Substitut- 
ing (1-60) into (1-62) we have 


(1-63) 


—jpr 
H= ye | ip 
Azur 


° The result in (1-59) could also be obtained by representing the current density as 


A A 
J =I 6(x’) d(y’)z for — = ar ie = 
Substituting this into (1-56) yields 
‘ oo ; , 2/2 e JBR ‘ 
A=iZI i noe ) dx ae d(y’) dy’ i Aen dz 


from which (1-59) follows. 
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Figure 1-3 The ideal dipole. The current J is uniform, Az < 4, and R ~ r. 


Applying the gradient in spherical coordinates from (A-33) gives 


I —Nyiie 
He al i x2 


4n or\ r 
PAZ pen eal 
Pie | : —— 3 fF XZ. (1-64) 
From (A-3) we have 
f x 2=f x (F cos 0 — 6 sin 0) = — sin 0. (1-65) 
Substituting (1-65) into (1-64) gives | 
LENZ? Ban le |) OX ence ey 
H= re e +e JPr sin OO. (1-66) 


The electric field can be obtained from (1-58) as 


I Az |j 1 1 p 
pa fee + [#3 a ie sin 60 
4n | r er joer 


IA 1 ea | : 
fc [#5 + ase cos OF (1-67) 
Che jer 


THD) 
B= w/e. (1-68) 


Note that if the medium surrounding the dipole is air or free space, 
B = Wy) Uo Eo 


where we still have 
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Equations (1-66) and (1-67) may be written as 


I Az 1 \e 28 m 
in 8 1s 
pls re i6(1 + a iS ~~ sin ® (1-69) 
I Az 1 1 ene a 
— aull + sin 60 
deat | iBr (Br | : 
I a 1 1. jer 
+ ; cos OF. 1-70 
2n onl ra r bag 


If Br is large (i.e, Br > 1, or r > A since B = 27/A), then all terms having inverse 
powers of jBr are small compared to unity, and (1-69) and (1-70) reduce to 
I Az e br . 
E= I - 
4, jo#—— sin 60 (1-71) 
_ihz oe e iBr 
iB 


sin 06. | (1-72) 


These are the fields of an ideal dipole at large distances from the dipole. The 
ratio of these electric and magnetic field components is 


E 


atcis 
where y = Jule is the intrinsic impedance of the medium (for free space 
No = 376.7 ohms ~ 120z ohms). This is a property of plane waves. Also we shall 
see that at large distances from any antenna, the fields are related in this manner. 
Using the fields of (1-71) and (1-72), we can find an expression for the complex 
power flowing out of a sphere of radius r surrounding the ideal dipole from 
(1-29) as follows 


P, =; |[ExH*- ds 


ee aie 


ale 


I Az ey Vie PRA A el Pint pe 
i ie | jou ; sin 00 x (—jB) E sin 0 - ds 


I 


2n 


0 
‘ont | [. ae f-r? sin 0 dO ddt 
) 


r2 


> 


a 


Z 


—_ 


Nile Nie ate 


= 
D 


p Sele I 
Slee 


“Yous |. | dof sin? 6 dO 


—__ 


ee 
$|p 
Sie 
—_— 
N 
S 
= 
Row) 
N 
a 
wl 


—_ 
— 
CS 
N 


(1-74) 


= 
Sy 
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This is a real quantity, and real power indicates dissipated power. It is dissipated 
in the sense that it travels away from the source and can never be recovered. In 
fact, the average power going out through a sphere of radius r can be found [see 
(1-34)] by taking the real part of (1-74), which leaves it unchanged. This power 
expression is independent of r, and thus if we integrate over a sphere of larger 
radius, we still have the same total power streaming through it. We refer to this 
type of power as radiated power. The fields in (1-71) and (1-72) are called radia- 
tion fields. The region in which the radiation fields are the most significant 
portion of all fields arising from the antenna is called the far-field region, or 
simply the far field or far zone. The distance away from an antenna where the far 
field begins is discussed further in Section 1.5. 

In the near-field region of an antenna, terms of the field expressions with 
powers of inverse r greater than one are significant compared to the radiation 
fields. The complex Poynting vector 3E x H* will then contain terms with 
powers of (1/r) of three and higher in addition to the radiation field term, that 
varies as 1/r?. It turns out that these terms are pure imaginary, indicating reac- 
tive power. Thus, in the near field of an antenna there is stored energy. 

The input impedance of an antenna is, in general, complex. The real part 
(neglecting ohmic losses on the antenna structure) represents radiation, while the 
imaginary part corresponds to the reactive near-field power. Antenna impedance 
will be discussed further in Section 1.8. 


1.5 RADIATION PATTERN 


A radiation pattern is a graphical representation of the radiation (far-field) 
properties of an antenna. It can be measured by moving a probe antenna around 
the test antenna at a constant distance from it, noting the response as a function 
of angular coordinates. The probe antenna is usually maintained in a given 
orientation. For example, consider an ideal dipole along the z-axis at the origin 
as shown in Fig. 1-4a. Its radiation fields are given by (1-71) and (1-72). Since 
the electric field is totally 0-directed we would choose a probe antenna that 
responds to this field. Another ideal dipole oriented as shown in Fig. 1-4a will 
serve as a probe and it responds to E,. As this probe is moved over the spherical 
surface its output (terminal voltage) varies and is recorded. The variation of E, 
over the sphere, from (1-71), is sin 8; remember r is constant during this measure- 
ment. Any plane containing the z-axis has the same radiation pattern since 
there is no @ variation in the fields. A pattern taken in one of these planes is 
called an E-plane pattern because it contains the electric vector. A pattern taken 
in a plane perpendicular to an E-plane and cutting through the test antenna (the 
xy-plane in this case) is called an H-plane pattern because it contains the mag- 
netic field vector (H,). The E- and H-plane patterns for the ideal dipole are 
shown in Fig. 1-4b and 1-4c. These are polar plots in which the distance from the 
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(b) 


(a) 


ee 


(c) 


Figure 1-4 Radiation from an ideal dipole. (a) 
Field components and the pattern measurement 
scheme. The probe antenna is moved over the 
spherical surface. (b) E-plane radiation pattern 
polar plot of | £,| or | Hy |. (c) H-plane radiation 
pattern polar plot of | £,| or | H,|. (d) Three- 
dimensional plot of radiation pattern. 
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origin to the curve is proportional to the field intensity. The E- and H-plane 
patterns, in general, are referred to as principal plane patterns. 

The complete pattern for the ideal dipole is shown in isometric view with a 
slice removed in Fig. 1-4d. It resembles a “holeless doughnut,” and is often 
referred to as an omnidirectional pattern since it is uniform in the xy-plane. When 
encountering new antennas the reader should attempt to visualize the complete 
pattern in three dimensions. 

Radiation patterns in general may be calculated in a manner similar to that 
used for the ideal dipole if the current distribution on the antenna is known. This 
is done by first finding the vector potential given in (1-56). As a simple example 
consider a filament of current along the z-axis and located near the origin. Many 
antennas may be modeled by this line source; straight wire antennas are good 
examples. In this case the vector potential has only a z-component and the 
vector potential integral is one-dimensional® 


eo JAR 


A,= | I(2’) dz! (1-75) 


4nR 


Due to the symmetry of the source we expect that the radiation fields will not 
vary with @. This is because as the observer moves around the source such that r 
and z are constant, the appearance of the source remains the same; thus, its 
radiation fields are also unchanged. Therefore, for simplicity we will confine the 
observation point to a fixed @ in the yz-plane (@ = 90°) as shown in Fig. 1-5. 
Then from Fig. 1-5 we see that 


Ta = yon Ze (1-76) 
z=rcos 0 (1-77) 
y=rsin 0. (1-78) 


Also r, =r = yy + zz and r’ = z’2 lead to R=r, —r' = yy + (z — z’)Z and then 


R=,/y* +(z-2Z) 
= /P $F de + EF. (1-79) 


Substituting (1-76) and (1-77) into (1-79), to put all field point coordinates into 
the spherical coordinate system, gives 


R = {r? + [—2r cos 02’ + (z’)*]}?”. (1-80) 


° This result could also be obtained by using J,(r’) = I(z’) 5(x’) 5(y’) in (1-55) where dv’ = dx’ dy’ dz’. 
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x 


Figure 1-5 Geometry used for field calculations of a 
line source along the z-axis. 


In order to develop approximate expressions for R, we expand (1-80) using the 
binomial theorem (F-4): 


ra pee 
R=(r)? + ; (r7)~*/?[ —2r cos 02’ + (z’)?] + A=2) Gane? 


-[—2r cos 62’ + (2)? +-°° 
(z’)? _ (z’P cos’ 8 
ie of 
(z’)? sin? 0 
2r 


1 
r 2) cos.0 + + terms of order (a}+- 


r 


r—z cos @+ (1-81) 
The terms in this series decrease as the power of z’ increases if z’ is small 
compared to r. This expression for R is used in the radiation integral (1-75) to 
different degrees of approximation. In the denominator (which affects only the 
amplitude) we let 


Rer. (1-82) 


We can do this because in the far field r is very large compared to the antenna 
size, so r > z’ >z’ cos 9. In the phase term —fR we must be more accurate 
when computing the distance from points along the line source to the observa- 
tion point. The integral (1-75) sums the contributions from all the points along 
the line source. Although the amplitude of waves due to each source point is 
essentially the same, the phase may be different if the path length differences are 
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a sizable fraction of a wavelength. We, therefore, include the first two terms of 
the series in (1-81) for the R in the numerator of (1-75) giving 


R~r-—Zz' cos 0. (1-83) 
Using the far-field approximations (1-82) and (1-83) in (1-75) yields 


e IB 2" cos 0) 


A, = | NCA eer ea dz’ 
on | I(e’)eiP* 88 de’ 1-84 
=" | I(ee z (1-84) 


where the integral is over the extent of the line source. This may be recognized as 
a Fourier transform type integral. Next the magnetic field is found from 


H=Vx A=Vx (4,2) 
= V x (—A, sin 0 + A, cos 6f) (1-85) 


where (A-3) was used. Since A, is a function of r and 6, the curl in spherical 
coordinates, as given by (A-35), leads to 


AWG! 0 
H=6— (or sin 0) — a5 (A: cos 0) (1-86) 
Substitution of (1-84) into the above gives 
.|—sin 0 uy Ort eee, BesdheG 
== 1\ J Bz’ cos 0 cat jo ee ew? 
Hise Arr | Hee a7 ar < Arr? 00 
; eo 6 zea i 
Wei ronan 
ia s P 1\ 5J BZ’ cos / 
ers ip sin 0 | I(z')e dz 
Bet 5 Dy 1\ ,J Bz’ cos 0 ! a 
55 cos 0 | I(e')e! iz|} (1-87) 


The ratio of the first term to the second term above is of the order fr. If Br > 1 
the second term is small compared to the first and may be neglected, as we did 
for the far-field approximation of the ideal dipole in Section 1.4. Thus (1-87) 
becomes 


x Sry. we uf 
H = 4B sin 0 —| I(e’)el™* ™° do’ = Gif sin 84... (1-88) 
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The electric field is found from (1-46), which is 


-A 
E = —jopA + yO) (1-89) 


. 


joe 


Using (1-75) in (1-89) and retaining only the r~' term (and assuming fr > 1) 
leads to the far-field approximation 


E = —japA,6 = 6jop sin 0A,. (1-90) 


Note that (1-90) is the portion of the first term of (1-89) which is transverse to fF 
because —japA = —jap(—A, sin 60 + A, cos Or). This is a general feature that 
may be exploited to simplify radiation calculations. 

The radiation fields from a z-directed line source (any z-directed current 
source in general) are H, and E,, and are found from (1-88) and (1-90). The only 
remaining problem is to calculate A,, which is given by (1-55) in general and by 
(1-84) for z-directed line sources. Calculation of A, is the focal point of antenna 
analysis. We shall return to this topic after pausing to further examine the 
characteristics of the far-field region. 

The ratio of the radiation field components as given by (1-88) and (1-90) yields 


= nH, (1-91) 


where 4 = cue = intrinsic impedance of the medium. An interesting conclusion 
can be made at this point. The radiation fields are perpendicular to each other 
and to the direction of propagation f and their magnitudes are related by (1-91). 
These are the properties of a plane wave except that the phase is not constant 
over a plane, and from (1-88) the magnitude dependence is 1/r. However, at large 
distances the wave appears to an observer to be a plane wave over a small 
region. This is called “local plane wave behavior,” or more formally a TEM 
(transverse electromagnetic) wave. Thus, having found any one component of a 
radiation field the other may be found by plane wave relationships. These are 
general properties of radiating systems. If we get far enough away from any 
source the fields exhibit local plane wave behavior and have a magnitude depen- 
dence of 1/r. 

These far-field approximations have a simple geometric interpretation. If we 
draw the rays from each point on the source as parallel lines, then (1-83) is easily 
verified as indicated in Fig. 1-6. The parallel ray assumption is exact only when 
the observation point is at infinity, but it is a good approximation in the far field. 
Radiation calculations are frequently begun by assuming parallel rays and then 
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S 
\ 
z cos @ 


Figure 1-6 Parallel ray approximation for far- 
field calculations of a line source. 


determining R for the phase by geometrical techniques. Consider a general 
source shown in Fig. 1-7. From the figure we see that 


R=r-—r' cosa. (1-92) 


Using the definition of dot product, we have 


or 
Rarer. (1-93) 


Notice that if r’ = z’2, as for line sources along the z-axis, (1-93) reduces to 
(1-83). Equation (1-93) provides a general method for obtaining the far-field 
approximation to R for the phase factor in the radiation integral. 

The definition of the distance from the source where the far field begins is 
taken to be where the parallel ray approximation begins to breakdown. To be 
precise the distance where the far field begins, r;,, is that value of r for which the 
path length deviation due to neglecting the third term of (1-81) is a sixteenth of a 
wavelength. This corresponds to a phase error (by neglecting the third term) of 
2n/A + A/16 = 2/8 rad = 22.5°. 
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Figure 1-7 Parallel ray approximation for far-field 
calculations of a general source. 


If D is the length of the line source, r;, is found by equating the maximum 
value of the third term of (1-81), that is, for z’ = D/2 and 6 = 90°, to a sixteenth 
of a wavelength as 


(D2 _ A 
ia, (1-94) 
Solving for rr, gives 
2D? 
ape iis C (1-95) 
The far-field region is r > re,. 
The far-field conditions are summarized as follows. 
(1-96) 
far-field conditions (1-97) 
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The condition r > D was mentioned in association with (1-82) for the amplitude 
approximation. The condition r > follows from fr = (2zr/A) > 1 which was 
used to reduce (1-87) to (1-88). Usually the far field is taken to begin at a 
distance given by (1-95) where D is the maximum dimension of the antenna. This 
is usually a sufficient condition for antennas operating in the VHF region and 
above. At lower frequencies, where the antenna may be small compared to the 
wavelength, the far-field distance may have to be greater than 2D7/A in order 
that the conditions (1-97) and (1-98) be satisfied. 

So far in this section we have derived expressions for radiation fields and have 
defined the region over which they are valid. Fortunately it is not necessary to 
repeat these derivations every time the radiation fields from an antenna are to be 
calculated. The procedure for obtaining the radiation fields can be reduced to 
three steps. 


i. Find A. Select a coordinate system most compatable with the geometry of the 
antenna, using the notation of Fig. 1-2. In general, use (1-56) with R > r and 
the parallel ray approximation of (1-93) for determining phase differences 
over the antenna. These yield 


e JBr PAS 
pew pr-r ! 
A= 5 ill Sell dy’. (1-99) 
For z-directed sources 
e jbr n sre 4 
A=i Je) dy’. 1-1 
re {| 7e v (1-100) 


vp’ 


For z-directed line sources on the z-axis 


pel(anialaeccran dz) (1-101) 


2. Find E. In general, use the component of 
E = —jopA (1-102) 


which is transverse to the direction of propagation, rf. This is expressed 
formally as 


E = —jopA — (—jopA - rr. (1-103) 
For z-directed sources 


E = jap sin 04,9. (1-104) 
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3. Find H. In general, use the plane wave relation 
“ne = x E. (1-105) 


This equation expresses the fact that in the far field the directions of E and H 
are perpendicular to each other and to the direction of propagation, and also 
that their magnitudes are related by yn. For z-directed sources 
E 
bs = : (1-106) 


The most difficult step is the first, calculating the radiation integral. This topic 
will be discussed many times throughout the book, but to immediately develop 
an appreciation for the process we will present an example. This uniform line 
source example will also serve to provide a specific ene for introducing gen- 
eral radiation pattern concepts and definitions. 


Example 1-1. The Uniform Line Source 


The uniform line source is a line source for which the current is constant along its extent. 
If we use a z-directed uniform line source centered on the origin and along the z-axis, the 
current is 


i x=0, y=0, |2’| ae 
IZ) = 2 (1-107) 
0 elsewhere 


where L is the length of the line source. See Fig. 1-8. We first find A, from (1-101) as 
follows. 


e jbr Liz 8 
A, = | I, eibz cos 0 dz’ 
4mr *_ 12 


e sbr — — g~ JBL/2)cos 0 
0 


ms 4nr 


_ 1,Le~/* sin[(BL/2)cos 6] 


JB cos 0 


4nr  (BL/2)cos 0 (1,408) 
The electric field from (1-104) is then 
ae — ipr Pe 
E = jeojisid (An) = ee eee ig Be ees (1-109) 


nee (BL/2)cos 6 
The magnetic field is simply found from this using Hy = E,/n. 
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Figure 1-8 The uniform line source (Example 1-1). (a) 
Antenna geometry. (b) Current distribution. 


Since the radiation pattern is the variation over a sphere centered on the 
antenna, r is constant and we have only @ and ¢ variation of the field. It is 
convenient to normalize the field expression such that its maximum value is 
unity. This is accomplished as follows for a z-directed source which has only a 
0-component of E 

E, 


LG ae soa 


ner) (1-110) 


where F(6, ) is the normalized field pattern and E,(max) is the maximum value 
of E, over a sphere of radius r. This variation is, or course, independent of r. An 
element of current on the z-axis has a normalized field pattern from (1-71) of 


_ (I Az/4n)jop(e-/""/r)sin 8 _ 
AQ) (I Az/4n)jop(e i /r) 


sin 0 (1-111) 


and there is no @ variation. The normalized field pattern for the uniform line 
source is from (1-109) in (1-110) 


9 sin[(BL/2)cos 0] 
" ” ~~ (BL/2)cos 0 


F(6) = (1-112) 


and again there is no @ variation. The second factor of this expression is the 
function sin(u)/u and we shall be encountering it frequently. It has a maximum 
value of unity at u = 0; this corresponds to 6 = 90° where u = (BL/2)cos 0. Sub- 
stituting 0 = 90° in (1-112) gives unity and we see that F(@) is normalized. 


28 ANTENNA FUNDAMENTALS AND DEFINITIONS 


In general, a normalized field pattern can be written as the product 


F(0, $) = 9(8, o)f(@, ) (1-113) 


where g(6, ) is the element factor and f (0, ) is pattern factor. The pattern factor 
comes from the integral over the current and is strictly due to the distribution of 
current in space. The element factor is the pattern of an infinitesimal current 
element in the current distribution. For example, we found for a z-directed 
current element that F(@) = sin @. This is, obviously, also the element factor, so 


g(@) = sin 0 (1-114) 


for a z-directed current element. Actually this factor originates from (1-90) and 
can be interpreted as the projection of the current element in the 6-direction. In 
other words, at 8 = 90° we see the maximum length of the current, whereas at 
9 = 0° or 180° we see the endview of an infinitesimal current which yields no 
radiation. The sin 0 factor expresses the fraction of the size of the current as seen 
from the observation angle 6. On the other hand, the pattern factor f(0, ) 
expresses the fractional change in the radiation due to the total effect of parallel 
rays eminating from the source. These rays arrive with different phases and the 
radiation integral (1-99) sums all of these rays. For a source with constant phase 
all rays arrive in-phase in the direction normal to the antenna and the pattern is 
maximum there. For the ideal dipole we have said that the source is so small 
that there are essentially no phase differences for rays along the source and thus 
the pattern factor is unity. 

For the z-directed uniform line source pattern of (1-112) we can identify the 
factors as 


g(8) = sin 0 (1-115) 
and 


= rays (1-16 


For long line sources (L > A) the pattern factor of (1-116) is much sharper than 
the element factor sin 0, and the total pattern is approximately that of (1-116), 
that is, F(0) ~ f(@). Hence, in many cases we need only work with f(6), which is 
obtained from (1-101). If we allow the beam to be scanned (this will be discussed 
below) the element factor becomes important as the pattern maximum 
approaches the z-axis. 

Frequently the directional properties of the radiation from an antenna are 
described by another form of radiation pattern, the power pattern. The power 
pattern gives the power density angular dependence and is found from the 0, @ 
variation of the r-component of the Poynting vector. For z-directed sources 
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H = E,/n so the r-component of the Poynting vector is 3E,H* = | E,|*/2n and 
the normalized power pattern is simply the square of its field pattern 


P(0) = | F(@)/’. (1-117) 
The normalized power pattern for a z-directed current element is 

P(0) = sin? 0 (1-118) 
and for a z-directed uniform line source is 


sin[(BL/2)cos 6]|? 
(BL/2)cos 0 


P(@) = {sin 6 (1-119) 

Frequently patterns are plotted in decibels. It is important to recognize that 
the field (magnitude) pattern and power pattern are the same when plotted in 
decibels. This follows directly from the definitions. For field intensity in decibels 


| F(6)|an = 20 log| F(0)| (1-120) 
and for power in decibels 
P(0)an = 10 log P(6) = 10 log| F(6)|? = 20 log| F(@)| (1-121) 
and we see that P(0)i3= | F(@) |an- 


Radiation Pattern Parameters. Now we will discuss the structure of an 
antenna pattern. A typical antenna power pattern is shown in Fig. 1-9 as a polar 
plot in linear units (rather than decibels). The main lobe (or main beam or major 
lobe) is the lobe containing the direction of maximum radiation. There are also 
usually a series of lobes smaller than the main lobe. Any lobe other than the main 
lobe is called a minor lobe. Also we can define a side lobe as a radiation lobe in 
any direction other than that of the intended lobe. In most cases the main lobe is 
the intended lobe and thus the minor lobes are side lobes; we shall assume this is 
the case. Typically the side lobes are alternately positive and negative valued. In 
fact, a pattern in its most general form may be complex-valued. Then we use the 
magnitude of the field pattern | F(0)| or the power pattern P(6). 

A measure of how well the power is concentrated into the main lobe is the 
(relative) side lobe level which is the ratio of the pattern value of a side lobe peak 
to the pattern value of the main lobe. The largest side lobe level for the whole 
pattern is the maximum (relative) side lobe level, frequently abbreviated as SLL. 
In decibels it is given by 


| F(SLL)| 


SLLap = 2\) log | F(max)| 


(1-122) 


30 ANTENNA FUNDAMENTALS AND DEFINITIONS 


Main lobe maximum direction 


Main lobe 


Half-power point (left) Half-power point (right) 


0.5 Half power beamwidth (HP) 


Beamwidth between first nulls (BWEN) 
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Figure 1-9 A typical power pattern polar plot. 


where | F(max)| is the maximum value of the pattern magnitude and | F(SLL)| 
is the pattern value of the maximum of the highest side lobe magnitude. For a 
normalized pattern F(max) = 1. 

For a specific example the pattern factor for a uniform line source is plotted in 
a linear, rectangular form in Fig. 1-10. The smaller lobes are the side lobes and 
they are alternately positive and negative. Note that to convert the plot in 
Fig. 1-10 to a polar plot in terms of @ we must specify the source length L. This 
will be discussed further in Chapter 4. 

Another meaningful parameter is the half-power beamwidth, HP. It is the angu- 
lar separation of the points where the main beam of the power pattern equals 
one-half. Hence 


HP = | Pup leftiem Op right | (1-123) 


where Oyp ier, ANG Opp right ATE POints to the “left” and “right” of the main beam 
maximum for which the power pattern has a value of one-half (see Fig. 1-9). On 
the field pattern | F(6)| these points correspond to the value 1 Re. For example, 
the sin 6 pattern of an ideal dipole has a value of 1 jy/2 for @ values of 
Oup tet = 135° and Oyp -ignt = 45°. Then HP = | 135° — 45°| = 90°. This is shown 
in Fig. 1-4b. Note that the definition of HP is the magnitude of the difference of 
the half-power points and the assignment of left and right may be interchanged 
without changing HP. 

We often refer to antennas as being broadside or endfire. A broadside antenna 
is one for which the main beam maximum is in a direction normal to the plane 
containing the antenna. An endfire antenna is one for which the main beam is in 
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flu) = oe 


Figure 1-10 Pattern factor for a uniform line source of length L and u = (BL/2) 
cos 6. 


a direction parallel to the plane containing the antenna. For a linear current on 
the z-axis, the broadside direction is 6 = 90° and the endfire directions are 0° 
and 180°. For example, an ideal dipole is a broadside antenna. For z-directed 
line sources several patterns are possible. Figure 1-11 illustrates a few | f(@)| 
patterns. The entire pattern (in three dimensions) is imagined by holding the 
z-axis and spinning it. The full pattern can then be generated from the E-plane 
patterns shown. The broadside pattern of Fig. 1-11a is called a fan beam. The 
full (in three dimensions) endfire pattern of Fig. 1-11c has a single lobe in the 
endfire direction. This single lobe is referred to as a pencil beam. Note that the 
sin 9 element factor, which must multiply these patterns to obtain the total 
pattern, will have a significant effect on the endfire pattern. 
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(a) (b) (c) 


Figure 1-11 Polar plots of uniform line source patterns | f(@) |. (a) Broadside. (b) 
Intermediate. (c) Endfire. 


1.6 DIRECTIVITY AND GAIN 


One very important description of an antenna is how much it concentrates 
energy in one direction in preference to radiation in other directions. This char- 
acteristic of an antenna is called its directivity and is equal to its power gain if 
the antenna is 100% efficient. Usually power gain is expressed relative to a 
reference such as an isotropic radiator or half-wavelength dipole. 

Toward the definition of directivity, let us begin by recalling that the power 
radiated by an antenna from (1-29) is 


Re || (E x H*) - ds (1-124) 


Re || (E,H* — E,H#)r? sin 0 d0 dg. (1-125) 


In general there will be both 6- and ¢-components of the radiation fields. From 
(1-105) we find that 


E E 
H,=— and /H,=——*. (1-126) 
Y] n 
Using these in (1-125) gives 
eee 3 [| (|Eo]? + | Egl2)r? 40 (1-127) 
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dQ = sin 6 dé do 


ee 


sin 6 do Figure 1-12 Element of solid angle dQ. 


where dQ = element of solid angle = sin 8 d@ dg which is shown in Fig. 1-12. 
The integral may be evaluated over any surface enclosing the antenna, however, 
for simplicity a spherical surface centered on the origin is usually used. Since the 
amplitude variations of the radiation fields are 1/r we find it convenient to 
introduce radiation intensity, which is defined from 


U(0, 6) =4 Re(E x H*) - r’F. (1-128) 


Radiation intensity is the power radiated in a given direction per unit solid angle 
and has units of watts per square radian (or steradian, sr). It is independent of 
distance r. Introducing the normalized electric field F(0, ) leads to 


U(0, $) = Un| F(0, 6)? (1-129) 


where U,, is the maximum radiation intensity, and |F(0, @)|? expresses the 6 
and @¢ variation with a maximum value of unity in the direction (Onax, Pmax)» that 
iS, 


CE oa U(8mnaxs Dae)! (1-130) 


The total power radiated is obtained by integrating the radiation intensity over 
all angles around the antenna. 


as \| U(0, ¢) dQ 
=U» || |F(0, ¢)|? 42. (1-131) 


An isotropic source with uniform radiation in all directions is only hypotheti- 
cal but is sometimes a useful concept. The radiation intensity of an isotropic 
source is constant over all space, at a value of U,,.. Then P, = Jf U,,. dQ = 
Unvye {J 2 = 4nU,,, since there are 4z sr in all space (see Prob. 1.6-1). For 
nonisotropic sources the radiation intensity is not constant throughout space, 
but an average power per steradian can be defined as 


P, 


1 7 
wee anid -132 
ies all U(0, $) dQ = 7" (1-132) 
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The average radiation intensity, U,,., may also be considered as the radiation 
intensity of an isotropic source which radiates the same total power, P,, as our 
real antenna, which produces U(6, @). 

As an example consider the ideal dipole again; we find from (1-71), (1-72), and 
(1-128) that 


U(0, d) = ee a “) Bap sin? 0 (1-133) 
Se) 
U,= se] Bop (1-134) 
and 
F(0, 6) = sin 0. (1-135) 


The average radiation intensity follows from the total radiated power expression 
(1-74) for an ideal dipole as 


y= Pe — Boult2n)(t Az)? 


aye Ag r An 
Life Az \? 
=a Ge ie 
2 
=U, (ideal dipole). (1-136) 


Thus, U,,=1.5U,,, for the ideal dipole which means that in the direction of 
maximum radiation, the radiation intensity is 50°, more than that which would 
occur from an isotropic source radiating the same total power. 


Directive Gain. Directive gain is defined as the ratio of the radiation inten- 
sity in a certain direction to the average radiation intensity, or 


ule. d) 


Die, ¢)= 2 (1-137) 


ave 

If we divide the numerator and denominator by r? then we would have power 
densities. So directive gain is also the ratio of the power density in a certain 
direction at a given range, r, to the average power density at that range, or 


U(8, Z 
D(6, 6) = Oe 
_27Re(E x H*) 7 


P, /4nr? G58 
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Substitution of (1-132) for U,,, in (1-137) yields 
U(9, ) 
_ {| U@, ¢) a0 
safc EA nas 
Zell IFO. #)P a0 


D(8, 6) = 


==" |F(b, $)/? (1-139) 


where Q,, is the antenna beam solid angle defined by 


Q4= || [FO 4))? 4a. (1-140) 


The antenna beam solid angle is the solid angle through which all the power 

‘would be radiated if the power per unit solid angle (radiation intensity) equaled 
the maximum value over the beam area. This is illustrated in Fig. 1-13. From 
(1-131) and (1-140) we see that 


Pee JHA Opp, (1-141) 


This may also be inferred from Fig. 1-130. 


Actual 
pattern 


(a) (b) 


Figure 1-13 Antenna beam solid angle Q,. (a) 
Plot of radiation intensity U(@, ¢) from an actual 
antenna. (b) Plot of radiation intensity with all 
radiation from the actual antenna concentrated into 
a cone of solid angle Q, with constant radiation 
intensity equal to the maximum of the actual pattern. 
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Directivity. Directivity is now simply defined as the maximum value of direc- 
tive gain, or 
U 
D=—". 1-142 
U ate ( ) 
Using (1-132) and (1-141) in (1-142) gives 
ne Ui. a 4nU,, 
P,/4n U,Q4 


or 


(1-143) 
Also from (1-129) in (1-137) we see that 
(0, 6) = Tel FO OF _ pir, )P (1-144) 


and since |F(0, ¢)|* has a maximum value of unity the maximum value of 
directive gain is the directivity D. There is D times as much power density in the 
direction (O1ax, Pmax) aS there would be if the same total power were radiated by 
an isotropic source. Directivity is determined entirely by pattern shape. 

The concept of directivity is illustrated in Fig. 1-14. If the radiated power were 
distributed isotropically over all of space, the radiation intensity would have a 
maximum value equal to its average value as shown in Fig. 1-14a, that is, 
U,, = Uy. or Q4 = 4x. Thus, the directivity of this isotropic pattern is unity. The 
distribution of radiation intensity U(6, ¢) for an actual antenna is shown in 


U, ve 


(a) (b) 


Figure 1-14 Illustration of directivity. (a) Radiation intensity 
distributed isotropically. (b) Radiation intensity from an actual 
antenna. 
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Fig. 1-14b. It has a maximum radiation intensity in the direction (Omax» Pmax) Of 
U,, = DU,,. and an average radiation intensity of U,,. = P,/42. By directing the 
radiated power P, ina preferred direction we can increase the radiation intensity 
in that direction by a factor of D over what it would be if the same radiated 
power had been isotropically radiated. 

The directivity of an ideal dipole may now be calculated easily. Using (1-136) 
in (1-142) gives | 


Dan (he 2h lifidealldibole)s (1-145) 


D = = ————_ = 
Ue AO, 2 


Usually directivity is calculated directly from (1-143), and the directivity calcula- 
tion reduces to one of finding the beam solid angle. To illustrate we will use the 
ideal dipole example; substituting (1-135) in (1-140) gives 


Z 4 8 
Q.=| [sin Of? sin @d0dp=2n- 5 => (1-146) 
0m 0 3 3 
and we obtain the same value of directivity from 
Ce he as 
Ci SMa 


Thus, the directivity of an ideal dipole is 50% greater than that of an isotropic 
source, which has a directivity of 1. 


D= (1-147) 


Gain. As noted above, directivity is solely determined by the radiation pattern 
of an antenna. When an antenna is used in a system (say as a transmitting 
antenna) we are actually interested in how efficiently the antenna transforms 
available power at its input terminals to radiated power, together with its direc- 
tive properties. To quantify this, power gain (or simply gain) is defined as 4z 
times the ratio of the radiation intensity in a given direction to the net power 
accepted by the antenna from the connected transmitter, or 


4nU(0, d) 


G(0, #) => 


(1-148) 
where G(O, ¢) is the gain and U(0, ¢) is the radiation intensity of the antenna in 
the direction (0, @) including the effect of any losses on the antenna, and P;, is 
the input power accepted by the antenna. This definition does not include losses 
due to mismatches of impedance or polarization. The maximum value of power 
gain is the maximum of (1-148), so 


(1-149) 
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Thus, power gain may be expressed as a function of 0 and ¢@ and may also be 
given as a value in a specific direction. If no direction is specified and the power 
gain value is not given as a function of 6 and 4, it is assumed to be the maximum 
power gain. 

Directivity can be written as D = 4xU,,/P,. Comparing this with (1-149) we 
see that the only difference between maximum power gain and directivity is the 
power value used. Directivity may be viewed as the power gain an antenna 
would have if all input power appeared as radiated power, that is, P,,, = P,. 
Power gain reflects the fact that real antennas do not behave in this fashion and 
some of the input power is lost. The portion of input power P;,, which does not 
appear as radiated power is absorbed on the antenna and nearby structures. This 
prompts us to define radiation efficiency, e, as 


P 
= 1-150 
ae (1-150) 
Note that 
Osea (1-151) 


Using (1-150) in (1-148) gives 


G(0, ¢) = ee . ee = eD(6, ¢). (1-152) 


Similarly, for maximum power gain 
G=eD. (1-153) 


Thus, maximum power gain of an antenna is equal to its purely directional 
characteristic of directivity reduced by its radiation efficiency. 

The terminology found in the literature is inconsistent and often incorrect on 
the topics of directive gain, directivity, and power gain. Current usage is slanted 
toward using only the terms directivity and gain. Then directivity and gain can 
be a function of angle or be maximum values, that is, D(0, @) or D, and G(@, ¢) 
or G. If no other information is given during a discussion of directivity or gain it 
can safely be assumed that the maximum value is intended. More importantly, 
the concepts of directivity and gain are often confused and abused, so be on the 
lookout in future reading. 

Since gain is a power ratio it can be calculated in decibels as follows 


Gaz = 10 log G. (1-154) 
Similarly for directivity 


Dap = 10 log D. (1-155) 
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For example, the directivity in decibels of an ideal dipole is 
Daz = 10 log 1.5 = 1.76 dB (ideal dipole) (1-156) 


Frequently gain is used to describe the performance of the antenna relative to 
some standard reference antenna. In that case maximum power gain is defined as 
the ratio of the maximum radiation intensity from the antenna U,, to the maxi- 
mum radiation intensity from a reference antenna U,,,.; with the same input 
power, or 

Um 


Ge = ¢ 1-157 
~ OT ref ( 


This is a convenient definition from a measurement standpoint. The previous 
definition of gain employs a lossless isotropic antenna as a reference antenna. 
This can be shown by noting that the lossless isotropic reference antenna has a 
maximum radiation intensity of P;,,/4x since all of its input power is radiated, 
and substituting this into (1-157) for U,, ,- leads to (1-149). 


Gain Measurement. Power pattern measurement (to be discussed in Sec- 
tion 1.7) is a relative measurement and does not require an accurate knowledge 
of the gain of the antenna used to measure the pattern of the test antenna. 
However, power gain measurement (either maximum or as a function of angle) is 
an absolute measurement and thus, is more difficult. One method of maximum 
power gain measurement is illustrated in Fig. 1-15. A source antenna is driven 
by a constant power transmitter. First a standard gain antenna with a known 
maximum power gain G, is used as the receiving antenna as shown in Fig. 1-15a. 


>. 


Glee Standard 
ee Pin ean 
of gain G, 
(a) 
P, Figure 1-15 Measurement of maxi- 
mum power gain by comparison to 
“ an antenna of known maximum power 
— gain. G, = (P,/P,)G,. (a) Measurement 
aOaTe of power output P, from a standard gain 
of gain G, antenna. (b) Measurement of power 


(b) output P, from the test antenna. 
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It is oriented such that its output power P, is maximum. Next the test antenna 
replaces the standard gain antenna and is oriented for maximum power output 
P,. Since the absolute maximum power gain (relative to an isotropic lossless 
antenna) of the standard gain antenna is known, the absolute maximum power 
gain of the test antenna can be calculated from the differences in the measured 
received powers. The ratio P,/P, is the increase in received power from the test 
antenna over that of the standard gain antenna. The gain of the test antenna 
must then have that much more gain, that is, 
P, 


G= 5 G,. (1-158) 


s 


As an example suppose that a standard gain antenna has a gain of 63, or 18 dB. 
Following the measurement technique of Fig. 1-15 the measured powers are 
P, = 3.16 mW, or 5dBm (5 dB above a milliwatt), and P, = 31.6 mW, or 
15 dBm. The gain of the test antenna is then G, = (31.6/3.16)63 = 630, or in 
terms of decibels 


G,(dB) = P,(dBm) — P,(dBm) + G,(dB) = 15 — 5 + 18 = 28 dB. 


1.7 RECIPROCITY AND ANTENNA PATTERN MEASUREMENTS 


In this section we show that the radiation pattern of an antenna is the same 
whether it is used as a transmitting antenna or receiving antenna. Reciprocity 
allows the calculation or measurement of an antenna pattern in either the trans- 
mit or receive case. Practical considerations for the measurement of antenna 
patterns are also discussed in this section. 

In order to show the reciprocity of the transmit and receive patterns for an 
antenna it is necessary to discuss some reciprocity theorems. There are several 
forms reciprocity theorems take for electromagnetic field problems. We will 
consider two forms of reciprocity for use in antenna problems. First the Lorentz 
reciprocity theorem will be discussed. Let sources J, and M, produce fields E, 
and H, and sources J, and M, produce fields E, and H,. See Fig. 1-16. The 
frequencies of all quantities are identical. The Lorentz reciprocity theorem that is 
derivable from Maxwell’s equations (see Prob. 1.7-1) states that for isotropic 
media 


[|| CE, - J. —Hy- M,) do’ = |{[ (E.°J,— Ha M,) do’ (1-159) 


Va Ub 


The left-hand side is the reaction (a measure of the coupling) of the fields from 
source b on the sources a, and the right-hand side is the reaction of the fields 
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Volume 0, Volume v 


Figure 1-16 Source configuration for the Lorentz reciprocity 
theorem. 


from source a on the sources b. This is a very general expression but it can be 
put into a more usable form. Let sources b consist of only an ideal electric dipole 
of vector length p located at point (x,, y,, z,). Since the ideal dipole can be 
represented as an infinitesimal source and M, is zero, (1-159) becomes’ 


Ex(%p,Yps 25) P= ||| (Ey Ja — Hy M,) dv’ (1-160) 


Va 
This expression allows us to calculate the electric field from sources a by evaluat- 
ing the integral using known sources J, and M, and known ideal dipole fields E, 
and H, of (1-67) and (1-66), evaluated at the location of sources a. This may be 
performed for various orientations p of the ideal dipole, which is acting as a field 
probe. 

The Lorentz reciprocity theorem can also be used to derive a reciprocity 
theorem using terminal voltages and currents. Suppose sources a and b are 
antennas excited with ideal (infinite impedance) current generators J, and I,. 
Since no magnetic sources are present (1-159) reduces to 


{| Ey Jedv = | Ege haden (1-161) 


Ug vb 


For perfectly conducting antennas the electric fields will be zero over the 
antennas; however, voltages will be produced across the terminals. Taking the 


current to be constant in the terminal region and using the concept of 
| E- d¢ = —V, we see that (1-161) becomes 


Vr, = Vel, (1-162) 


where V%° is the open circuit voltage across the terminals of antenna a due to the 
field E, generated by antenna b and similarly V3° is the open circuit voltage at 


7 The ideal dipole current could be written as J, = 6(x — x,) 6(y — y,) 6(z — z,)p. This together with 
M, = 0 in (1-159) yields (1-160). 


42 ANTENNA FUNDAMENTALS AND DEFINITIONS 


antenna b due to antenna a. Open circuit voltages have been used because of the 
infinite impedances of the generators. Rearranging (1-162) leads to a statement 
of reciprocity in circuit form 


oc oc 
Ve ye V; 


1-163 
Metal; (1-163) 


Several factors affect the voltage appearing at one antenna due to another 
antenna which is excited: the specific antennas used, the medium between the 
antennas with perhaps other objects present, and the relative orientation of the 
antennas. We can represent the general situation entirely in terms of circuit 
parameters as follows 


Vital tele (1-164) 
Ve = Lrala + Zool s (1-165) 


where V,, V,, 1,, and I, are the terminal voltages and currents of antennas a and 
b. If antenna a is excited with a generator of current J,, the open circuit voltage 
appearing at the terminals of antenna b is V,|,,-. The transfer impedance Z,,, is 
from (1-165) with I, zero, 


V, 
Zia = — 


1-166 
- (1-166) 


Ip=0 


If antenna b is excited with a generator of current J, the open circuit voltage 
appearing at the terminals of antenna a is V,|,,-». The transfer impedance Z,, is, 
from (1-164) with J, zero, 


V, 
7 eee =| Bie (1-167) 
I, Ig=0 
Comparing (1-166) and (1-167) to (1-163) we see that 
Zea = Loa = Vibe, (1-168) 


where Z,, is the transfer (or mutual) impedance between the antennas. This can 
also be shown from the circuit formulation of (1-164) and (1-165) if the indivi- 
dual impedances are linear, passive, and bilateral. (See Probs. 1.7-3, 1.7-4). This, 
in turn, is true if the medium and the antennas are linear, passive, and isotropic. 

If an ideal current source of current J excites antenna a, the open circuit 
voltage at the terminals of b from (1-166) is 


Viliv@o = IZ. (1-169) 
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If the same source is now applied to the terminals of antenna b, the open circuit 
voltage appearing at the terminals of antenna a is from (1-167) 


Valig=0 = 1Zap- (1-170) 
But Z,, = Z,,, so the preceding two equations yield 
Valn=0 = Voln=0 = V. (1-171) 


Thus the same excitation current will produce the same terminal voltage 
independent of which port is excited, as illustrated in Fig. 1-17. In other words, 
reciprocity states that the source and the measurer can be interchanged without 
changing the system response. The same is true of an ideal voltage source and 
short circuit terminal currents. These are familiar results from network theory. 


(b) 


(c) 


Figure1-17 Reciprocity forantennas. The output voltage Vis the samein 
(b) and (c) for the same input current J. (a) Two-port representation of a 
two-antenna system. (b) Antenna a excited with current source J. (c) 
Antenna 6 excited with current source J. 
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The self-impedances of the antennas from (1-164) and (1-165) are 


Zee (1-172) 
t Ip=0 
V : 

Zy=> (1-173) 
b |Ig=0 


If an antenna is isolated so that all objects including other antennas are far away 
and the antenna is lossless, the self-impedance equals its input impedance [8]. 

Suppose antenna a is excited (ie. acting as a transmitter) and the voltage 
produced at the terminals of antenna b is measured with an ideal voltmeter. If 
the antennas are separated so that they are in each others far field, the transfer 
impedance Z,, is actually the far-field (or radiation) pattern of antenna a if 
antenna b is moved around a on a constant radius as shown in Fig. 1-18a. It is 
normally assumed that as antenna b is moved it is maintained with the same 
orientation and polarization relative to antenna a. The output voltage of b as a 
function of angle around antenna a gives the relative angular variation of the 
radiation from antenna a, that is, its radiation pattern. Examining (1-166) we see 
that this is really Z,, (I, is constant). Thus Z,, as a function of angle is the 
transmitting pattern of antenna a. If now antenna b is excited and antenna a acts 
as a receiver, the terminal voltage of antenna a is the receiving pattern of 
antenna a as antenna b is again moved around at a constant distance from 
antenna a; see Fig. 1-18b. Thus Z,, as a function of angle is the receiving pattern 
of antenna a. Since the transfer impedances are identical we can conclude that 
the transmit and receive patterns of an antenna are identical. This is an important 
consequence of reciprocity. 

It is important to note that reciprocity as illustrated in Fig. 1-17 (or equiva- 
lently Z,, = Z,,) is true even if the antennas are not far removed from each 
other. In that case though, Z,,(0, @) is not the far-field pattern. 


Antenna Pattern Measurement. An antenna pattern is a graphical re- 
presentation of the radiation properties of an antenna as a function of the 
direction from the antenna. With the antenna centered on the origin of a spheri- 
cal coordinate system, the radiation fields E and H are perpendicular to each 
other and both are transverse to the direction of propagation, r. Also the field 
intensities vary as r-'. In antenna pattern discussions the electric field is used, 
but the magnetic field behavior follows directly since its intensity is found from 
H = E/y and its direction is perpendicular to E and f; see (1-105). 

The electric field is both a vector and a phasor. In general it has two ortho- 
gonal components, frequently decomposed into E, and E,. These components 
are complex-valued having an amplitude and phase. The relative amplitude and 
phase of these components determines the polarization that is discussed further 
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Figure 1-18 Antenna pattern reciprocity. The transmitting and receiving 
patterns of an antenna are identical because Z,,(0, ¢) = Z,,(9, 6) = Z,,(9, >) 
(a) The transmitting pattern of antenna a is Z,,(0,¢) = VY (0, o)/I,- 
(b) The receiving pattern of antenna a is Z,,(0,¢) = V, (0, o)/I;- 


in Section 1.9. Separate antenna patterns may be given for each component of 
the electric field. For simple antennas only one component is present. For exam- 
ple, the ideal dipole on the z-axis has only an E, component. It may be noted 
that for actual antennas a small component of electric field perpendicular to that 
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predicted from the ideal case always exists. This is referred to as the cross- 
polarized component and arises from currents flowing on the antenna or sup- 
porting structures, which are not accounted for in a simple mathematical model. 

A complete representation of the radiation properties of an antenna would, of 
course, require measuring the radiation at all possible angles (0, #). This is rarely 
attempted and fortunately is also rarely necessary. For most applications the 
principal plane patterns are sufficient. Figure 1-4 illustrates the principal plane 
patterns for an ideal dipole. 

There are many ways of displaying antenna patterns. For example, a principal 
plane pattern could be plotted in polar or rectangular form. In addition, the 
scale could be either linear or logarithmic (decibel). All combinations of plot 
type and scale type are used: polar-linear, polar-log, rectangular-linear, and 
rectangular-log. Figure 1-9 illustrates a polar-linear pattern plot. A polar-log 
pattern plot example is found in Fig. 5-9. Figure 1-10 shows a rectangular-linear 
plot. Figure 4-1 is the same pattern as the last (a uniform line source) but in 
rectangular-log form. Generally speaking log plots are used for high-gain, low- 
side lobe patterns and linear plots are used when the main beam structure is of 
primary interest. These various antenna pattern representations can be recorded 
directly using commercially available measurement and recording equipment. 
When more detailed information is required the results of several planar cuts can 
be put together to make a contour plot. 

Although we have conceptualized the measurement of a radiation pattern by 
moving a receiver over a sphere of constant radius, this is obviously an impracti- 
cal way of making such measurements. The important feature is to maintain the 
distance between the antennas constant (but large enough so the antennas are in 
each others far field) and to vary the observation angle. For example, to measure 
the pattern of antenna a we could rotate it about its axis and keep antenna b 
fixed. By reciprocity it makes no difference if we operate antenna a as a receiver 
or as a transmitter, but usually the antenna whose pattern is desired is used as a 
receiving antenna. In Fig. 1-19 the incident fields of transmit antenna b on 
receive antenna a are constant and the output of antenna a varies with its 
angular position. Thus, the antenna that is rotated is the pattern being 
measured; in this case antenna a. Antenna positioners of many types together 
with required control systems, receivers, and recording devices are available for 
such rotation pattern measurements.® 

Antenna pattern measuring equipment varies with frequency range and the 
size of the antennas. If the antenna size is not extremely large in terms of a 
wavelength, the far-field distance (2D7/A) is small enough to permit indoor tests 
in anechoic chambers, which are lined with special absorbing material to mini- 
mize reflections. In other situations antenna test ranges are set up outdoors. In 
this case the antennas are elevated on towers or hills to avoid ground reflections. 


* Perhaps the most complete discussion of antenna measurements is found in [9]. Also see [10]. 
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Figure1-19 Radiation pattern measurement. The 
pattern of antenna a is proportional to the terminal 
voltage V, which is a function of the angular 
position of antenna a during rotation. 


For very large antennas such as satellite ground station or radio astronomy 
antennas, the far-field distance may be extremely large necessitating special 
techniques for pattern measurement. For example, a satellite or airplane plat- 
form can be used for the source antenna. Also, the sun or a “radio star” can be 
employed as sources. 
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The input impedance of an antenna is the impedance presented by the antenna 
at its terminals. Thus, suitable terminals must be defined for an antenna. The 
input impedance will be affected by other antennas or objects that are nearby, 
but for this discussion we will assume that the antenna is isolated. The input 
impedance is composed of real and imaginary parts. 


The =s Rin + jXin- (1-174) 


The input resistance, R;, , represents dissipation. Power can be dissipated in two 
ways. There are heating losses on the antenna structure and associated hard- 
ware. Also power that leaves the antenna and never returns (radiation) is a form 
of dissipation. On many antennas ohmic losses are small compared to radiation 
losses. The input reactance, X;,,, represents power stored in the near field of the 
antenna. 

First we shall discuss the input resistance. The average power dissipated in an 
antenna is 


Pa = 3Ri,| ie (1-175) 


where I,, is the current at the input terminals. Note that a factor of one-half 
appears in (1-175) because current is defined as a peak value. Separating the 
dissipated power into radiative and ohmic losses we have 
Pi ae patel onmic 
c= 5R, || eae te 5 Renae Tin | (1-176) 
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where we define radiation resistance of an antenna referred to the input ter- 
minals as 


Ria (1-177) 


and ohmic resistance of an antenna as 


2 ohmic a a(Ps “< P,) 


= os 1-178 
ohmic a [Tin |? ( ) 
From (1-34) the radiated power is 
1 oa 
P,=5 || (E x H*) - ds (1-179) 


Sff 


where sr, is a surface in the far field, usually spherical. Also the power density 
S = 5E x H* will be real in the far field. Radiation resistance can be defined 
relative to the current at any point on the antenna. It is customary to use the - 
maximum current; in other words the current in the denominator of (1-177), in 
general, is the maximum current. The symbol R, will be reserved for radiation 
resistance relative to the maximum current that occurs on the antenna. The 
radiation resistance R,, is referred to the input terminals. In this section we will 
be dealing with electrically short antennas which always have a current maxi- 
mum at the input, if fed in the center, and thus there is no chance for confusion. 
In those cases R,; = R,, and the symbol R, will be used. In Section 5.1 we will 
discuss this topic again. 

As an example consider the ideal dipole antenna. The radiated power for an 
ideal dipole of length Az < A and input current I is given by (1-74). The radia- 
tion resistance is then 


Nioptaniee 4 ae ) 
mela aee Only oe 
ay Azle Az \? ; 
R, = 802 re has 800 om ohms (ideal dipole). (1-180) 


Since Az </, R, for ideal dipoles is very small. 
The relative amounts of input power dissipated by radiation and ohmic losses 
determine the efficiency of the antenna. This is expressed by the radiation 
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efficiency e which was introduced in Section 1.6 and defined in (1-150) as the 
ratio of total radiated power to the net power accepted by the antenna, so 
1a P 


= : t 1-181 
Py I re Leos said ( ) 


Substituting (1-176) and (1-177) into (1-181) yields 
a) 5R,;| Rebs 
ZR,i| Pelé at Rigs | thes lg 
R R 


E: ri eaitiy 1-182 
R,i ts IR create R; ( ) 


in 


r 


e= 


e 


For many antennas radiation efficiency is nearly 100%. For electrically small 
antennas, however, the radiation efficiency may be extremely small. A quick 
calculation will show this. Consider an ideal dipole operating at 1 MHz and of 
length Az = 1 m = 0.00334. It has a radiation resistance from (1-180) of 


2 
R, = 8017 ee = 0.0088 ohm. (1-183) 
The ohmic resistance for an antenna that carries a uniform current is 
yb, 
Re eR. 1-184 
ohmic Ina S ( ) 


where L is the length of the wire, a is the wire radius, and R, is the surface 


resistance [11] 
OU 
Re= fp. 1-1 
= (> (1-185) 
At 1 MHz for copper wire 


An x 107 2h x 10° ee 
Re =| >. 57x 107 =2 63) 10% ohm. (1-186) 


Assuming that the wire is No. 20 AWG of radius a = 4.06 x 10° * m and evalu- 
ating (1-184) gives 


1 
oR 406 salon 


The radiation efficiency from (1-182), (1-183), and (1-187) is 


0.0088 
“= 0.0088 + 0.103 


R 


2.63 x 107+ = 0.103 ohm. (1-187) 


= 787%. (1-188) 
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This is a low efficiency. Since the radiation resistance increases with length 
squared and ohmic resistance increases linearly with length, the radiation 
efficiency could be increased by lengthening the antenna. For broadcast receiv- 
ing antennas, low efficiency is frequently overcome by using high-power trans- 
mitters operating into tall antennas that are efficient. Thus cost and complexity 
are concentrated into a few transmitting stations allowing inexpensive and 
simple receiving antennas. 

The ideal dipole model is a uniform current element, as shown in Fig. 1-20a. 
In reality the current on a straight wire antenna must smoothly go to zero at the 
ends. The current distribution on a center fed wire dipole of length Az < 4, called 
a short dipole, is approximately triangular in shape as illustrated in Fig. 1-20b. If 
end loading such as with metal plates (see Fig. 2-3) is added to the short dipole, 
there is a place for charge to accumulate at the wire ends giving a nearly uniform 
current on the dipole itself which permits use of the ideal dipole model. More 
will be said about short dipoles in Section 2.1. 

The triangular current distribution of the short dipole leads to an equivalent 


length which is one-half that of its physical length. This is true because the 


equivalent length is proportional to the total charge on the wire at any instant, 
which is proportional to the area under the current versus distance curves shown 
in Fig. 1-20. This follows directly from the fact that the radiation integral [see 
(1-101)] reduces to f I(z’) dz’ since exp(jBz' cos 0) ~ 1 for short dipoles. The 


| 
es 
| 


(a) (b) 


I(z) I(z) 


Figure 1-20 The idea! dipole model and short dipole with current 
distributions; Az < 4. J, is the value of the input current at the terminals 
in the center of each antenna. The short dipole of (b) is that which is 
encountered in practice for a wire segment as shown. (a) Ideal dipole. 
(b) Short dipole. 
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radiated fields are, in turn, proportional to this equivalent length. Since 
the radiation resistance is proportional to the integral of the far-zone electric 
field squared and the patterns of the ideal and short dipoles are the same as will 
be shown below, the radiation resistances are proportional to the equivalent 
lengths squared. The area of the short dipole current triangle shape is one-half 
that of the uniform current shape. This reduced equivalent length for the short 
dipole leads to a reduction in the radiation resistance. Since the length is effectively 
one-half for the short dipole, the radiation resistance is reduced by a factor of 
four from that of the ideal dipole. Thus dividing (1-180) by four yields 


INCAS 


R, = 20n Ga ohms (short dipole). (1-189) 


In the pattern calculations for the ideal dipole (see Section 1.4) we assumed 
that the phase and amplitude differences of rays coming from different points on 
the wire due to different path lengths were negligible. These effects influence the 
pattern shape. Since the short dipole also satisfies Az </ the pattern is cal- 
culated in the same fashion and will, thus, have the same sin @ radiation pattern 
as the ideal dipole. To be more specific, the vector potential of (1-60) is used for 
both the uniform and triangular current models except Az/2 is used in place of 
Az in the triangular current case because its equivalent length is one-half that of 
the uniform current. The patterns are then the same since A is the same, except 
for a constant factor of one-half. The ideal dipole and short dipole will also have 
the same directivity value of 1.5 because the pattern shape completely determines 
directivity. 

Not only is the radiation resistance of the short dipole reduced from that of 
the ideal dipole, but the ohmic resistance is also reduced. The reduction is, 
however, not the same, and as can be seen from (1-182), if R,; and Roymic change 
differently, e will be different from the ideal dipole case. First we will find an 
expression for the ohmic resistance of a short dipole. Since the power dissipation 
from ohmic losses at any point along the antenna is proportional to the current 
squared at that point, the total power dissipated can, in general, be found from 


R, ime 1 


P 
2na 


|I(z)|? dz. (1-190) 


ohmic — 


—L/2 2 
It is easy to show that this reduces to (1-184) for a uniform current of length 


L= Az. The triangular current of Fig. 1-20b for the short dipole can be written 
as a function of position along the wire as 


ae -1 
— (1-191) 
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Using this in (1-190) yields 


Ree eRe (short dipole) (1-192) 
for a short dipole of length Az with a triangular current distribution. Notice that 
this is one-third that for an ideal dipole. Since the radiation resistance for the 
short dipole is one-fourth that of an ideal dipole, the radiation resistance is 
decreased more relative to the ohmic resistance and thus the efficiency is lower 
for the short dipole than it is for an ideal dipole of the same length. 

We now return to the example presented earlier in this section and redo it for 
the case of a short dipole. This antenna now closely approximates the dipole 
antenna found in the windshield of some automobiles. The wavelength at 1 MHz 
(in the AM broadcast band) is 300 m and the length Az is 1 m. Then from 
(1-189) 


Z 
R-— 2006 a = 0.0022 ohm. (1-193) 


and from (1-186) and (1-192) 


1 2.63 x 1074 
Rohmic = = 0.0344 ohm. 1-194 
ome Oe AOS Ne OT HES Seah (tee) 


The radiation efficiency is then 


etre. 2 
“= 0.0022 + 0.0344 


= 6.01% (1-195) 


which is slightly less than the 7.87% for the corresponding ideal dipole. 

In addition to loss of efficiency, ohmic losses on antennas have another undesir- 
able effect. Any resistive element in an electrical system is a source of noise. Thus 
ohmic losses on antennas are sources of noise. Large ohmic resistances on receiv- 
ing antennas introduce noise into the receiver. It turns out, though, that for 
frequencies around 1 MHz and below, external noise (mainly due to lightning) 
is significant and always present. This external noise picked up by the antenna is 
proportional to the antenna radiation resistance and is usually larger than the 
noise arising from the ohmic resistance. 

We now return to the reactive part of the input impedance. Radiated power 
contributes to the real part of the input impedance whereas power stored in the 
near field is represented by the reactive part of the input impedance. This beha- 
vior is very similar to a complex load impedance in circuit theory. Antennas 
that are electrically small (much smaller than a wavelength) have a large input 
reactance, in addition to a small radiation resistance. For example, the short 
dipole has a capacitive reactance whereas an electrically small loop antenna has 
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an inductive reactance. This is an expected result from low-frequency circuit 
theory. 

Antenna impedance is important to the transfer of power from a transmitter 
to an antenna or from an antenna to a receiver. For example, to maximize the 
power transferred from a receiving antenna the antenna impedance should be a 
conjugate match (equal resistances, equal magnitude and opposite sign reac- 
tances). Usually the receiver has a real impedance so it is necessary to “tune 
out” the antenna reactance with a matching network of variable inductances 
and capacitances adjusted to cancel antenna reactance. It would at first appear 
to be no problem if antenna impedances were reactive because they could always 
be tuned. There are, however, two disadvantages to using matching networks. 
They are always somewhat inefficient because there are ohmic losses in tuning 
coils. Second, a matching network can provide a match only over a narrow band 
of frequencies thus reducing the operational bandwidth. Impedance matching 
techniques are discussed in Section 5.3. 

Finally, we note that as a consequence of reciprocity, antenna impedance for 
receiving and transmitting is the same. 


1.9 ANTENNA POLARIZATION 


We will first discuss the possible polarizations of an electromagnetic wave and 
then antenna polarization will follow directly from wave polarization.’ In fact, 
the polarization of an antenna is the polarization of the wave radiated by the 
antenna in a given direction. 

If the electric and magnetic field vectors of an electromagnetic wave lie in a 
fixed plane at all times, it is called a plane polarized wave. The tip of the instan- 
taneous electric field vector traces out a figure with time; we refer to this phen- 
omena simply as the polarization of the electric field vector. There may be a 
random component to this figure (a nonperiodic behavior), but we will not 
consider such randomly polarized wave components because antennas cannot 
generate them. For a completely polarized wave the figure traced out is, in 
general, an ellipse. 

There are some important special cases of the polarization ellipse. If the path 
of the electric field vector is back and forth along a line, it is said to be linearly 
polarized. See Figs. 1-21a and 1-21b. An example is the electric field from an 
ideal dipole or any linear current. If the electric field vector remains constant in 
length but rotates around in a circular path, it is circularly polarized. The rota- 
tion radian frequency is w and occurs in one of two directions, referred to as the 
sense of rotation. If the wave is traveling toward the observer and the vector 


° For a complete discussion of wave polarization see [12]. 
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Figure 1-21 Some wave polarization states. The wave is 
approaching. (a) Linear (vertical) polarization. (b) Linear 
(horizontal) polarization. (c) Right-hand circular polarization. 
(d) Left-hand circular polarization. (e) Right-hand elliptical 
polarization. (f) Left-hand elliptical polarization. 


rotates counterclockwise, it is right-hand polarized. The right-hand rule applies 
here: with the thumb of the right hand in the direction of propagation, the 
fingers will curl in the direction of rotation of the instantaneous electric field &. If 
it rotates clockwise, it is left-hand polarized. Right- and left-hand circularly po- 
larized waves are shown in Figs. 1-21c and 1-2ld. A helix antenna produces 
circularly polarized waves (see Section 6.1) and the sense of rotation of the wave 
is the same as the sense of the helix windings, for example, a right-hand wound 
helix produces a right-hand circularly polarized wave. Finally, a wave may be 
elliptically polarized, with either right- or left-hand sense of rotation, as shown in 
Figs. 1-2le and 1-21f. 
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A. general polarization ellipse is shown in Fig. 1-22 with a reference axis 
system. The wave associated with this polarization ellipse is traveling in the 
+ z-direction. The sense of rotation can be either left or right. The instantaneous 
electric field vector & has components &, and &, along the x and y axes. The peak 
values of these components are E, and E,. The angle y describes the relative 
values of E, and E, from 


E 
yeutanteh =47 (i 0<ey 90°. (1-196) 
Ey 
The tilt angle of the ellipse, t, is the angle between the x-axis (horizontal) and the 
major axis of the ellipse. The angle « is seen from Fig. 1-22 to be 


Peacotie (AR) meld ub Rule ro thle — 4520 52a (12197) 


where the axial ratio of the ellipse, | AR], is the ratio of the major axis electric 
field component to that along the minor axis. The sign of AR is positive for 
left-hand sense and negative for right-hand sense. 

The instantaneous electric field for the wave of Fig. 1-22 can be written as 
(with z = 0 for simplicity) 


€ = 6,X%+ €,y = E, cos wtk + E, cos(wt + d)y (1-198) 


where 0 is the phase by which the y-component leads the x-component. This 
representation describes the ellipse shape as time t progresses. If the components 


Figure 1-22 The general polarization ellipse. The associated wave 
direction is out of the page in the +z-direction. The tip of the 
instantaneous electric field vector & traces out the ellipse. 


56 ANTENNA FUNDAMENTALS AND DEFINITIONS 


are in phase (6 = 0) the net vector is linearly polarized. The orientation of the 
linear polarization depends on the relative values of E, and E,. For example, if 
E, = 0 vertical linear polarization results; if E, = 0 horizontal linear results; if 
E, = E, the polarization is linear at 45° with respect to the axes. Linear polari- 
zation is a collapsed ellipse with infinite axial ratio. If 6 is nonzero the axial ratio 
is finite. When 6 > 0, &, leads &, in phase and the sense of rotation is left hand. 
For 6 <0 the sense is right hand. If E, = E, and 6 = +90° the polarization is 
circular (+ 90° is left and —90° is right). The axial ratio of a circularly polarized 
wave is unity. 
The phasor form of (1-198) is 


E=£,x+E,e9 (1-199) 
which can be written as (see Prob. 1.9-3) 
E = ./E{ + E3(cos yx + sin ye*¥). (1-200) 


The factor ./E? + E% is the field magnitude and the remaining factor is the 
complex unit vector for the field. Thus y and 6 completely specify the polariza- 
tion state of the wave. In fact, either pair of angles (¢, t) or (y, 6) uniquely 
define the polarization state of a wave. The transformations between these angles 
are 


y =4 cos ‘(cos 2¢ cos 21) (1-201) 
tan 2¢ 

reat =i / 1-202 

a = = ( 


The polarization of an antenna is the polarization of the wave radiated by the 
antenna in a given direction. Therefore, all of the discussions on wave polariza- 
tion apply directly to antenna polarization. Usually the polarization character- 
istics of an antenna remain relatively constant over its main beam. However, the 
radiation from some side lobes may differ greatly in polarization from that of 
the main beam. When measuring the radiation from an antenna both E, and E, 
should be measured to be complete. The principal plane patterns of a linearly 
polarized antenna, such as a line source on the z-axis, are completely specified 
when a linearly polarized probe antenna is oriented to respond to E,. 

The polarization of an antenna is determined by the wave radiated from the 
antenna, which must, of course, be in the far field where local plane wave 
behavior exists. Therefore, the plane polarized wave discussions given earlier 
apply. Furthermore, since the pattern (ie., the radiation field) is reciprocal, the 
polarization of an antenna is reciprocal. In other words, an antenna responds 
best (gives maximum output) for an incident wave of given intensity when 
the polarization ellipse of the incident electric field has the same axial ratio, 
the same sense of polarization, and the same spatial orientation of the major axis 
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as that of the receiving antenna for that direction. For example, a right-hand 
circularly polarized receiving antenna is polarization matched to a right cir- 
cularly polarized wave. As a mechanical analogy, let a right-hand threaded rod 
represent a right-hand circularly polarized (RHCP) wave and a right-hand 
tapped hole represent a RHCP antenna. The rod and hole are matched when 
screwed either in or out, corresponding to reception or transmission. 


1.10 ANTENNAS IN COMMUNICATION LINKS AND RADAR 


It is important to have an appreciation for the role played by antennas when 
they are employed in their two primary application areas, communication links 
and radar. First, consider a simple transmit-receive communication link as 
shown in Fig. 1-23. The transmitting antenna transmits power P,. It is of pri- 
mary interest to be able to calculate how much of this power we can pick up 
with the receive antenna. In the far field of the transmit antenna the waves are 
essentially plane and of uniform amplitude over any small region. The total 
power incident on the receiving antenna is found by summing up the incident 
power density (Poynting vector) over the “area” of the receive antenna; see 
(1-34). How an antenna converts this incident power into available power at its 
terminals depends on the type of antenna used, its pointing direction, and 
polarization. 

Let us define maximum effective aperture A,,, of an antenna using the following 
relationship 


Pp = SayAcm (1-203) 


where Pp is the time-average available power at the antenna terminals for a 
lossless antenna aligned to pick up maximum power (i.e., beam maximum in the 
direction of the incoming wave and its polarization state aligned with that of the 
incoming wave), and S,, is the time-average power density of the incoming wave. 
Aem (in square meters) is a measure of how effectively the antenna converts 
incident power density S,, (in watts per square meter) into received power Pp 
(in watts). If Z, = R, +jX, is the load impedance of the receiver at the antenna 
terminals and Z,,, is the impedance of the antenna, we may model the antenna 


a ct 


Figure 1-23 A communication link. 
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(a) (b) 


Figure1-24 Equivalent circuit fora receiving antenna. 
(a) Receive antenna connected to a receiver with load 
impedance Z,. (6b) Equivalent circuit. 


and receiver in Fig. 1-24a with the equivalent circuit of Fig. 1-24b. The terminal 
current is 


V 


= 1-204 
in Zs aE Ze ( ) 

The average power transferred to the load (receiver) is 
hes 5 |Jial’Ri- (1-205) 


Our definition of A,,, is based on power available to the terminals and maxi- 
mum transfer of this power occurs for a conjugate matched load impedance 
Z, = Rin — JX in- Then (1-204) becomes 


V 


— 1-206 
in OR ( ) 


ri 


where we have neglected losses on the antenna and thus R;, = R,;. Substituting 
(1-206) into (1-205) and using R, = R,, (for maximum power transfer) yields 


1 | V |? Ue 
=3 ml ale (1-207) 


Pr 


Then A,,, follows from its definition in (1-203) as 


Pease 
A = = ams ‘ a 
eS Sy, 4R,iSay (1 2b 
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As an example we can calculate the maximum effective aperture of an ideal 
dipole of length Az by noting that if the dipole is oriented parallel to the 
incoming electric field with rms value E,,,, we have 


| laa 0) Dyas Soha, (1-209) 
The power density of the incoming wave is 
F2 

AY Ge (1-210) 


The radiation resistance for the ideal dipole from (1-180) can be written as 
n3n(Az/d)*; this with (1-209) and (1-210) in (1-208) gives 
= (Ee Az)" saat ae a 
Aon = Gadn(Az?/12)\Ezaln) 8x” OPA (281) 

The maximum effective aperture of an ideal dipole is independent of its length 
Az (as long as Az < A). However, it is important to note that R, is proportional 
to (Az/A)? so that even though A,,, remains constant as the dipole is shortened, 
its radiation resistance is decreasing rapidly and it is more difficult to realize this 
maximum effective aperture because of the required conjugate impedance match 
of the receiver to the antenna. 

The directivity of the ideal dipole is # and can be written in the following 
manner 


3) 43 
D= — =——)’. 1-212 
2 TA *8k ( ) 
Grouping factors this way permits identification of A,,, from (1-211). Thus 


An 


Le 


Am: (1-213) 


Although we derived this for an ideal dipole this relationship is true for any 
antenna. Comparing this to D = 42/Q,, we see that 


129 


which is also a general relationship. We can extract some interesting concepts 
from this relation. For a fixed wavelength A,,, and Q, are inversely propor- 
tional: as the maximum effective aperture increases (as a result of increasing its 
physical size) the beam solid angle decreases which means power is more con- 
centrated (ie., directivity goes up, which also follows from D = 42/Q,). For a 
fixed maximum effective aperture (ie., antenna size), as wavelength decreases 
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(frequency increases) the beam solid angle also decreases which means increased 
directivity. 


Communication Links. Weare now ready to completely describe the power 

transfer in the communication link of Fig. 1-23. If the transmit antenna were 

isotropic it would have power density at distance r of'° 
U PF 


S = ave as 
a Arr? 


(1-215) 


where P,; is the time-average radiated power from the transmit antenna and 
(1-128) and (1-132) have been used. For a transmit antenna that is not isotropic 
but has directivity D; and is pointed for maximum power density in the direc- 
tion of the receiver, we have 


D,U D;P 
Sink U,.. el meave cites _ 7 (1-216) 


pa br r? Aur 


for the average power density incident on the receiver antenna, because 
U,, = Dy U,,. and U,,. = P7/4x. Using this in (1-203) gives 


= D7PrAemR 


Pp Z (1-217) 


4nr 
where A,,,z 1S the maximum effective aperture of the receive antenna and we 


assume it to be pointed and polarized for maximum response. Now from (1-213) 
Aom r= Dpd?/4n, so (1-217) becomes 


D,D,A? 
” (4nr) 
which gives the available received power in terms of the transmitted power, 


antenna directivities, and the wavelength. Or, we could use D; = 42A,, 7/A? in 
(1-217) giving | 


Pp=P (1-218) 


aor TAem R 
rae 
which is called the Friis transmission formula. 

In the practical case antennas are not lossless. In Section 1.6 we saw that 
power available at the terminals of a transmitting antenna was not all trans- 
formed into radiated power, but rather the fraction e (radiation efficiency) of the 
available power. The power received by a receiving antenna is also reduced by 
the fraction e from what it would be if the antenna were lossless. The concept of 


Pp= Pr (1-219) 


*° Note that U,,, is a spatial average of the time-average radiation intensity. 
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gain was introduced to account for losses on an antenna, that is, G = eD. We can 
form a gain expression from the directivity expression (1-213) by multiplying 
both sides by e giving 


4 
= =F eAem- (1-220) 


We now define effective aperture (or effective area) A, as 
As = CAs (1-221) 


Effective aperture is then a measure of the ability of an antenna to collect power 
from an incident wave and deliver it to its terminals. Combining these two 
equations gives the important result 


(1-222) 


We shall show in Section 8.3 that effective aperture is equal to or less than the 
physical aperture area of the antenna. 

The power transfer equation we have developed is now easily modified to 
include lossy antennas. We merely replace directivities by gains. Then, (1-218) 
becomes 


(1-223) 


This power transmission formula is very useful for calculating signal power 
levels in communication links. It assumes that there are no impedance mis- 
matches at the transmit and receive antenna terminals, and that the transmit and 
receive antennas have identical polarizations and are aligned for polarization 
match. It also assumes the antennas are pointed toward each other for maximum 
gain. If any of the above conditions are not met, it is a simple matter to correct 
for the loss introduced by impedance mismatch, polarization mismatch, or 
antenna misalignment. The mismatch effects are discussed in the next section. 
The antenna misalignment effect is easily included by using the power gain value 
in the appropriate direction. 

Communication link signal power calculations are usually computed in a 
decibel form. For example, (1-223) may be written as 


P,(dBm) = P;(dBm) + G;(dB) + G,(dB) — 20 log r(km) 
— 20 log f (MHz) — 32.44 (1-224) 


where P;(dBm) and P,(dBm) are the transmit and receive powers in decibels 
above a milliwatt, dBm; for example, 30 dBm is 1 W. The transmit and receive 
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powers in this equation could also be expressed in units of decibels above a watt 
(dBW). G,(dB) and G,(dB) are the transmit and receive antenna gains in dec- 
ibels, r(km) is the distance between the transmitter and receiver in kilometers, 
and f (MHz) is the frequency in megahertz. 


Example 1-2. The ATS-6 Satellite. 


The 20-GHz transmitter on board the ATS-6 (Application Technology Satellite-6) satel- 
lite has 2 W of power into a 37-dB gain, 45.7-cm diameter parabolic antenna. The 
1.22-m diameter parabolic ground station antenna at the Virginia Tech earth terminal has 
45.8-dB gain. Thus, P;(dBm) = 10 log 2000 = 33.0, G;(dB) = 37.0, Gr(dB) = 45.8, and 
f (MHz) = 2 x 10*. The satellite to earth distance for this synchronous satellite is 
r = 36,941.031 km. Using these values in (1-224) yields 


P,(dBm) = —94.0 or Pr=3.98 x 107!° mW. (1-225) 


High-gain antennas are extremely important for the successful operation of long com- 
munication links such as encountered with satellites. The available power at the ground 
station antenna terminals as calculated above is typical for satellite systems. If the 
combined antenna gain, G;(dB) + G,(dB) = 82.8 dB, were not present then Pr would be 
1.57 x 10°?! W. A signal of this power level would be hopelessly lost in noise. 


EIRP. A frequently used concept in communication systems is that of effective 
(or equivalent) isotropically radiated power, EIRP. It is formally defined as the 
power gain of a transmitting antenna in a given direction multiplied by the net 
power accepted by the antenna from the connected transmitter. Sometimes it is 
denoted as ERP, but this term may also be used for effective radiated power 
relative to a half-wave dipole. As an example, suppose an observer is located in 
the direction of maximum radiation from a transmitting antenna with input 
power P,. Then 


The radiation intensity there is U,, as illustrated in Fig. 1-25a and 
G;=4U,,/P 7, so 


4nU 
EIRP = P, + ™ — AnU,. (1-227) 


1¢ 


The same radiation intensity could be obtained from a lossless isotropic antenna 
(with power gain G; = 1) if it had an input power P;,, equal to P;G; as il- 
lustrated in Fig. 1-25b. In other words, to obtain the same radiation intensity 
produced by the directional antenna in its pattern maximum direction, an isotro- 
pic antenna would have to have an input power G;, times greater. Effective 
radiated power is a parameter frequently used in the broadcast business. FM 
radio stations often give their effective radiated power when they sign off at 
night. 
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Figure 1-25 Illustration of effective isotropically radiated 
power. In both cases shown EIRP = 4zU,, is the same. 
(a) Directional antenna with input power P; and gain 
G,.(b) |sotropic antenna with input power P;G, and 
unity gain. 


Radar. We now turn our attention to the radar problem. Suppose an airplane 
is the radar target as shown in Fig. 1-26. We shall assume that the transmit and 
receive antennas are pointed such that the pattern maxima are directed toward 


the target. The power density incident on the target is then 
Pr PrA.r 
inc — Anr2 tea A 2y2 


(1-228) 


where (1-216) was used with directivity D, replaced by gain G; to include losses 
on the transmit antenna; (1-222) was used to obtain the last of (1-228). The 
power intercepted by the target is proportional to the incident power density, so 


Pier ai TS inc (1-229) 


where the proportionality constant o has the units of area— o is the radar cross 
section and is the equivalent area of the target as if the target reradiated the 
incident power isotropically. Although the power P;,, is not really scattered 
isotropically, the receiver is sampling scattered power in only one direction and 
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Transmitter bam glad yh 
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Figure 1-26 Radar example. 
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we are only concerned about that direction and assume the target scatters isotro- 
pically. Because P;,. appears to be scattered isotropically, the power density 
arriving at the receiver is 


P. 
=. 1-230 
scat Arr ( ) 
The power available at the receiver is then 
Pr oF ApS scat (1-2351] 
Combining the above four equations gives 
TS inc Aer A.7O 
Rea A = P, 
7 eR Agr? ” Anr*)? i 


which is referred to as the radar equation. Usually the transmit and receive 
antennas are one and the same, that is, A, p = A,,. Using Us -222) we can rewrite 
this equation in a convenient form as 


(1-233) 


If the transmit and receive antennas are identical Gp,G, = G?. 
Combining (1-229) and (1-230) actually forms the definition of radar cross 
section: 


Anr?S 
c= ae os (1-234) 


which is the ratio of 42 times the radiation intensity, r7S,.,,, in the receiver 
direction to the incident power density from the transmitter direction. 


1.11 RECEIVING PROPERTIES OF ANTENNAS 


In the preceding section we defined effective aperture from 
j2 

= — 1-235 

eenan ( ) 


The power available at the terminals of a receiving antenna with effective aper- 
ture A, and an incident wave of time-average power density S,, is 


P,= AS... (1-236) 


It is assumed that the polarization of the receiving antenna is perfectly matched 
to that of the incoming wave. Also the load must be a conjugate impedance 
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match to the antenna in order to realize this available power. In general, the 
antenna and the wave are not exactly matched in polarization and the antenna 
and its load are not impedance matched. These two mismatches will reduce the 
power delivered to the transmission line. Let Pp be the power delivered to a 
transmission line with input impedance Z,. Now we modify the effective aper- 
ture definition to include the mismatches as follows 


Py = ApSoy (1-237) 


where A, is the effective receiving aperture. This effective receiving aperture is the 
effective aperture A, reduced by the mismatch effects, or 


Ar = PgA. (1-238) 
where p is the factor representing polarization mismatch and q is the factor for 
impedance mismatch. Using (1-235) in (1-238) gives 

2 


A 
Ar = pq—G. 1-239 
R= PIA (1-239) 
With power gain as a function of angle of arrival this becomes 


2, 


An(@, $) = pa G0, 6). (1-240) 


Impedance Mismatch. The impedance mismatch factor q is the fraction of 
power transmitted across the antenna terminal-transmission line junction, that 
is, the power transmission coefficient. From transmission line theory we have 


qe ae | 
|Z, — Zant|? | VSWR — 1/? 
=) = es pe eee 1-241 
; |Z, + Zan" VSWR + 1 ( ) 


where I is the voltage reflection coefficient, Z, is the load impedance seen at the 
antenna terminals, Z,,, is the antenna input impedance, and VSWR is the vol- 
tage standing wave ratio on the transmission line. The possible values of q are 
from 0 to 1, with 1 being a perfect impedance match (VSWR = 1). 


Polarization Mismatch. The factor p is the polarization mismatch factor, or 
polarization efficiency, and it also varies from 0 to 1 in value. It is unity when the 
wave and the antenna have the same polarization state. It is zero when they are 
orthogonal; for example, horizontal and vertical linear polarizations, and right- 
and left-hand circular polarizations. The determination of p is facilitated by 
introducing the concept of the effective length h of an antenna. It is defined from 


7 =h*-E (1-242) 
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where V,, is the open circuit voltage produced at the terminals of an antenna of 
effective length h with an electric field E incident upon it. The complex conjugate 
is used because h is that arising from the antenna when transmitting and (1-242) 
is a receiving relationship. In other words, the complex conjugate acts to reverse 
the reference direction, so that the components of antenna polarization and wave 
polarization are referenced to the same reference axes. In general h may be a 
complex vector. If h and E are, for example, both linear vectors and are parallel, 
maximum voltage will result. 

As an example consider the radiation electric field of an ideal dipole, which 
from (1-71) is 


ioul e IPF 
E _ Jople 


in 60. 1- 
7e Az sin (1-243) 


If we let h be determined by the size of the antenna and the angular dependence 
of the radiation pattern, then we may write 


jopl e~ 3" 
ee -244 
e 47) .F a ) 
where 
h = Az sin 00. (1-245) 


Note that the dimension of h is length and observe that, for the ideal dipole, the 
effective length is the same as the projection of the physical length viewed from 
the angle 0. This is not, however, true in general. 

Now consider an arbitrary receiving antenna with effective length hz and an 
incident wave field E. The power received is proportional to | V,.|? which from 
(1-242) is |hg - E|?. By normalizing this we can obtain the fraction of power lost 
due to polarization mismatch as 


»~ dt: EF 
[bP TEP 


because |hg|*|E|? in the denominator is the maximum possible value of the 
numerator. We can write this as 


(1-246) 


a 


E x 
= |ht- 6)? (1-247) 


| i 

Miboed rine es eT 
[he] |E| 
where h, and é are the complex unit vectors for the effective length of the 
antenna and for the wave. Equation (1-247) is usually the most convenient form 
for computing p. Note that é represents the polarization state of the incoming 
wave. It is equal to the polarization state of the transmitting antenna, that is, h,, 
if the intervening propagation medium does not alter the wave polarization 
State. 
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It now remains to show how the complex unit vectors hg and é are 
determined. To do this it is most convenient to set up an xy-coordinate system 
perpendicular to the direction of arrival of the wave. Then we can use the 
polarization ellipse definitions of Section 1.9. Also since we are only interested in 
normalized values, the magnitude of the effective length [even though it is a 
function of arrival angle as seen by (1-245)] does not enter into the problem. 
From (1-200) we can write the required complex unit vectors as 


h, = cos yrp& + Sin ypel*¥ (1-248) 
and 
é = cos yx + sin ye’*¥ (1-249) 


where (7g, 5p) and (7, 5) describe the polarization state of the antenna and the 
wave. Summarizing, p is calculated by using (1-248) and (1-249) in (1-247). 

To illustrate, consider a transmitting antenna that is vertically polarized, that 
is, produces a linearly polarized wave along the y-axis as shown in Fig. 1-27a, 
and a linearly polarized receiving antenna as shown in Fig. 1-27b. If the wave 
from the transmitter arrives at the receiver without being depolarized by the 
propagation path we see from Fig. 1-27 that 


ony (1-250) 
and 
hp = COS TeX + SiN TRY (1-251) 


since yp = Tp in this case of linear polarization. Then from (1-247) 
p = |(cos ta& + Sin yp ¥)** ¥|? = sin? tr. (1-252) 


When tz = 90° both the wave and the antenna are vertically polarized and 
p=1; the wave and the antenna are said to be copolarized, or polarization 
matched. If tz = 0° the wave and the antenna states are orthogonal and (1-252) 
yields p = 0; the wave and antenna are referred to as being cross-polarized when 
DE) 

As a further illustration suppose the receiving antenna is now circularly po- 
larized; Fig. 1-27¢ shows how this may be accomplished. For circular polariza- 
tion the x- and y-components are equal in amplitude and 90° out-of-phase. 
Suppose it is left-hand sense circular polarization. Then AR = +1 and éz = + 45° 
from (1-197) and yg = +45°, dp = +90° from (1-201) and (1-202). Then (1-248) 
yields 

h, = cos 45°X + sin 45°29 °'¥ = bis (x + jy) (1-253) 


w, 
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(a) (b) 


Figure 1-27 A vertical linearly 
polarized transmit antenna and two 
cases of receive antennas. (a) 
Transmitting antenna along y-axis. (b) 
Linearly polarized receiving antenna in 
xy-plane. (c) Circularly polarized 
receiving antenna: two crossed dipoles 
whose outputs are combined with a 90° 
(c) phase difference. 


and 


(1-254) 


1 A 2A A 
p= [Garis 


Thus half the power is lost in this case. In fact, for any linearly polarized wave 
incident on any circularly polarized antenna (or vice versa) the power loss is 
one-half. In many situations a 3-dB loss may be significant and the antenna 
configuration must be altered to produce a better match, for example, by making 
both antennas vertical linear or both same sense circular. On the other hand, 
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there are situations when operating with one antenna linear and the other circu- 
lar is desired. For example, if a spacecraft has a linearly polarized antenna the 
effects due to spacecraft motion or Faraday rotation in the ionosphere on the 
incoming linearly polarized wave orientation angle will not lead to power level 
fluctuations if a circularly polarized receive antenna is used. Thus, even though a 
3-dB signal loss is encountered this loss is constant. If two linearly polarized 
antennas were used for this example, there is the possibility of significant polari- 
zation loss (p varies from 1 to 0 as Tp varies from 90° to 0°) or a polarization 
tracking system must be used to maintain alignment. 


Power Budget Calculations Including Mismatches. The effects of mis- 
match factors p and q can be included in power budget calculations for commun- 
ication links rather simply. For example, the received power expression of 
(1-224) is modified to give the power delivered to the load as follows 


P,(dBm) = P(dBm) + 10 log p + 10 log gq. (1-255) 


Field Intensity Measurements. A very small receiving antenna can be 
used as a field probe. Probes are used when it is necessary to measure the spatial 
amplitude distribution of electromagnetic fields. The probe must be small relative 
to the structure whose fields are being measured in order to minimize the 
disturbance of the fields introduced by the probe itself. The electrically small 
dipole, in any of its practical forms discussed in Section 2.1, is used to probe 
electric fields. 

Receiving antennas are also used to measure absolute field intensity. For 
example, it is often necessary to know the field intensity at a fixed distance from 
a transmit antenna. The antenna pattern can, of course, be measured also by 
moving around the transmitter at a fixed distance from it in the far field; this is 
the relative field intensity variation. Measurements are often required because 
the effects of terrain and the real earth surface are difficult to calculate. If the 
gain of the measuring antenna is known (it usually is) and the voltage developed 
across its terminals is measured, the field intensity incident upon the measuring 
antenna can be calculated. We shall now discuss this. 

Suppose the receiving antenna for field intensity measurements is matched 
to its transmission line and the input impedance of the antenna is essentially 
its radiation resistance. Then the antenna/receiver can be modeled as shown in 
Fig. 1-28. From the figure we see’ that 


V, 
eg -2 
Tin R, (1-256) 
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Figure 1-28 Equivalent circuit model for 
an antenna-receiver combination used to 
Antenna Receiver measure field intensity. 


The time-average power received is then 


1 

Pp==I2,R 

R jan r 

Ae NGA ee oe ae 
HONG ie RRR amano epee (cay 


where Vin, rms = Vay since V;,, 1s a peak quantity. Using (1-203) and (1-210) 
the received power can also be expressed in terms of the electric field intensity 
incident upon the antenna as 


E2 
Pr=S,,A.=—— A,. (1-258) 
q 
Then using (1-222) this becomes 
BAY NGA 
jeep rally 1-25 
R n Ar ( 9) 


Equating the two power expressions (1-257) and (1-259) yields 


V2 An 1 nan 
D2 a in, rms ts Pui Say 2 fe 
Eos Y R, G)2 es G Ve rms R,c? (1 260) 


where wavelength A was converted to frequency f by 1 = c/f with c the velocity of 
light. From this equation the rms electric field intensity can be calculated if the 
voltage V;,,,ms 18 measured. The decibel form of this equation is obtained by 
taking 10 log of both sides of (1-260) giving 


20 log E,m,; = 20 log f(MHz) — G(dB) 
+ 20 log Vix sms — 10 log R, — 12.8. (1-261) 
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A conventional unit for the electric field intensity is dBuV/m which is decibels 
above a microvolt per meter. Then (1-261) is 


Ems(dBuV/m) = 20 log f (MHz) — G(dB) 
+ Ve me(ABuV) — 10 log R, — 12.8 (1-262) 


where V,,, »ms(dBuV) is the antenna terminal rms voltage in units of decibels 
above a microvolt. 

As an example suppose the antenna and transmission line input impedances 
are both 300 ohms. Then (1-262) becomes [13] 


E,ms(dBuV/m) = 20 log f (MHz) — G(dB) + Vin, »ms(dBuV) — 37.6. (1-263) 


To be specific consider a typical FM broadcast receiver with a sensitivity of 
1 nV, that is, minimum satisfactory performance is produced when the value of 
Vin, rms 18 1 wV, or 0 dBuV. The most popular receiving antenna for FM receivers 
is the half-wave folded dipole (see Section 5.2) which has a real impedance 
of about 300 ohms and a gain of 2.15 dB. At a frequency of 100 MHz the 
incident field intensity required for minimum satisfactory performance from 
(1-263) is 0.25 dBuV/m or 1.03 pV/m. 

If impedance or polarization mismatches are present in the field intensity 
measuring antenna, (1-262) is modified by including the terms — 10 log p and 
—10 log q on the right-hand side, as well as replacing R, by the transmission 
line characteristic impedance R,. Gain loss due to mispointing can also be 
accounted for. If, for example, a 10-dB gain antenna is pointed such that the 
incoming wave approaches in a direction of the receiving antenna pattern where 
the gain is 4 dB below its maximum, then 6-dB gain is used in (1-262) rather 
than 10 dB. 
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PROBLEMS 


1.2-1 Use (1-6) in (1-1) to derive (1-7). 
1.2-2 Use (1-13) in (1-9) together with (1-11), (1-12), and (1-20) to derive (1-18). 
1.2-3 Assuming ¢ and yp are real and M=0, derive (1-28) through (1-33) using the 
identity (A-19). 
1.2-4 Write the complex power equation for a series RLC network driven by a voltage 
generator in a form analogous to the Poynting theorem. 
1.3-1 Derive (1-47) starting with (1-18). 
1.3-2 (a) Show that y = Ce /*/r satisfies (1-52) at all points except the origin. 

(b) By integrating (1-51) over a small volume containing the origin, substituting 
w = Ce ’*"/r, and letting r approach zero, show that C = (4z)~', thus proving (1-53). 
1.4-1 Show that (1-70) follows from (1-67). 
1.4-2 The expression for the electric field intensity of an ideal dipole can be derived in 
two ways. 

(a) Derive (1-70) using the magnetic field intensity expression (1-69) in (1-58). 

_(b) Derive (1-70) using the vector potential expression (1-60) in (1-46) and ¢’ = «. 
1.4-3 For a z-directed current element I Az in free space and located at the origin of a 
spherical coordinate system: 

(a) Calculate the complex Poynting vector in the general case, where r can be in the 
near-field region. Use the fields of (1-69) and (1-70). 

(b) Then find the expression for the time-average power flowing out through a sphere 
of radius r enclosing the current element. Your answer will be that of (1-74). Why? 
1.4-4 Show that the electric field for the ideal dipole in (1-70) satisfies Maxwell’s equation 
V-E=0. 
1.5-1 Prove (1-90) by using (1-84) in (1-89) and retaining only 1/r terms; that is, using 
Br > 1. 
1.5-2 Uniform line source. 

(a) Find the half-power beamwidth of the uniform line source pattern factor | £(@)| of 
(1-116). Your answer should be in the form 


HP=KA/L for L>4A. 


Determine the constant K. Hint: First find the values uyp of u = (BL/2)cos 0 for which 
| f (une) | = 1/,/2. Then use the approximation cos~ '(4+x) © 2/2 F x for x small. 

(b) Calculate the maximum side lobe level for the pattern in decibels relative to the 
main beam maximum. The side lobe maximum can be located by differentiating f(u) with 
respect to u, setting equal to zero, and solving for u. 
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(c) Suppose now that the current has a linear phase taper across it so that 
Ie y=T,e% 


What is f(0) now? If we let B, = —B cos 0, where is the pattern maximum (main beam 
pointing direction)? This is how the scanned beams of Fig. 1-11 are generated. 

1.5-3 Equation (1-93) can be derived without initially assuming that the rays are parallel. 
Derive (1-93) by writing R = [(r — 1’) - (r — r’)]’/”, expanding, factoring out an r, neglect- 
ing the smallest term, and using the first two terms of the binomial expansion. 

1.5-4 Using the inner boundary of the far-field to be rp = 217/A for a linear antenna of 
length L, find rr; for the following three antennas: L = 5A, a half-wave dipole (L = 2/2), 
and a short dipole (L = 0.014). Is the far-field boundary you have computed valid for 
each of these; if not, why not? 

5-5 It can be shown that criteria for the far-field distance corresponding to (1-97) and 
(1-98) are more accurately given by r > 5D andr > 1.6/. Using these together with (1-96) 
plot a single graph of r/A (vertical axis) versus D/A for the far-field boundary. Indicate 
which region of the graph corresponds to the far field. 

-6 A car radio antenna is 1 m long and operates at a frequency of 1 MHz. Use the 
graph of Prob. 1.5-5 to find the far-field distance. 
1.6-1 Show that there are 47 sr in all of space by evaluating {{ dQ over a spherical surface. 
1.6-2 A source has a power pattern of |cos"@| for 0<@<vnx/2 and is zero for 
n/2<O0<n7. 

(a) Calculate the directivity for n = 1, 2, and 3. 

(b) Sketch the pattern in each case and comment on the general relationship between 
directivity and beamwidth. 

(c) By physical reasoning alone, state the directivity for the n =0 case. Check your 
answer mathematically. 

ag An antenna has a far-field pattern which is independent of @ but which varies with 

6 as follows: 


b= 1 for 0°<A< 30°. 
e025 for 60° <6 < 120°. 
F=0.707 for 150° <@ < 180°. 
F=0 for 30°<6< 60° 

and 120° < 6 < 150°. 


Find the directivity. Also find the directivity in the direction 0 = 90°. 
1.6-4 For a-single-lobed pattern the beam solid angle is approximately given by 


Q, ~ HP;HPy 


where HP, and HP, are the half-power beamwidths in radians of the main beam in the E 
and H planes. Show that 


eet Toes 
~ HP;-HP y- 


where HP; and HP; are the E and H plane half-power beamwidths in degrees. 
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1.6-5 A horn antenna with low side lobes has half-power beamwidths of 29° in both 
principal planes. Use the approximate expression in Prob. 1.6-4 to compute the directivity 
of the horn in decibels. 
1.6-6 A sector pattern has uniform radiation intensity over a specified angular region and 
is zero elsewhere. An example is 

iu © Ea ah Ope 


0 elsewhere 


Derive an expression for the directivity corresponding to this pattern. 

1.6-7 An airplane is flying parallel to the ground (in the z-direction). For a surface search 
radar an antenna is required which uniformly illuminates the ground over some region. 
The so-called cosecant pattern will do this. From the figure we see that 


1 
h =r cos(5 -6) 


h 
Cae an = hcsc 0. 


Or 


Thus the radiation must travel farther to reach the ground as @ is decreased. The factor 
csc @ expresses the increase in this distance. If the angular variation in the radiation 
pattern is 


F(8) = csc 8, . 
this will just compensate for the 1/r field variation with distance. Further assume that the 


@ variation is a sector pattern of small angular extent ¢,. The whole pattern is then, 


csc 6 01 <0<5,0<$<¢, 
F(6, ¢) = 


0 elsewhere. 


Derive an expression for the directivity. 
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1.6-8 An antenna has a directivity of 20 and a radiation efficiency of 90%. Compute the 
gain of the antenna in decibels. 
-7-1 Let sources J,, M,, J,, and M, all be of the same frequency in a linear medium. 
The following steps lead to the Lorentz reciprocity theorem: 
(a) Maxwell’s equations for sources a are 


V x E, = —jowH, — M, 
‘V x H, = jocE, + Jy. 


Similar equations can be written for sources b. Manipulate these four equations and use 
the vector identity (A-19) to show that 


V -(E, x H, — E, x H,) = E,° J, + H,: M, — H,* M, — E,: Jp. 


(b) Integrate the above equation over a volume v enclosing all sources, employ the 
divergence theorem (A-23) for the left-hand side, and let the volume extend to infinity. 
Then the fields arriving at the surface of the volume behave like spherical waves, and the 
TEM wave relationships can be employed to show that the left-hand side is zero, leading 
to a proof of (1-159). 

__£7-2 Use the reciprocity theorem form of (1-160) to show that the distant field of any 
finite electric current distribution in free space can have no radial component. 
1.7-3 Since any two port network can be reduced to an equivalent T section, the general 
antenna system of Fig. 1-17a can be modeled as shown in the figure. First excite terminals 
a with a current source J, and find the open circuit output voltage V,|,,-o. Then excite 
terminals b with a current source J, and find the open circuit output voltage V, 
From these relationships find Z,, and Z,,; they will, of course, be equal. 


Ig=0- 


1.7-4 Write the voltage equations for the network representation of Prob. 1.7-3, and 

compare to (1-164) and (1-165) to show that the T network impedances are 

Lea Li Ly, 2y= Ly — Les and Za Za 

1.7-5 If antennas a and b are identical, how is the network of Probs. 1.7-3 and 1.7-4 

simplified ? 

N46 Reciprocity can also be shown with voltage generators and short circuit currents: 

(a) Drive terminals a of the network in Prob. 1.7-3 with a voltage generator V, and 

short circuit terminals b. Find the expression of V,/I,|y,=0 in terms of Z,, Z2, and Z3. 

Then drive terminals b with voltage source V, while short circuiting terminals a. Find 

V; /Ia| v,=0- It should equal V,/I,|v,=0- 
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(b) Find the same transfer impedance expressions in terms of Z,,, Zp, Zap, ANd Zyq 
from (1-164) and (1-165). Show that they are equal if Z,, = Zya- 

(c) Using Z; = Zag — Zm, Z2 = Zyy — Zm, and Z3 = Z,, from Prob. 1.7-4, show that 
the transfer impedance expressions of (a) are the same as those of (b). 
1.8-1 A 2-m-long dipole made of 6.35-mm (0.25-in.) diameter aluminum is operated at 
500 KHz. Compute its radiation efficiency, assuming 

(a) the current is uniform 

(b) the current is triangular. 
1.8-2 A citizen’s band radio at 27 MHz uses a half-wavelength long antenna that has a 
radiation resistance of 70 ohms. Compute the radiation efficiency if the antenna is made 
with 6.35-mm-diameter aluminum. As a rough approximation assume that the current is 
triangular. 
1.8-3 Use the ohmic resistance formula of (1-190) to verify the expression for Ronmic for 

(a) a uniform current given by (1-184) 

(b) a triangular current given by (1-192). 
1.9-1 The instantaneous electric field components of an elliptically polarized wave are 
&,. = E, cos(wt — Bz) and &, = E, cos(wt — Bz + 4). Specify E,, E,, and 6 for the follow- 
ing polarizations: 

(a) Linear with E, #0 and E, #0. 

(b) Right circular. 

(c) Left circular. 

(d) Elliptical with E, = E,. 

(e) Elliptical with 6 = 90°. 
1.9-2 Write the frequency domain form of the total vector electric fields given in 
Prob. 1.9-1. 
1.9-3 Start with (1-199) and prove (1-200). Use the fact that the magnitude of E follows 
from |E|? = E- E*. Also note that y in Fig. 1-22 is in a triangle with sides E, and E, and 
hypotenuse |E]. 
1.10-1 Calculate the beam solid angle Q, for an ideal dipole in steradians (square rad- 
ians) and in square degrees. Use the fact that A,,, = 0.119/? for an ideal dipole. 
1.10-2 A half-wavelength dipole has a directivity of 2.15 dB. Derive an expression for its 
maximum effective aperture in terms of wavelength squared. 
1.10-3 A certain parabolic reflector antenna 3.66 m (12 ft) in diameter has an effective 
aperture of 6.30 m?. Compute the gain in decibels at 11.7 GHz. 
1.10-4 A parabolic reflector antenna is circular with a diameter of 1.22 m (4 ft). If the 
effective aperture equals 55% of the physical aperture area, compute the gain of the 
antenna in decibels at 20 GHz. 


1.10-5 Suppose a transmitting antenna produces a maximum far-zone electric field in a 
certain direction given by 


e i6r 
r 


E=901 


where I is the peak value of the terminal current. The input resistance of the lossless 
antenna is 50 ohms. Find the maximum effective aperture of the antenna, A,,,. Your 
answer will be a number times wavelength squared. 
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1.10-6 Derive the decibel form of the power transmission equation (1-224) from (1-223). 
1.10-7 Write a power transfer equation similar to (1-224) but with distance r in units of 
miles. 
1.10-8 Calculate the received power in watts for the ATS-6 system of Example 1-2 using 
4-223). 
~ 1.10-9 The CTS (Communications Technology Satellite) satellite had an 11.7-GHz trans- 
mitter on board which provides 200 mW to a 19.3-dB gain antenna. Use (1-224) to 
determine the received power (in watts) available from the terminals of a ground station 
antenna with 50.4-dB gain (3.66 m diameter parabolic reflector). The satellite is in synch- 
ronous orbit 36,941 km away from the ground station. 
1.10-10 A VHF transmitter at 150 MHz delivers 20 W into an antenna with 10-dB gain. 
Compute the power in watts available from a 3-dB gain receiving antenna SO km away 
from the transmitter. 
1.10-11 Let us compare the performance of the radio system of Prob. 1.10-10 to a trans- 
mission line. Suppose an RG-8 coaxial cable were used instead of the antenna. The 
attenuation is 0.1 dB/m. 
(a) Calculate the cable loss in decibels for the 50 km distance. 
(b) What is the net loss for the radio system of Prob. 1.10-10; that is, the net loss 
encountered between the transmit antenna input and the receive antenna output? 
(c) Would repeater amplifiers be necessary in the cable system? 
(d) Repeat parts (a) and (b) for the case of a 500-m path length. 
(e) Repeat (d) using a frequency of 300 MHz where the cable attenuation is 0.14 dB/m. 
Assume the antenna gains are the same. 
(f) Current fiber-optic cables have a loss of 1 dB/km. Compute the loss in decibels for 
the 50 km and 500-m paths. 
(g) Tabulate results. 
1.10-12 Derive a power transfer equation in a form involving the effective isotropically 
radiated power of the transmitter, the effective aperture of the receiving antenna and free 
space spreading loss, 1/4nr?. Start with (1-223). 
1.10-13 The maximum radar cross section for a resonant half-wavelength dipole is ap- 
proximately 0.8547. The frequency is 10 GHz, the range is 1000 m, the gain of the trans- 
mit and receive antennas is 20 dB, and the transmit power is 1000 W. Compute the 
received power if the receiver is in the same location as the transmitter (i.e, monostatic 
radar case). 
1.10-14 An FM broadcast radio station has a 2-dB gain antenna system and 100-kW 
transmit power. Calculate the effective isotropically radiated power in kilowatts. 
1.11-1 Suppose a transmitting antenna is not impedance matched to its input transmis- 
sion line. The radiation intensity, or equivalently the power density at a specified distance, 
will be reduced from the perfect impedance match case. Compute this reduction in dec- 
ibels, in a fixed direction, for the mismatch conditions which give voltage standing wave 
ratios on the transmission line of 1.01, 1.2, 2, and 10. 
1.11-2 The magnitude of the axial ratio of a polarization ellipse is often given in decibels, 
where AR(dB) = 20 log | AR]. For a right-hand elliptically polarized wave with an axial 
ratio of 2 dB and a tilt angle t of 45°, find the complex unit vector é. 
1.11-3 For the wave of Prob. 1.11-2 compute the polarization mismatch factor for the 
following receiving antennas: 
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a) Horizontal linear. 

b) Vertical linear. 

c) Right-hand circular. 

d) Left-hand circular. 

e) Right-hand elliptical with AR(dB) = 2 and tilt angle t = 45°. 

f) Left-hand elliptical with AR(dB) = 2 and tilt angle t = 135°. . 

1.11-4 Derive (1-261) from (1-260). : 
4 11-5 To receive a certain FM radio station properly a terminal voltage of 200 AV 
(peak) is required at the receiver terminals. The input impedance of the FM, receiver is 
300 ohms (pure real). The receiving antenna is a linearly polarized folded dipole whose 
directive gain in the direction of the station is 1.64. The input impedance of the folded 
dipole is 300 + j0 ohms. The radiation resistance of the folded dipole is 300 ohms. The 
FM receiver is connected to the folded dipole by a 300-ohm transmission line. 

(a) Determine the radiation efficiency e and q. 

(b) If the radio station transmitting antenna is circularly polarized, find the minimum 

electric field strength (peak) required for proper reception by the FM receiver at 
100 MHz. 
1.114 Justify the complex conjugate which appears in (1-242). To do this recall that the 
polarization state of an antenna is the polarization of the wave radiated by the antenna 
when transmitting. Set up a fixed xy-coordinate system with z directed toward the 
antenna. Refer h and E to those x- and y-axes. 


SOME SIMPLE 
RADIATING SYSTEMS 


In this chapter we consider a few simple radiating systems such as electrically 
small dipoles, the half-wave dipole, and small loop antennas. Also we show how 
the presence of a perfect ground plane affects the performance of an antenna. 

These simple antennas are introduced here so that the treatment of arrays in 
the next chapter will be more meaningful. In Chapter 5 we return to the analysis 
and design of antenna structures. 


2.1 ELECTRICALLY SMALL DIPOLES 


An antenna whose dimensions are much smaller than a wavelength is referred to 
as an electrically small antenna. One possible definition for electrically small is 
that the antenna must fit inside a “radiansphere” (i.e., a sphere whose diameter 
is A/2n, or about one-sixth of a wavelength) [1, 2]. Such antennas are inherently 
inefficient. However, considerations of size, weight, cost, and mobility frequently 
require that an antenna be physically small. For low frequencies this means that 
the antenna will be electrically small as well. The simplest of the electrically 
small antennas are the electrically small dipoles. In Section 1.4 we discussed the 
ideal dipole which is a small linear piece of uniform current. The ideal dipole 
does not exist but can be approximated in practice. 
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(a) (b) 


Figure 2-1 Shortdipole, Az < 4. (a) Current onthe antenna and the electric fields 
surrounding it. (6) Current and charge distributions. 


First consider an (actual) short dipole shown in Fig. 2-1a. In this real antenna 
the current must smoothly go to zero at the ends of the wire as indicated in 
Fig. 2-1b. For a thin wire (diameter < 4) this current distribution is approxi- 
mately sinusoidal. The decreasing current toward the wire ends requires that 
charges peel off and appear on the wire surface as shown in Fig. 2-la. This 
charge accumulation leads to a displacement current density jweE in the space 
surrounding the dipole. The displacement current density in turn gives rise to an 
electromagnetic wave which propagates outward from the source. This is one 
visualization of the phenomena of radiation. Displacement current in space 
couples a transmitting antenna to a receiving antenna, much as a conduction 
current provides coupling between lumped elements in a circuit. 

The current and charge distributions shown in Fig. 2-1b are for an instant of 
time when the input current at the dipole terminals is maximum. Since the input 
current is changing sinusoidally with time, the current and charge distributions 
on the dipole will also. As Az becomes extremely small the sinusoidal type 
current distribution is well approximated by the triangular distribution of 


Fig. 1-20b. The radiation resistance using the triangular current distribution is 
from (1-189) 


A A. 
R, = 20n? A ohms (short dipole). (2-1) 


The input reactance of the actual short dipole is capacitive. This can be seen 
by visualizing the antenna as an open circuited transmission line. The distance 
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Az/2 from the end of the antenna to the feed point is much less than a quarter 
wavelength and thus the input impedance is capacitive. (Recall from transmission 
line theory that the impedance a distance s from an open circuit termination is 
—4JZ, cot Bs. Loading coils are frequently used to tune out this capacitance. They 
are sometimes seen on automobile radio antennas. A more complete discussion 
of dipole impedance will be presented in Chapter 5.) 

In the ideal dipole all charge accumulates at the ends of the antenna. In fact, 
the ideal dipole may be analyzed as either a uniform current or two point 
charges (see Prob. 2.1-1), all oscillating at radian frequency w. See Fig. 2-2. The 
charge dipole model shows that charge accumulates at the ends of the antenna. 
Thus to realize a uniform current distribution in practice a mechanism must be 
provided for charge storage at the ends of the short wire. One method of accom- 
plishing this is to place metal plates at the ends of the wire. This is called a 
capacitor-plate antenna, or top-hat-loaded dipole antenna. Figure 2-3 shows the 
construction of the antenna and the current and charges on it. If Az </ the 
radial currents on the plates will produce fields that almost cancel in the far field, 
since the currents are opposite directed and the phase difference due to separa- 
tion is small (B Az « 2z). If, in addition, Az < Ar the plates will provide for 
charge storage such that the current on the wire is constant. The capacitor-plate 
antenna then closely approximates the uniform current ideal dipole model. 
Frequently in practice radial wires are used for the top loading in place of the 
solid plates. 

Another small antenna used to approximate the ideal dipole is the transmis- 
sion line loaded antenna as shown in Fig. 2-4a. The results of transmission line 
theory can be borrowed to determine the current distribution. The current is 
essentially sinusoidal along the wire with a zero at the ends. This current distri- 
bution is sketched in Fig. 2-4b for L < 4/4. If Az < 4 the fields from the currents 


e gel" 


le jut 
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(a) (b) 


Figure 2-2 ldeal dipole models. (a) Uniform 
current model. (6) Charge dipole model. 
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JN Fe 

y Figure 2-3 Capacitor-plate antenna. The arrows on the 
antenna indicate current. The charges on the plates are also 
shown. 


on the horizontal wires will almost cancel in the far field. If also Az <« L, the 
horizontal wires will provide an effective place for the charge to be stored and 
the current on the vertical section will be nearly constant as illustrated in the 
Fig. 2-4b. Then most radiation comes from a short section over which the current 
is nearly constant and the antenna approximates an ideal dipole. 

Transmission line loading ideas may be extended and several horizontal wires 
can be attached to the ends of the short vertical section. If the transmission lines 
of Fig. 2-4a are extended in opposite directions the reactance is one-half its 
former value (by paralleling identical capacitive elements). As more wires are 
added the reactance is further reduced and the structure approaches that of a 
capacitor-plate antenna. 

For the small dipoles discussed in this section, if the current on the vertical 
wire is nearly uniform the radiation resistance is given approximately by (1-180), 
or 


2 
R, = 807? Ea ohms (2-2) 


where Az is the length of uniform current section. The input reactance is capaci- 
tive. If end loading is added this capacitance is reduced as the loading (in the 
form of wires or plates) is increased. This is because the distance from the open 
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Figure 2-4 The transmission line loaded antenna. (a) The 
antenna structure. Arrows indicate the current. (6) Current 
distribution on the antenna if imagined to be bent back straight. 
The solid line is the current on vertical section of (a) and the 
dashed line is the current on the horizontal transmission line - 
section. 
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circuit in the transmission line analog is increased. (See Prob. 2.1-3.) The radia- 
tion pattern of all forms of the small dipole is that of the ideal dipole shown in 
Fig. 1-4. ) 

At different portions of the frequency spectrum electrically small antennas are 
used for different reasons. For instance, in the VLF region where wavelength is 
very large, an electrically short vertical radiator is used with a large top hat load. 
The top hat loading makes the antenna appear like the capacitor-plate antenna 
of Fig. 2-3. Further up the spectrum, such as in the AM broadcast band, receiv- 
ing antennas are usually small electrically, as we saw in Section 1.8. The trans- 
mitting antennas are not small, but are of resonant size as discussed in the next 
section. At VHF frequencies and above, electrically small antennas are only used 
in special situations. 


2.2 THE HALF-WAVE DIPOLE 


A very widely used antenna is the half-wave dipole antenna. It is a linear current 
whose amplitude varies as one-half of a sine wave with a maximum at the center. 
For simplicity we will assume this to be a filament of current. Also it could be 
imagined to flow on an infinitely thin, perfectly conducting, half-wavelength long 
wire. This is a good approximation to a wire half-wave dipole which has a 
diameter much smaller than its length. The advantage of a half-wave dipole is 
that it can be made to resonate and present a zero input reactance, thus eliminat- 
ing the need for tuning to achieve a conjugate impedance match. Input im- 
pedance of dipole antennas is discussed in detail in Section 5.1, but for now we 
will just say that to obtain a resonant condition for a half-wave dipole the 
physical length must be somewhat shorter than a free space half-wavelength and 
as the antenna wire thickness is increased the length must be reduced more to 
achieve resonance. 

As usual the current distribution is placed along the z-axis and for the half- 
sine wave current on the half-wave dipole the current distribution is written as 


ete sin (3 is il) lz| <3. (2-3) 


Recall that # = 27/A. This current goes to zero at the ends (for z= +4/4) and its 
maximum value I,, occurs at the center (z = 0) as shown in Fig. 2-5a. From this 
current we can calculate the radiation pattern. Since it is a z-directed line source 
we can use (1-101) in (1-104) to find the electric field as 


eo ibr 


Arr 


E, = jp sin 0 T(z elles dz" (2-4) 
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Figure 2-5 The half-wave dipole. (a) Current distribution /(z). (b) 
Radiation pattern F(@). 


Substituting (2-3) into the integral of (2-4) and evaluating, 


. be ~Al4 ; IT 3 
Pea 2 len aneeg dz. — | Tn sin(5 mab |e cos 9 dz! 
: “4/4 


0 
=I, sin( | + Bz’ pee dz’ + el 


1 — 414 


ee ea T 

in| — pe Je 080 de? (2-5) 
0 2 
where f,, is the unnormalized pattern factor. Using the integral (F-5) 


Cx 


sin(a + bx)e* dx = pa [c sin(a + bx) — b cos(a + bx)| (2-6) 


in (2-5) we have 


f bay ei bz’ cos 8 iB ce Oran w + Bz! ~ B c0s(5 + 62 (0) 
Ulie. ie Bo - Be cos? 0 J 2 5) a) 
eibz’ cos 8 eae - a/4 
Le a REN ip cos 0 sin( 5 ~ fs’) + 8 eos(5 ~ Bi \| 


I , 
= Gr fir pL cos 8 — eMP¥=4(—B) + eK 2%%M(B) — iB cos 6) 


I 
= neon cos(5 cos a} (2-7) 
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Substituting this into (2-4) gives 


pd re i cos[(z/2)cos 4] 
B 4nr sin? 0 


Eg = jou (2-8) 


In this expression we can identify the element factor g(0) = sin 6 and the nor- 
malized pattern factor 


_ cos[(z/2)cos 6] 
i sin? 0 


f (0) (2-9) 


Both g(@) and f(@) are maximum for 6 = 2/2 and have a value of unity there. 


The complete (normalized) far-field pattern is then, see (1-113), 


cos[(z/2)cos 6] 
sin 0 


F (6) = g(8) f (0) = (half-wave dipole). (2-10) 


This pattern is plotted in Fig. 2-5b in linear, polar form. The half-power beam- 
width is 78°. For comparison, the half-power beamwidth of an ideal dipole 
pattern is 90°; see Fig. 1-4b. Thus, there is a small increase in the directivity of 
the half-wave dipole over the short dipole. In fact, the directivity for a short 
dipole is 1.5; see (1-145). We shall show in Section 5.1 that it is 1.64 for a 
half-wave dipole. The input impedance of an infinitely thin half-wavelength long 
dipole is 73 + j42.5 ohms. If it is slightly reduced in length to achieve resonance, 
the input impedance is about 70 + jO0 ohms. 

In Section 2.1 we briefly discussed one viewpoint on the phenomena of radia- 
tion. We are now ready to discuss another viewpoint in which the fields in space 
are considered to be produced by currents and charges on the antenna as 
sources. We know that in a complete system there must at any instant of time be 
equal numbers of positive and negative charges, and, if these were static fields 
(i.e., zero frequency and infinite wavelength), then the fields at a great distance 
from the positive and negative sources would practically cancel. However, when 
the distance between positive and negative sources becomes comparable with 
wavelength, the phase shift (or retardation) due to different path lengths from 
positive and negative sources to an observation point may keep the effects from 
canceling. In the case of the half-wave dipole when the current is essentially in 
phase (either positive or negative), this means that radiation will be strongest in a 
direction normal to the dipole and weakest along the axis of the dipole. For 
longer dipoles (e.g., see Section 5.1), where the current is not in phase along the 
entire length of the dipole, the phase shift between sources due to distance will 
cause the radiation from the various sources (i.e., different parts of the dipole) to 
add in certain directions and cancel in others, depending on whether the dis- 
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tances between plus and minus sources is an odd or even multiple of a half- 
wavelength, respectively. This picture of radiation suggests why practical 
antennas are comparable with a wavelength in size. It also tells us something 
about the shape of the far-field pattern and will be useful to us in qualitative 
thinking about arrays in the next chapter. 


2.3 ANTENNAS ABOVE A PERFECT GROUND PLANE 


Antennas are frequently operated in the presence of other structures. One such 
structure that is commonly encountered is a ground plane. A ground plane in its 
ideal form is infinite in extent and perfectly conducting, often referred to as a 
perfect ground plane. A solid metal sheet or a planar wire grid system that is 
large compared to the antenna size is, in most cases, well approximated as a 
perfect ground plane. In this section we discuss the effect of a perfect ground 
plane on some simple antennas. The problem is most easily solved by employing 
image theory, which will be discussed first. Antennas over a real earth ground 
are covered in Section 5.5. 


2.3.1 Image Theory 


Most of the theory developed thus far is for antennas in a homogeneous 
medium characterized by ¢ and yp. In other words, no other objects are present. 
This is often a poor approximation to reality. But, by using image theory the 
fields of an antenna operating in the presence of materials of simple geometric 
shape may be determined. 

Consider first an ideal dipole in front of an infinite plane perfect conductor 
and oriented perpendicular to the plane as shown in Fig. 2-6. We wish to find 
the fields E and H above the plane PP’. By the uniqueness of the solution to a 
differential equation (the wave equation) plus its boundary conditions, we may 
introduce an equivalent system that is different below PP’ but satisfies the same 
boundary conditions on PP’ and has the same sources above PP’. Such an 
equivalent system, which produces the same fields above PP’ as the original 
system, has an image source the same distance below the plane PP’ and similarly 
directed. In this case, the image source is another ideal dipole as shown in 
Fig. 2-6b. It is a simple matter to prove that the boundary condition of zero 
tangential electric field along plane PP’ is satisfied by this source configuration. 
To do this we examine the electric field expression for an ideal dipole given by 
(1-70). The complete expression must be used because the ground plane can be, 
and usually is, in the near field of the antenna. The radial component varies as 
cos @ and the 0-component varies as sin 0, where @ is the angle from the axis 
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tot 


Figure 2-6 Ideal dipole above and perpendicular to a 
perfectly conducting ground plane. (a) Physical model. 
(6) Equivalent model using image theory. 


along the direction of the current element. Let 6, and 0, be the angles from the 
line of the current elements to a point on the plane PP’ for the primary source 
and its image, respectively. The radial components from the sources are then 
By =.C cos 6, (2-11) 
EY = c COs 0, . (2-12) 
The constant C is the same for each field component since the amplitude of the 


sources is the same and points on the boundary are equidistant from the current 
elements. From Fig. 2-7a we see that 


84: 4°05, 1180°. (2-13) 
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Figure 2-7 The ideal dipole and its image in a ground 
plane as in Fig. 2-6. The source and its image acting 
together give zero tangential electric field intensity along 
the plane PP’ where the original perfect ground plane was 
located. (a) Radial components. (6) Theta components. 


SO 
E,, = C cos(180° — 6,) = —C cos 6). (2-14) 
Comparing this to (2-12) we see that 
E,, = —E,, along boundary. (2-15) 


Thus along the plane PP’ the radial components are equal in magnitude and 
opposite in phase. E, is directed radially out from the image source since 0, is 
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less than 90°, and then cos 6, is positive. On the other hand, E,, is radially 
inward toward the primary source since (2-14) is negative. Figure 2-7a illustrates 
this and shows that the projections of each along PP’ will cancel. A similar line 
of reasoning for the 0-components leads to 


Es, = D sin 0, = D sin 0, (2-16) 
Eo => D sin 0, (2-17) 
where @ is a constant and thus 


Eo; = Ey, along boundary. (2-18) 


Figure 2-7b demonstrates that the net projection of these 6-components along 
plane PP’ is zero. 

We have shown that the total tangential electric field intensity is zero along 
the image plane PP’ for an ideal dipole perpendicular to the plane and its image 
acting together. Therefore, since the source configuration above the plane and 
the boundary conditions were not altered, the system of Fig. 2-6b is equivalent 
to the original problem of Fig. 2-6a. The systems are equivalent in the sense that 
the fields above the plane PP’ are identical. The above derivation may be 
reversed by starting with the two sources of Fig. 2-6b and then introducing a 
perfect ground plane with its surface along plane PP’, thus arriving at Fig. 2-6a. 
The essential feature to remember is that the fields above a perfect ground plane 
from a primary source acting in the presence of the perfect ground plane are 
found by summing the contributions of the primary source and its image, each 
acting in free space. 

An ideal dipole oriented parallel to a perfect ground plane has an image that 
again is equidistant below the image plane, but in this case the image is oppo- 
sitely directed as shown in Fig. 2-8. The equivalent model of Fig. 2-8b, which 
gives the same fields above plane PP’ as the physical model of Fig. 2-8a, may be 
proven by simple sketches similar to those of Fig. 2-7. 

The image of a current element oriented in any direction with respect to a 
perfect ground plane may be found by decomposing it into perpendicular and 
parallel components, forming the images of the components, and constructing 
the image from these image components. An example is shown in F ig. 2-9. The 
image of an arbitrary current distribution is obtained in a similar fashion. The 
current is decomposed into perpendicular and parallel current elements whose 
images are readily found. The image current distribution is then the vector sum 
of these image current elements. 

The perfectly-conducting infinite ground plane is, of course, an idealization. 
The perfectly conducting assumption is valid when good conductors such as 
aluminum or copper are used. The infinitely large assumption is more severe, 
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(b) 
Figure 2-8 Ideal dipole above and parallel to a perfect 
ground plane. (a) Physical model. (6) Equivalent 
model using image theory. 


however. It is difficult to give specific rules as to when this assumption is good. 
Generally speaking, though, if the conducting plane extends beyond the source 
by several times the length of the source and if the source is not too far away 
from the conducting plane, this assumption is also valid. 


(b) 


Figure 2-9 Ideal dipole above and obliquely 
oriented relative to a perfect ground plane. (a) 
Physical model. (b) Equivalent model using 
image theory. 
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2.3.2 Monopoles 


The principles of image theory are illustrated in this section with several forms 
of the monopole antenna. A monopole is a dipole divided in half at its center feed 
point and fed against a ground plane. Three monopoles and their images in a 
perfect ground plane are shown in Fig. 2-10. High-frequency monopoles are 
often fed from coaxial cables behind the ground plane as shown in Fig. 2-11. 
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Figure 2-10 Monopole antennas over perfect ground 
planes with their images (dashed). (a) Monopole 
antenna. (6) Capacitor plate monopole. (c) Transmission 
line monopole. 


2.3 ANTENNAS ABOVE A PERFECT GROUND PLANE 93 


Figure 2-11 Monopole antenna fed from a coaxial cable. 


The currents and charges on a monopole are the same as on the upper half of 
its dipole counterpart, but the terminal voltage is only half that of the dipole. 
The voltage is half because the gap width of the input terminals is half that of the 
dipole, and the same electric field over half the distance gives half the voltage. 
The input impedance for a monopole is therefore half that of its dipole counter- 
part, or 

V, 41V, 1 


=> yin; mono; oo in, dipole __ 
Li mono __ I ao I rz DS Lan dipole - 


(2-19) 


in, mono in, dipole 


This is easily demonstrated for the radiation resistance. Since the fields only 
extend over a hemisphere the power radiated is only half that of a dipole with 
the same current. Therefore, the radiation resistance of a monopole is given by 


Pea mono __ ey dipole 1 R (2-20) 


eee AE A eae Tate ae PD SG, 


R 


n, dipole 


For example, the radiation resistance of an ideal monopole is from (2-2) 


h\? h\ 
Ren = elOUe ( my 1600; for h<a (2-21) 
where h is the length of the monopole and Az = 2h. 

The radiation pattern of a monopole above a perfect ground plane, as in 
Fig. 2-11, is the same as that of a dipole similarly positioned in free space since 
the fields above the image plane are the same. Therefore, a monopole above a 
perfect ground plane radiates one-half the total power of a similar dipole in free 
space because the power is distributed in the same fashion but only over half as 
much space. Equivalently, the beam solid angle of a monopole above a perfect 
ground plane is one-half that of a similar dipole in free space. This leads to the 
fact that the directivity doubles for a monopole since 


Dano = a = aE = ZA Dpcesbrs : (2-22) 


1 
Q 4, mono 2Q 4, dipole 
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This can be shown in another way. If a dipole in free space has a maximum 
radiation intensity of U,,, a monopole of half the length above a perfect ground 
plane with the same current will have same value of U,, since the fields are the 
same. The total radiated power for the dipole is P,, so the power radiated from 
the monopole is $P,. The directivity from (1-142) for the two antennas is 


U;, Us 


Dies = 223 
dipole Lies P,/4n ( ) 
and 
U 
Dok pete oO. ee a 2-24 
mono AP. /4n dipole ( ) 


The directivity increase does not come from an increase in the radiation intensity 
(and, hence, field intensity) but rather from a decrease in average radiation 
intensity. This, in turn, comes about because only half the power radiated by a 
dipole is radiated by a monopole. The directivity of a short monopole, for 
example, is 2(1.5) = 3. 

At low frequencies a monopole that is a quarter wavelength long or less may 
be rather large physically. For example, in the standard AM broadcast band (say 
1 MHz) the wavelength is 300 m, so a quarter-wave monopole would be 75 m 
tall. Such a large structure is usually not self-supporting, and guy wires are 
employed for support. Currents may exist in these guy wires in a downward 
direction tending to cancel the effect of the vertical element. Insulators are added 
to break up these currents, as in Fig. 2-12a. 

If currents are allowed to continue from the monopole out onto the guys, a 
partial top-loading effect for towers shorter than a quarter wavelength may be 
achieved, thereby increasing the radiation resistance. See F ig. 2-12b. The loading 
is usually not enough to give uniform current on the vertical member. Secondly, 
the downward angle of the guys gives a slight canceling of the fields from the 
vertical current. For a comparable length monopole the umbrella loaded version 
has a lower radiation resistance than the capacitor-plate monopole. Experimen- 
tal data are available in the literature for umbrella-loaded monopoles [3]. 


(a) (b) 


Figure2-12 Monopoles withsupporting guy wires. (a) Insulators added 
to reduce currents in guys. (b) Umbrella-loaded monopole. 
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2.4 SMALL LOOP ANTENNAS 


A closed loop of current whose maximum dimension is less than about a tenth of 
a wavelength is called a small loop antenna. So again small is to be interpreted as 
meaning electrically small, or small compared to a wavelength. In this section we 
will use two methods to solve for the radiation properties of small loop 
antennas. First we will show that the small loop is the dual of an ideal dipole, 
and by observing the duality contained in Maxwell’s equations we can use the 
results previously derived for the ideal dipole to write the fields of a small loop. 
Next we will derive the fields of a small loop directly and show that the results 
are the same as obtained using duality. 


2.4.1 Duality 


Frequently an antenna problem arises for which the structure is the dual of an 
antenna whose solution is known. If antenna structures are duals it is possible to 
write the fields for one antenna from the field expressions of the other by inter- 
changing parameters using the principle of duality. Before examining the small 
loop we will discuss the general principle of duality as applied to antennas. 

Dual antenna structures are similar to dual networks. For example, consider a 
simple network of a voltage source applied to a series connection of a resistor R 
and an inductor L as in Fig. 2-13a. The dual network of Fig. 2-13b is a current 
source I (=) V applied to the parallel combination of conductance G (=) R and 
capacitance C (=) L.' Since the networks are duals the solutions are duals. In “ 
this example the original series network can be described by the mesh equation 


V = RI + joLI. (2-25) 


(a) (b) 


Figure 2-13 Dualnetworks:/(=) V,G(=) R,C(=) L. (a) Original network. 
(b) Dual network. 


' In discussions of duality the symbol “(=)” means replace the quantity on the left with the quantity 
on the right, much as the equal sign in a computer program statement. 
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The dual to this mesh equation is a node equation obtained by replacing V by I, 
R by G, and L by C. The node equation for the dual parallel network is then 


I = GV + jaCV. (2-26) 


Returning to the antenna problem, suppose we have an electric current source 
with current density J, and boundary conditions on materials present (€,, 14, 
01). Maxwell’s equations for this system from (1-16) and (1-17) are 


V x H, = jweE, SF J; (2-28) 


where E, and H, are the fields generated by J, with materials (615 sven) 
present. Now suppose a fictitious magnetic current source with magnetic current 
density M, exists with materials (e,, y , d,) present. Maxwell’s equations for 
this system from (1-17) and (1-21) are 


V x H, = joeE, | (2-29) 
V x E, = —jou,H, Fan M, (2-30) 


where E, and Hy) are the fields arising from M,. 

The electric and magnetic systems are duals if the procedure in Table 2-1 can 
be performed. This is easy to demonstrate. To see if (2-29) and (2-30) are the 
duals of (2-27) and (2-28) we substitute the quantities in left-hand column of 
Table 2-1 into (2-29) and (2-30) for the corresponding quantities of the right- 
hand column. This yields 


vk el eat) (2-31) 


These equations are (2-27) and (2-28). In other words, using the parameter 
Substitutions of Table 2-1, the equations of the electric system, (2-27) and (2-28), 
Table 2-1 Dual Radiating Systems. 

Radiating system #1 with electric cur- 

rents and system #2 with magnetic 

currents are duals if one can: 

REE NEN 4 op. eee Se 

Replace the following By the following 


in system #2 in system #1 
M, J; 
£5 My 
H2 ey 
E, —H, 
H, E, 
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are dual to the equations of the magnetic system, (2-29) and (2-30), just as (2-25) 
and (2-26) are dual equations. Since the equations of the systems are dual, the 
solutions will be also. Before illustrating this we will summarize the principle of 
duality. 

If the sources of two systems are duals, that is, 


Mp (=) Ji (2-33) 
and if the boundary conditions are also dual,’ that is, 
Ma (=)e& — & (=) Mb (2-34) 


then the fields of system #2 can be found from the solution of system #1 by the 
substitutions 


E, (=) —H, H, (=) E, (2-35) 


in the field expressions for system #1 along with the substitutions in (2-34). 

Now we will use duality to find the fields of a small current loop from a 
knowledge of the fields of an ideal electric dipole. A current loop may be repre- 
sented as a fictitious (ideal) magnetic dipole with uniform magnetic current [” 
and length Az. The sources are duals as required by (2-33) if we let 


ne (2-36) 
where I° is the current of an ideal electric dipole of length Az. Since no materials 


are present there are no boundary conditions. The ideal electric dipole has field 
solutions of the form 


E, = E),0 + Ef (2-37) 
H, = H,,9. (2-38) 
The fields of the dual magnetic dipole are then found from (2-35) as 
EX) He —Hyid (2-39) 
H, (=) E, = E19 + E,sf (2-40) 
if we make the substitutions 
My =m(=)e,=e and 4 =e(=) my =H (2-41) 


which follow from (2-34) and the fact that in both systems the surrounding 
medium is a homogeneous material of y and ¢. Note that 6 remains the same 
since replacing p by «¢ and ¢ by pw in w/e yields w,/ eu. Now, using (2-36) and 


? Note that ¢, = ¢, —j(o, /w). If magnetic conductors of magnetic conductivity oj were assumed to 
exist in system #2, then , would become p, = 1, —j(oz/w) in the equations above. Thus ¢; is 
replaced by y,, or equivalently o, is replaced by o7. 
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(2-41) in the ideal electric dipole field expressions of (1-69) and (1-70) together 
with (2-39) and (2-40) give 


m e Ibr | 
ee = — jp ee ia (2-42) 
ea r 
I” Az 1 VS per 3 A 
= 1 in 00 
H, Te i + pr + (iBr)? | : sin 
P''Az 1 t Alen 
iwée |— + — cos Of. 2-43 
2n J Fe oa | r ( ) 


These are the complete field expressions (valid in the near-field region) for a 
small loop of electric current. The far-field components are obtained by retaining 
only those terms that vary as r~*, giving 


— jpr 


ne 
E, = —I™ AzjB ear 


sin 0b (2-44) 


— jpr 


H, = I" Azjwe — sin 00 (2-45) 
Anr 


These radiation fields as well as those of the ideal electric dipole are shown in 
Fig. 2-14. Both antennas have the same radiation pattern, sin 0. The magnetic 
field component H, of the ideal electric dipole is easily remembered by use of the 
right-hand rule. Pie the thumb of your right hand along the current of the 
dipole and pointing in the direction of current flow. Your fingers will then curl in 
the direction of the magnetic field. This statement is implicit in Ampere’s law of 


—> 
| 
ies] 
8 
—,_ 
= 


) Es 


(a) (b) 


Figure 2-14 Radiation field components of ideal 
magnetic and electric dipoles. (a) Small currentloop 
and equivalent magnetic dipole. (b) Ideal electric 
dipole. 
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(2-28). A similar relationship holds for the magnetic dipole, except the left-hand 
rule is used and the field obtained is the electric field component —E,. This 
follows from (2-30). 


2.4.2 The Small Loop Antenna 


Using duality we found the field expressions for a small loop of uniform 
current. However, these expressions contain the equivalent magnetic dipole cur- 
rent amplitude J”. By solving the small loop problem directly we can establish 
the relationship between the current J in the loop and I”. This can be accom- 
plished by dealing only with the far-field region. 

It turns out that the radiation fields of small loops are independent of the 
shape of the loop and depend only on the area of the loop. Therefore we will 
select a square loop as shown in Fig. 2-15 to simplify the mathematics. The 
current has constant amplitude J and zero phase around the loop. Each side of 
the square loop is a short uniform electric current segment which is modeled as 
an ideal dipole. The two sides parallel to the x-axis have a total vector potential 
which is x-directed and is given by 


iis l¢é e JBR1 e JBR3 
* An 


(2-46) 


Ry R; 


Figure 2-15 Geometry for calculating the radiation fields 
from a small square loop antenna. 
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which follows from (1-60). The minus sign in the second term arises because the 
current in side 3 is negative x-directed. Similarly for sides 2 and 4 we find 


A —}] 


= — — 2-47 

%  aa\ Re Ry rd 
The far-field approximation is that the distances used for amplitude variations 
are nearly equal (ie., Ry; ~R, ~R3; ~R, ~r) and the phase differences are 
found from assuming parallel rays emanating from each side. By comparing the 
parallel path lengths we find from geometrical considerations that 


Ry =r+5 sin 0 sin ¢, Ry =r—S sin 0 cos 
(2-48) 


by bag 
R3=r—-; sin @ sin ¢, R,=r-+ sin 6 cos ¢. 


Substituting these into the exponents and r into the denominators of (2-46) and 
(2-47) we have 


sacs Ile7 J" (e~ scsi Osing _ et JA(4/2)sin @ sin *) 
7 4ur 
LS —— (e+ 5B(2/2)sin 0 cos — e~ iP(¢/2)sin 6 cos $) 
or 
fem ta Bue ; 
A,= —2j < sin sin @ sin 6) 
2-49 
Le BO ( 
A, 2; sin{ — sin 6 cos ¢ J}. 
4ur 2 


Since the loop is small compared to a wavelength, B/ = 2n¢/A is also small and 
the sine functions in (2-49) may be replaced by their arguments giving 


— jpr 

A, © -j BC’ sin 0 sin 
4nr 
| (2-50) 

NES Cee le ae 
A, ~j ae B¢* sin 6 cos @. 
Combining components to form the total vector potential gives 
p , Ie~ ir 
A= A,X + A, = jpl? sin 6(—sin $x + cos ¢9). (2-51) 


4ur 
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The term in parentheses is the unit vector @ in (A-6), so 


Te~ iPr mn 
“sin 06 (2-52) 


4znr 


A = jpS 


where S is the area of the loop. All of A is transverse to the direction of 
propagation, so the radiation électric field from (1-102) is —ja@pA giving 


Te J" 


Aur 


E = nf’S 


since wup = w*p./pe = ./pu/ew? we = nB*. The radiation magnetic field is 


= — sin 00. (2-54) 


Comparing (2-53) or (2-54) to the magnetic dipole radiation fields of (2-44) or 
(2-45) we find that 


TAZ jouls: (2-55) 


This completes the relationship between the small current loop and its equiva- 
lent magnetic dipole. The complete field expressions for a small loop of magnetic 
moment IS are found from (2-42) and (2-43) using (2-55). The fields depend only 
on the magnetic moment (current and area) and not the loop shape. And the 
radiation pattern for a small loop, independent of its shape, equals that of an ideal 
electric dipole. Thus if the small current loop is in the xy-plane its pattern is sin 0. 
The radiation fields from a large loop are derived in Section 5.7. 

The impedance of a small loop antenna is quite different from its ideal dipole 
dual. While the ideal dipole is capacitive, the small loop is inductive. But first we 
will discuss the input resistance. The radiation resistance is found by calculating 
the power radiated using the small loop radiation fields with (1-125) which yields 


P= 101?(B?S)?. (2-56) 
The radiation resistance is then 


2p) 


R= 


2) 
= 20(6S)? = 31200( >} ohms. (2-57) 


This result provides a reasonable approximation to the radiation resistance of an 
actual small loop antenna for a loop perimeter less than about three-tenths of a 
wavelength. 


sin 0 (2-53) 
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The radiation resistance of a loop antenna may be increased significantly by 
using several turns. The magnetic moment of an n turn loop is nIS where S is the 
area of a single turn. The radiation resistance is then 


72 

R,=20(877S)* = 31.200( 5} ohms. (2-58) 
The radiation resistance thus goes up as n?. Another way to enhance the radia- 
tion resistance is to wind the loop turns around a ferrite core. For a ferrite core 
of effective relative permeability s1,4,, rays from different parts of the loop, as in 
Fig. 2-15, encounter a phase constant of B= w/ pe = (,/ ply Eo.) eae 
(27/A)./ Herr where 2 is the free-space wavelength. The relative effective 
permeability* depends on the core size and shape and is usually less than the 
relative permeability of the core material. The radiation resistance of a coil of n 
turns wound on a ferrite core is then 


Ss 2 
R, <31.200( mess] ohms. — (2-59) 


A ferrite core multiturn loop antenna is often referred to as a loop-stick antenna. 
It is a commonly used low-frequency receiving antenna. For example, it is used 
with most AM broadcast receivers. 

Small loop antennas also have considerable ohmic resistance. For a rectangu- 
lar loop of wire 7, by 7, the ohmic resistance is given approximately by 


ae ee 1 x 1 
cleupa wy oAllaualm dee Wea? = ee 


where d is the wire diameter and R, is the surface resistance of (1-185). If 7, and 
¢, are much larger than d (i.e., the wire is thin) then (2-60) reduces to 


(2-60) 


2(¢, + ¢2) 
Ronmic = ———>-— R, . - 
ohmic nd S (2 61) 
This formula may be generalized to loops of arbitrary shape as follows 
A 
Renae = w R, (2-62) 


where / is the mean length of the wire loop and w is the perimeter of the wire 
cross section. For a circular loop this becomes 
2nb 2b 


ohmic = R, = 7 R, (circular loop) (2-63) 


where b is the mean loop radius and d is the wire diameter. 


R 


* See [4] for a discussion of relative effective permeability. 
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As mentioned previously, the small loop antenna is inherently inductive. The 
inductance of a small 7, by 7, rectangular loop is given by 


ae 144 1% , 
L= (4 cosh eu ¢, cosh 2) (2-64) 


where d is the wire diameter. ig a small circular loop of radius b the inductance 


is [5] 
L= by n(“F) _ 175) (circular loop) (2-65) 
ford <b. 
GOONS o.rbor/ 
= COm ( 


Example 2-1. A Small Circular Loop Antenna 


To illustrate the impedance calcu for small loop antennas, consider a circular loop 
with a mean loop circumference of 0. 2h nd a wire radius of 0.0014. Then b = 0.1A/n and 


d = 0.0024 in (2-57) yields the ra Nn resistance as yy Vv m= FOEM, 
R231 200 ui ) = 31.200(° ) = 0.316 ohm. (2-66) 

The reactance from (2-65) is 
Xig = OL = 2m by ln( 5) - 1.75 (2-67) 


where c is the velocity of light. For an air-filled loop w = py, and then 


ee) 
A 


1.6 
0.0022 


Xin = 20 ——4n x 1077 in = 115) = 285.8 ohms. (2-68) 


PS 
To determine the ohmic resistance a frequency must be specified; suppose it is(1 MHz. 
Further suppose the wire is copper, and then p = p, and o = 5.7 x 10’ mhos/m in 

gives 


De le OT saga 4mex ORT pO aes Pi 
R, -/ oie 7-57 x 107 = 2.63 x 10° * ohm. (2-69) 
And from (2-63) 
2b 0.2 : ats 
Ronmic = > Rs = Doggq 2-63 10° * = 8.38 x 10°? ohm. (2-70) 


Adding this to (2-66) gives the total input resistance 


Ria = Re-PoR outa =0.324 ohm; (2-71) 


/ 
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The input impedance is thus 


Zin = Rin + JX in = 0.324 + j285.8 ohms. (2-72) 
The radiation efficiency of this loop is 
KS Se OL6 4 
e= Ri 0 siete DES Te. (2-73) 


2.5 SOME PRACTICAL CONSIDERATIONS 


In this chapter we have examined several simple but basic radiators. Some of 
these were electrically small radiators while one (the half-wave dipole) was of 
resonant size. We say more about resonant antennas in Chapter 5 and 6 but not 
much more will be said about electrically small antennas. Thus, it is appropriate 
at this point to consider the practical limitations of electrically small antennas. 

Recall that an electrically small antenna is one that is smaller than a radian- 
sphere. It is characterized by a radiation resistance that is much less than its 
self-reactance and by a far-field pattern that is independent of the antenna size. 
An electrically small antenna is usually a simple electric or magnetic dipole. The 
electric dipole is physically realizable, while the magnetic dipole is a flux element 
simulated by a current loop. While the radiation pattern and the directivity of a 
small antenna are independent of size or frequency, the radiation resistance and 
especially the self-reactance are not. This makes it difficult to transfer power 
from the antenna to a load or from a generator to the antenna as the frequency 
changes. An antenna with this characteristic is said to have a high Q. We can 
define antenna Q as 2zf times the peak energy stored/average power radiated, 
but conceptually a high Q means that the input impedance is very sensitive to 
small changes in frequency. 

The Q of an ideal (lossless) antenna is shown in Fig. 2-16 versus Ba, where a is 
the radius of a sphere that would enclose the antenna [2]. While the Q of a 
practical electrically small antenna may be less than this, the curve does serve to 
Show rather clearly what happens to the Q as the antenna size diminishes. The 
increasing Q with diminishing size in turn implies a fundamental limitation on 
the usable bandwidth of an electrically small antenna. The concept of bandwidth 
will be considered more formally in Chapter 5, but for our purposes here Iet it 
simply be the frequency range over which the antenna is usable without retuning 
to a resonant condition (i.e., tuning out the self-reactance). Thus, the higher the 
Q, the smaller the bandwidth. To reduce the Q, damping (resistance) can be 
added to the antenna at the expense of efficiency. High Q and small bandwidth 
are characteristic limitations of electrically small antennas [6, 7]. 
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Figure 2-16 The Q of an ideal (lossless) antenna as a function of fa, 
where a is the radius of a sphere enclosing the antenna. 
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PROBLEMS 


2.1-1 Use the oscillating charge model for an ideal dipole as shown in Fig. 2-2b to derive 
the electric field expressions of (1-70). Hints: The far-field scalar potential function for this 
problem is 

q e JBir —(Az/2)cos 6) oe JBlr + (Az/2 )cos 8] 


Ris 4ne, |r — (Az/2)cos 0 r + (Az/2)cos 0 


where the parallel ray approximation was used and the e' time dependence was sup- 
pressed. Use r > Az, A > Az, and I = jwq to show that 
ny Ce AZ 


Free (1 + jBr)cos 0. 


Then make use of (1-39). 
2.1-2 The current density on an actual short dipole antenna of Fig. 2-1 can be written as 


A 
J =72J, sin o( = — |2| }} 
2 
Find an expression for the associated charge density. The relative variation of your 
answer is indicated in Fig. 2-1b. 
2.1-3 Show that the capacitance of the capacitor of the capacitor-plate antenna of 
Fig. 2-3 is given by 
n(Ar)*<¢, 
Az 


Assume that capacitance is entirely due to the end plates and neglect fringing. 
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— 21-4 (a) Using the capacitance formula in Prob. 2.1-3 calculate the capacitive reactance 

of a capacitor-plate dipole for which Ar = 0.014 and Az = 0.024. 
(b) Calculate the radiation resistance of this antenna. 
2.2-1 Sketch the current distribution on a half-wave dipole for various instants during the 
cycle of the current oscillation. 
2.2-2 Show that the pattern factor for half-wave dipole in (2-9) is normalized to unity at 
Om 1/2. 
2.2-3 Calculate and plot the radiation pattern F(0) for a half-wave dipole in (2-10) for 
0 <6 < 180°. Plot in linear, polar form as shown in Fig. 2-5b. 
_72-4 (a) Show that the ohmic resistance of a half-wave dipole from (1-190) is given by 


R, A 
Ronmic = =~ 7° 
ohmic Ina 4 


(b) Compare this to the result one would obtain if the current were assumed to be 
uniform on the half-wave dipole. 
2.2-5 Use the results of Prob. 2.2-4(a) to calculate the radiation efficiency of a half-wave 
dipole at 100 MHz if it is made of aluminum wire 6.35 mm (0.25 in.) in diameter. Assume 
the radiation resistance to be 70 ohms. 
2.3-1 Show that the image theory model of Fig. 2-8b for an ideal dipole parallel to a 
perfect ground plane yields zero tangential electric field along plane PP’. 
2.3-2 If a thin monopole as shown in Fig. 2-11 is a quarter wavelength long: 

(a) Rough sketch the radiation pattern in polar form as a function of 0, if the mono- 
pole is along the z-axis. 

(b) What is the directivity? 

(c) What is the input impedance? 
2.4-1 Use (1-93) to derive the far-field distance expressions (2-48) for the small square 
loop. 
2.4-2 Verify that the power radiated from a small loop is given by (2-56). 
2.4-3 Show that (2-61) follows from (2-60). 
2.4-4 Compute the radiation efficiency of a small single turn loop antenna at 1 MHz ifit 
is made of No. 20 AWG copper wire and has a loop radius of 0.2 m. 
2.4-5 Compute the inductance of the loop antenna in Prob. 2.4-4. 
2.46 A single turn circular loop 15 cm in radius is made of 3-mm-diameter copper wire. 
Calculate the radiation resistance, ohmic resistance, input impedance, and radiation 
efficiency at 1 MHz. 

.4-7 A ferrite core loop antenna is 20 cm long and 1 cm in diameter. It has 22 turns of 
wire and an effective relative permeability of 38. Compute its radiation resistance at a 
frequency of 1 MHz. 

7724-8 A single turn square loop antenna that is 1 m on a side operates at 30 MHz. The 
wire is aluminum with a diameter of 2 cm. Compute (a) the radiation resistance, (b) the 
input reactance, and (c) the radiation efficiency. 


Several antennas can be arranged in space and interconnected to produce a 
directional radiation pattern. Such a configuration of multiple radiating elements 


is referred to as an array antenna, or simply, an array. The introduction of 
shortwave radio equipment in the 1920s made possible the use of reasonably 
sized antenna arrays, thereby providing a convenient way to achieve a directive 
radiation pattern for radio communications. During World War II UHF and 
microwave array antennas were introduced for use in radar systems. Today 
arrays at microwave frequencies and above are used extensively in satellite com- 
munication systems. 

Many small antennas can be used in an array to obtain a level of performance 
similar to that of a single large antenna. The mechanical problems associated 
with a single large antenna are traded for the electrical problems of feeding 
several small antennas. With the advancements in solid state technology, the feed 
network required for array excitation is of improved quality and reduced cost. 
Arrays offer the unique capability of electronic scanning of the main beam. By 
changing the phase of the exciting currents in each element antenna of the array, 
the radiation pattern can be scanned through space. The array is then called a 
phased array. Phased arrays have many applications, particularly in radar. 

Arrays are found in many geometrical configurations. The most elementary is 
that of a linear array in which the array element centers lie along a straight line. 
The elements may be equally or unequally spaced. When the array element 
centers are located in a plane it is said to be a planar array. Examples of planar 
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arrays are circular and rectangular arrays in which the element centers are 
disposed on a circle, or are contained within a rectangular area, respectively. A 
class of arrays which is just emerging is that of conformal arrays. In this applica- 
tion the array element locations must conform to some nonplanar surface such 
as found on an aircraft or missile. 

The radiation pattern of an array is determined by the type of individual 
elements used, their orientations, their positions in space, and the amplitude and 
phase of the currents feeding them. To simplify our discussion of arrays we will 
begin by letting each element of the array be an isotropic point source. The 
resulting radiation pattern is called the array factor. In this chapter the array 
factors for several simple arrays will be examined before considering general 
uniformly excited linear arrays. The principle of pattern multiplication will then 
be introduced in Section 3.3 for the purpose of including the effect of the array 
element type. Array directivity is discussed in Section 3.4. By controlling the 
current amplitudes in an array, the pattern can be shaped for special applica- 
tions. The relationship between the radiation pattern of an array and its element 
current amplitudes is illustrated by several linear array examples in Section 3.5. 
The effects of mutual coupling between elements of a real array on impedance 
are detailed in Section 3.6. The scanning of the array pattern by element phase 
control is discussed in Section 3.7. The chapter is closed with a perspective 
discussion in Section 3.8. 


3.1 THE ARRAY FACTOR FOR LINEAR ARRAYS 


A typical linear array composed of similar element antennas is shown in Fig. 3-1. 
The output of each array element may be controlled in amplitude and phase as 
indicated by the phase shifters and attenuators. In addition to the amplitude and 
phase control imposed on each element represented by I,,, there is relative phase 
shift between the waves arriving at the antenna elements due to their positions in 
space and the angle of arrival of the wave. Furthermore, the pattern of each 
element leads to a response that varies with the arrival angle of the incoming 
plane wave. If it is the same for each element, the principle of pattern multiplica- 
tion allows us to consider it as one multiplicative factor in the total pattern. This 
is discussed in detail in Section 3.3. The remaining angular dependence of the 
pattern is called the array factor, and it is determined solely by the element 
positions and their amplitudes and phases represented by J,. The array of 
Fig. 3-1 is shown as a receiving array; however, the receiving pattern is the same 
as the transmitting pattern by reciprocity. In our discussions of arrays either the 
receiving or transmitting viewpoint will be used depending upon which is more 
convenient. 
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Figure 3-1 Atypical linear array. The symbols @ and z 
indicate variable phase shifters and attenuators. The 
output Currents are summed in a summing device before 
entering the receiver. 


Since the pattern of an array obtained by neglecting the patterns of the indivi- 
dual elements of the array is the array factor, if we replace each element of the 
array (without disturbing the relative currents or the positions) with an isotropic 
point source, the resulting pattern is the array factor. An isotropic point source 
is a hypothetical antenna occupying just a point in space and radiating uniformly 
in all directions. It is referred to frequently as a point source. The radiation fields 
of a point source at the origin of a spherical coordinate system are proportional 
to 


oii 


0 
4nr 


(3-1) 


where I) is the current of the point source. This can be seen by examining the 
radiation field expressions, (1-71) and (1-72), for an ideal dipole and dropping 
the angular dependence. The far-field pattern is obtained from the angular 
dependence (i.e., at constant r) of the radiation fields, thus the pattern of a point 
source, from (3-1), is constant and is given by 


AF = I (3-2) 


where AF is the array factor for this “array” of only one point source. Since I, 
is constant the array factor in (3-2) could have been written as unity, but as 
elements are added to the array, each with a different current, it is necessary to 
account for their relative field strengths as determined by their element currents. 
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Figure 3-2 Equivalent configuration 
of the array in Fig. 3-1 for determining 
the array factor. The elements of the 
array are replaced by isotropic point 
Array factor sources. 


The array factor for the array of Fig. 3-1 is found from the array of Fig. 3-2 
which has point sources for array elements in place of the actual elements. The 
array factor for this receiving array is then the sum of the point source receiving 
antenna responses {e/°, e/*!, ...} weighted by the amplitude and phase shift 
{I), 11, ...} introduced in the transmission line connected to each element. The 
array factor of.the array shown in Fig. 3-2 is thus 


AF=1[,e0°% 4+ [e+ Le? +°:: (3-3) 
where €,, €,, ... are the phases of an incoming plane wave at the element 
locations designated 0, 1, ... . Usually these phases are relative to the coordinate 


origin, that is, the phase of the wave arriving at nth element leads the phase of 
the wave arriving at the origin by €,. 

Before going any further with general expressions such as (3-3), some specific 
examples are in order to get a feel for what pattern effects can be achieved 
through the use of arrays. These examples will be kept simple so that a rough 
pattern can be obtained by inspection. 


Example 3-1. Two Isotropic Point Sources with Identical Amplitude and 
Phase Currents, and Spaced One-Half Wavelength Apart (Fig. 3-3) 


Figure 3-3a shows how the pattern of this example may be approximated by inspection. It is 
easier in the inspection method to consider the array to be transmitting. At points (in the 
far field) along the perpendicular bisector of the line joining the point sources (x-axis), 
path lengths from each point source are equal. Since the amplitudes and phases of each 
source are also equal, the waves arrive in phase and equal in amplitude in the far field 
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Figure 3-3 Two isotropic point sources with identical amplitude and phase 
currents, and spaced one-half wavelength apart (Example 3-1). (a) Inspection 
method. (6) Polar plot of the array factor f(0) = cos[(z/2) cos 6]. (c) Calculation 
method. 

112 


3.1 THE ARRAY FACTOR FOR LINEAR ARRAYS 113 


along the x-axis, and the total field is double that for one source. The situation is different 
along the axis of the array (z-axis). Looking to the right along the + z-axis, waves coming 
from the left source must travel one-half wavelength before reaching the source on the 
right. This amounts to a 180° phase lag. The waves then continue traveling to the right 
along the +z-axis and maintain this same phase relationship on out to the far field. Thus, 
in the far field, waves from the two sources traveling in +2z-direction arrive 180° out-of- 
phase (due to the one-half wavelength separation of the sources) and are equal in ampli- 
tude (since the sources are). Therefore, there is perfect cancellation and the total field is 
zero. The same reasoning can be used to see the effect in the —z-direction. The total 
pattern has a relative value of two in the +x-directions, zero in the +2-directions, and a 
smooth variation in between (because the phase difference between waves from two sources 
changes smoothly from 0 to 180° as the observer moves from the broadside direction to 
the axial direction along a constant radius from the array center). This pattern is sketched 
in Fig. 3-3b. The pattern in three dimensions can be imagined by holding the z-axis in 
your finger tips and spinning the pattern shown to sweep out the total pattern. 

We can also calculate the array factor exactly. Using phases corresponding to the path 
length differences shown in Fig. 3-3c in (3-3) the array factor is 


AF = Le JA(4/2 cos 8 x. 1 e/ B(d/2)cos 0 ) cos( 85 cos a} (3-4) 
The distance between the elements is d = A/2, so Bd/2 = 2/2 and (3-4) becomes 
AF =2 cos(5 cos a) (3-5) 


Normalizing the array factor for a maximum value of unity gives 


f@®= cos(5 cos 8 } (3-6), 


This is maximum for 0=72/2 since cos[(x/2)-0]=1 and zero for 06=0 since 
cos[(x/2) - 1] = 0. This result agrees with the inspection method that leads to Fig. 3-3b. 


Example 3-2. Two Isotropic Point Sources with Identical Amplitudes and 
Opposite Phases, and Spaced One-Half Wavelength Apart (Fig. 3-4) 


If we consider the array to be transmitting the gross features of the pattern may be 
determined by inspection as shown in Fig. 3-4a. The path lengths from each point source 
to a point on the x-axis are the same. But the left source is 180° out-of-phase with respect 
to the right source, thus, waves arriving at points on the x-axis are 180° out-of-phase and 
equal in amplitude giving a zero field. Along the z-axis (in both directions) the 180° 
phase difference in the currents is compensated for by the half-wavelength path difference 
between waves from the two sources. For example, in the +z-direction the waves from 
left source arrive at the location of the right source lagging the phase of waves from the 
right source by 360° (180° from distance traveled and 180° from excitation lag). This is an 
in-phase condition and thus the waves add in the far field giving a relative maximum. 
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Figure 3-4 Twoisotropic point sources with identical amplitudes and opposite 
phases, and spaced one-half wavelength apart (Example 3-2). (a) Inspection 
method. (6) Polar plot of the array factor magnitude |f(0)| = 
| sin{(2/2) cos 0] | . 


From these few pattern values the entire pattern can be sketched yielding a plot similar to 
that of Fig. 3-4b. | 
We calculate the array factor exactly using (3-3) and Fig. 3-3c as 


AF = — le ~JAd/2)cos 8 4 4 gibld/2)cos 0 _ 2j sin( 6s cos a) (3-7) 
Using d = 4/2 and normalizing we have 
f()= sin(5 cos a}, (3-8) 


Plotting this pattern we obtain the same result as with the inspection method (see 
Fig. 3-4b). 
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Example 3-3. Two Isotropic Point Sources with Identical Amplitudes and 
90° Out-of-Phase, and Spaced a Quarter-Wavelength Apart (Fig. 3-5) 


Waves leaving the left source of the transmitting array in Fig. 3-5 and traveling in the 
+ z-direction arrive at the right source delayed by 90° due to the quarter-wavelength 
path. But the excitation of the right source lags the left source by 90° so waves in the 
+ z-direction are in step and add in the far field. For waves leaving the right-hand source 
and traveling in the —z-direction, the phase at the location of the left source is 180° 
lagging with respect to the wave from the left source (90° from path difference and 90° 
from excitation). See Fig. 3-5b. At angles between 6 =0° (+2-direction) and 180° 
(—z-direction) there is a smooth pattern variation from two (perfect addition) to zero 
(perfect cancellation). This pattern is shown in Fig. 3-5c and is the so-called cardioid 
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Figure 3-5 Twoisotropic point sources with identical amplitudes and the 
right element lagging the left by 90°, and spaced a quarter-wavelength 
apart (Example 3-3). (a) Array configuration. (b) Inspection method. (c) 
Polar plot of the array factor f(0) = cos[(/4)(cos 9 — 1)]. This pattern 
shape is called a cardioid pattern. 
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pattern. It is used frequently in the area of acoustics for microphone patterns. The re- 
sponse is strong in the direction of the microphone input and weak in the direction where 
the speakers are aimed to reduce feedback. 

Using these excitations in (3-3) and Fig. 3-3c we can calculate the array factor expres- 
sion as follows 


AF = Le JA(4/2)008 9 4. J p~ n/2) gi B(d/2)cos 8 


— eID IAGi2 hes 6— 1/4] + ellB(d/2)cos bee oil 


= e-dn/4) Bd aes 
= 2 cos 5 008 6 i} (3-9) 


Substituting d = 4/4 and normalizing gives 
f (0) = cos i (cos 6 — 0. (3-10) 


This function has a maximum value of unity for 6 = 0°, 1/,/2 for 0 = 90°, and zero for 
6 = 180°. Again, this agrees with the pattern of Fig. 3-5c obtained by inspection. 


Example 3-4. Two Identical Isotropic Point Sources Spaced One Wave- 
length Apart (Fig. 3-6) 


Since the currents are in phase the fields of each element add perfectly (i.e., double) in the 
+x-directions. Also, since the phase lag of the field from one element is 360° (one 
wavelength additional path length) with respect to the other in either the +z or —z 
direction, their effects add perfectly in the far field. However, with the one-wavelength 
spacing there are directions of perfect cancellation as indicated in Fig. 3-6b. To determine 
these directions we reason as follows. For perfect cancellation the waves from the two 
sources must be 180° out-of-phase. This means a path length difference of one-half 
wavelength. Since the path length difference as a function of @ is 2 cos @ (see Fig. 3-3c) we 
must solve for the values of 8 such that 


Acos@= += or cosd= + —. (3-11) 


N| »& 
Nl] = 


The solutions are 60° and 120°. By filling in smooth variations between the maxima and 
zeros indicated in Fig. 3-6b, the pattern of Fig. 3-6c results. 

The exact array factor calculation parallels that of Example 3-1 except that with d= 4 
in (3-4) 


AF =2 cos( 85 Cos 6] = 2 cos(x cos 6). (3-12) 


The normalized array factor is 


f (0) = cos(x cos 6). (3-13) 
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Figure 3-6 Two isotropic point sources with identical amplitude and phase 
currents, and spaced one wavelength apart (Example 3-4). (a) Array 
configuration. (b) Inspection method. (c) Polar plot of array factor 
magnitude | f(@) | = | cos(zcos @) |. 
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Note that | f(9)| has a maximum value of unity for 0 = 0°, 90°, and 180° and is zero for 
@ = 60° and 120°. These are the same results we obtained by inspection in Fig. 3-6c. This 
example illustrates the fact that multiple lobes will appear for spacings greater than a 
half-wavelength. 


The inspection method is difficult to use in all but the simplest arrays. There- 
fore, we shall examine the general array factor given by (3-3) for the case of 
equally spaced arrays. We will study its properties and develop a method to 
obtain a quick sketch of the radiation pattern. 

Suppose we have a linear array of several elements. If the elements are equally 
spaced as shown in Fig. 3-7, the array factor expression (3-3) may be simplified. 
The angle 0 is that of an incoming plane wave relative to the axis of the receiving 
array. The isotropic sources respond equally in all directions but when their 
outputs are added together (each weighted according to /,,), a directional re- 
sponse is obtained. The phase of the wave arriving at the origin is set arbitrarily 
to zero, so ¢y = 0. The incoming waves at element 1 arrive before those at the 
origin since the distance is shorter by an amount d cos 0. The corresponding 
phase lead of waves at element 1 relative those at 0 is €, = Bd cos 0. This process 
continues and (3-3) becomes 


Nee 
AF ats Ke at 18 eibd cos 8 As Lee foes > tere cos 6 (3-14) 
n=0 


Now consider the array to be transmitting. If the current has a linear phase 
progression (i.e., relative phase between adjacent elements is the same), we will 
separate out this phase explicitly as 


I, = A,e™ (3-15) 


—_9— Se 4 


Figure 3-7 Equally spaced linear array of isotropic point sources. 
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where the n+ 1th element leads the nth element in phase by «. Then (3-14) 
becomes 


N-1 
AF = Ye A,,ein\#4 cos 6+ a) (3-16) 
n=0 
Define 
Ww = Bdcos@ + a. (3-17) 
Then 
N=? 4 
A S A,e™. (3-18) 
n=0 


This array factor is a function of wy and may be recognized as a Fourier series. 
This form is convenient for calculations, but we usually want field plots in terms 
of the polar angle 9. The nonlinear transformation from w to 6 given by (3-17) 
can be accomplished graphically. 

For example, consider two elements spaced one-half wavelength apart and 
with identical currents as in Example 3-1. We found the normalized array factor 
in (3-6) to be f (0) = cos[(z/2)cos 6]. In this case w from (3-17) is 


w = Bd cos 0+ «= cos 0 (3-19) 
since d = 4/2 and « = 0. Now f may be expressed in terms of wy as 


SW) = cos a (3-20) 


This is a rather simple function to plot. From it we wish to obtain a plot of | f| 
as a function of 0. To do this first plot | f(W)| from (3-20) as shown in 
Fig. 3-8. Then draw a circle of radius y = x below it as shown, since (3-19) is a 
polar equation of a circle. For an arbitrary value of w, say W,, drop a line 
straight down until it intersects the circle. The values of 0= 0, and | f| =f; 
corresponding to w = yj, are indicated on the figure. Locating several points 
taken in this fashion will lead to the desired sketch. Note that as 0 ranges from 0 
to 2, w goes from x to —7z in this case. The resulting polar plot is shown in 
Fig. 3-10b. It is the same as the result obtained using inspection in Fig. 3-3. 
Before proceeding with more specific examples, let us consider a general array 
factor and how a polar pattern is obtained from it. The magnitude of a typical 
array factor is plotted as a function of y in Fig. 3-9. Below it a circle is con- 
structed with a radius equal to Bd and its center located at y = «. The angle @ is 
as shown. It is very simple to use this plot. For a given value of @ locate the 
intersection of a radial line from the origin of the circle and the perimeter, point 
a. The corresponding value of w, at point b, is on a vertical line from a. The array 
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FVII = teos $1 


<7 cos 0;> 


= 


Figure 3-8 Procedure for obtaining the polar plot of the array factor of two 
elements spaced one-half wavelength apart with identical currents. 


factor value corresponding to these values of w and @ is then point c, also on the 
vertical line from a. Notice that the distance from the y = 0 axis to a point, say 
at a, can be written as wy = a + fd cos 9, which is (3-17). 

To illustrate the procedure further we will find the polar plots of the array 
factors for some two element arrays with equal current amplitudes which were 
discussed earlier in this section. The array factor as a function of , from (3-18) 
with N = 2, is 


AF = 1 + ef = eiW2)(p~ JWI2) +. pilW20) = QeitH!2 cog v (3-21) 
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If (wv) | 
fly r 


| ae 


|~«__— Visible region 


Ww =Bdcos0+a 


| 
| 
| 
| 
| 
| 
| 
| 


Bd cos @ 


Figure 3-9 Construction technique for finding the array factor as a function 
of polar angle 0. 


where A, = A, = 1. Taking the magnitude eliminates the exponential factor and 
normalization removes the factor of two. The normalized array factor magnitude 


is 


(3-22) 


which also follows from (3-20). The array factor | f(i)| is the same for all two 
element arrays with the same current amplitudes, and is plotted in Fig. 3-10a. Of 
course, w changes with element spacing and phasing. For example, if the spacing 
is a half-wavelength and the phases of each element are zero (« = 0), the pattern 
is obtained as shown in Fig. 3-8 with the resulting pattern plotted in Fig. 3-10b. 
This is Example 3-1 discussed earlier. For Example 3-2, d = A/2 and a = x. The 
resulting polar plot of the array factor using the procedures of Fig. 3-9 is shown 


122 ARRAYS 


hig (wri = cos $ | 


=i 1 2n 


(a) 
> \f (0) | 


(b) 


If (0) | 


(c) 
ON |f (0)! 


Figure 3-10 Array factors for two-element arrays with equal 
amplitude currents. (a) Universal array factor. (b) Polar plot for 
d = 4/2, Bd = n,x = 0 (Example3-1).(c) Polar plotford = 1/2, Bd = n, 
a =m (Example 3-2). (d) Polar plot d=2/4, Bd=n/2, « = —n/2 
(Example 3-3). 
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in Fig. 3-10c. The array factor for Example 3-3 with d= 1/4 and a = —n/2 is 
shown in Fig. 3-10d. 

By examining the general array factor expression in (3-18) some general 
properties may be derived which aid in the construction of pattern plots. First, 
the array factor is periodic in the variable y with period 27. This is easily shown 
as follows. 


AF(U +22) =¥. A,elt*2) =. A,emeit?® = Ane = AF(Y). (3-23) 


The array factor of a linear array along the z-axis is a function of 6 but not of 
(the element pattern may be though). In other words, the array factor is a 
pattern that has rotational symmetry about the line of the array. Therefore, its 
complete structure is determined by its values for 


0<0<n. (3-24) 


This is called the visible region. This corresponds to —1 <cos 9<1 or 
— fd < Bd cos 0 < fd or 


a —Bd<wW<a+ Ba. (3-25) 


Hence, the visible region in terms of 0 and y are given by (3-24) and (3-25), 
respectively. The element spacing of the array in terms of a wavelength, d/A, 
determines the size of the circle in Fig. 3-9 and thus how much of the array 
factor appears in the visible region. The visible region in the variable w is of 
length 2Bd, as seen from (3-25). This is the diameter of the circle in Fig. 3-9. 
Suppose that exactly one period appears in the visible region. Since the period is 
2n we have 2x = 2Bd = 2(2n/A)d or d/A = 1 Thus, exactly one period of the array 
factor appears in the visible region when the element spacing is one-half wavelength. 
Less than one period is visible if 2Bd < 2x which corresponds to d/A < 3, that is, 
for spacings less than one-half wavelength. For spacings greater than one-half 
wavelength more than one period will be visible. For one-wavelength spacings 
two periods will be visible. For spacings larger than a half-wavelength there may 
be more than one major lobe in the visible region, depending on the element 
phasings. Additional major lobes which rise to an intensity equal to that of the 
main lobe are called grating lobes. In the one-wavelength spaced, two-element 
array factor of Fig. 3-6c there are grating lobes at 6 = 0 and 180°, assuming that 
the lobe in the 0 = 90° direction is the desired lobe. In most situations, it is 
undesirable to have grating lobes. As a result, most arrays are designed such that 
the element spacing is less than one wavelength, usually close to a 
half-wavelength. 
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3.2 UNIFORMLY EXCITED, EQUALLY SPACED LINEAR ARRAYS 


3.2.1 The Array Factor Expression 


A very important special case of equally spaced linear arrays is that of the 
uniformly excited array. This is an array whose element current amplitudes are 
identical, so 


Ag = Ay = A, =". (3-26) 


In this section we will consider only element phasings of a linear form accounted 
for by interelement phase shift «. The array factor from (3-18) is then 
A. = : . . . 
AF =A) } e’'™ = Ad(1 te” +--- + eiW- DY), (3-27) 
n=0 
Only a few short steps are required to sum this geometric series. First multiply 
(3-27) by e” to obtain | 
AFe” = Ag(e” + ei” + --- + eN¥), (3-28) 
Subtracting this from (3-27) gives 
AF(1 — e”) = Ao(i — e®”) 
or 
1 — ei 


This may be rewritten in a more convenient form as follows. 


iNy 1 eiNw/2 ei Nwi2 eA Ue? 
pee bee a 


oN =e ak ioe tele. eo wie 
sin(Nw/2) 
sin(y//2) ~ 


The phase factor e”~ 1’? is not important (unless one is going to further 
combine the array output signal with the output from another antenna). In fact, 
if the array were centered about the origin, the phase factor would not be present 
since it represents the phase shift of the array phase center relative to the origin. 
Neglecting the phase factor in (3-30) gives 


= Ay ei — 1wi2 (3-30) 


sin(Nw/2) 


(3-31) 


32 UNIFORMLY EXCITED, EQUALLY SPACED LINEAR ARRAYS 125 


This expression is maximum for y = 0 and has a maximum value most easily 
seen from (3-27) as 


AF(W = 0) = Ao(1 + 1 +°-> + 1) = AON. (3-32) 
Dividing this into (3-31) gives the normalized array factor 
in(Nw/2 
sin( w/ ) (3-33) 


TMV aw ati), 


This is the normalized array factor for an N element, uniformly excited, equally 
spaced array which is centered about the coordinate origin. This function is 
similar to a (sin u)/u function with a major difference that the side lobes do not 
die off without limit for increasing argument. In fact, the function (3-33) is 
periodic in 2x, which is true in general as we showed in (3-23). 

In Fig. 3-11 are sketched the array factors for three values of N.1 A number of 
trends can be seen by examining the plots in Fig. 3-11. 


1. As N increases the main lobe narrows. 

2. As N increases there are more side lobes in one period of f(w). In fact, the 
number of full lobes (one main lobe and the side lobes) in one period of f (i) 
equals N — 1. Thus there will be N — 2 side lobes and one main lobe in each 
period. 

3. The minor lobes are of width 2z/N in the variable y and the major lobes 
(main and grating) are twice this width. 

4. The side lobe peaks decrease with increasing N. A measure of the side lobe 
peaks is the side lobe level which we have defined as 


|maximum value of largest side lobe | 
|maximum value of main lobe | 


SLL = (3-34) 


and it is often expressed in decibels. The side lobe level of the array factor for 
N =5 is —12 dB and it is —13 dB for N = 20. It approaches the value of a 
uniform line source, — 13.3 dB, as N is increased. 

5. | f(w)| is symmetric about z. It is left as an exercise to show this. 


The radiation field polar plots in the variable 0 can be obtained from f() as 
discussed in Section 3.1. For example, consider the two-element case. Then 
(3-33) becomes 

sin W 
ae. 3-35 


1 A comprehensive set of array factor plots for many values of N is found in [1]. 
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Figure 3-11 Array factor of an equally spaced, 
uniformly excited linear array for a few array 
numbers. (a) Three elements. (6) Five elements. 
(c) Ten elements. 
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This is a universal pattern function for all equal amplitude two element arrays 
and is plotted in Fig. 3-10a. Note that by the techniques used in Section 3.1 we 
found that the array factor for a two element array was cos(/2); see (3-20). It 
can be shown that this is identical to (3-35). 

The universal array factor for a four-element, uniformly excited, equally 
spaced array is plotted in Fig. 3-12b. Let us find the array factor polar plot for 


e e e e eee 
1 qed (7/2) leit Jef 8/2) 
(a) 
in 2 
i eee 
1.0 4 sin > 
| >y 
Ki vee T Tt 3m 20 
2 22 7D 
(b) 


to = aK Bd = el 
(c) 
Figure 3-12 Array factor for a four-element, uniformly excited, 
equally spaced phased array. (a) The array excitations. (5) 
Universal pattern for N = 4. (c) Polar plot for d = 4/2 and a = 7/2. 
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the special case of half-wavelength spacing and 90° interelement phasing (ic., 
a = m/2). The array excitations are shown in Fig. 3-12a. The pattern plot can be 
sketched quickly by locating prominent features such as maxima and zeros. 
Then vertical lines are dropped down from these points to the circle below. 
From the intersection points with the circle, straight lines are drawn in to the 
center of the circle. The perimeter of the circle has.a pattern value of unity and 
the center a value of zero. For linear polar plots such as this one, the magnitude 
of the pattern factor is linearly proportional to the distance from the origin. For 
example, if the circle radius is 4 cm and the pattern value to be plotted is 0.25, 
the pattern point is 1 cm from the origin along a radial line at the appropriate 
angle @. After locating the relative maxima and the zeros a smooth curve is 
drawn joining these points. The complete polar plot is shown in Fig. 3-12c. Note 
that a polar plot can be made larger or smaller by expanding or contracting the 
construction circle. 


3.2.2 Main Beam Scanning and Beamwidth 


A maximum of an array factor occurs for wy = 0. Let 0, be the corresponding 
value of @ for which the array factor is maximum. Then from (3-17) we have 
0 = Bd cos 6, + a, or 


a = —Bd cos @,. (3-36) 


This is the element-to-element phase shift in the excitation currents required to 
produce an array factor main beam maximum in a direction 6, relative to the 
line along which the array elements are disposed. Thus, if we want an array 
factor maximum in the @ = @, direction, the required element currents from 
(3-15) with (3-26) are 


WS = einx = e inba cos 05 (3-37) 


for a uniformly excited, equally spaced linear array. For the broadside case 
(0, = 90°) « = 0. For the endfire case (0, = 0° or 180°) a = —fd or fad. In the 
example illustrated in Fig. 3-12, « = 2/2 and d= 2/2 so 0, =cos '(—«a/Bd) = 
cos” '(—4) = 120°. This main beam scanning by phase control feature can be 


explicitly incorporated into w by substituting (3-36) into (3-17) giving 
w = Bd(cos 6 — cos 8,). (3-38) 


Scanning is discussed further in Section 3.7. 

A measure of the width of the main beam of a uniformly excited, equally 
spaced linear array is given by the beamwidth between first nulls, BWFN, which is 
illustrated in Fig. 1-9 for a general pattern. The main beam nulls are where the 
array factor (3-33) first goes to zero in a plane containing the linear array. The 
zeros of the numerator of (3-33) occur for NWpx/2 = +n. When the denomina- 
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tor also goes to zero (5Wpn = +nz) the pattern factor is unity, corresponding to 
the main beam (n = 0) and grating lobes. The first nulls associated with the main 
beam occur for NWpn/2 = +2. For a broadside array (« = 0°) y = fd cos 0, so 
the angles 6 for the first nulls are found from 


N 2n 
or 
0 = cos!{ +555] (3-40) 
Ne aie, 
The BWEN is then 
BWEN = | Oren lefties Orn aight | (3-41) 
A any 
fn EW be ota il ian, -1 nerd i 
= |cos | <a) cos (+ xall (3-42) 


For long arrays (length L = Nd > A) we can approximate (3-42) as follows 


T A 1 A 
2- Nd 2 Nd 
For an endfire array (a typical endfire pattern is shown in Fig. 1-11c) the beam- 


width between first nulls is twice that from the main beam maximum to the first 
null. It is given approximately by 


| 2A 
BWEN = 2 a (endfire) (3-44) 
for long arrays. 


The half-power beamwidth (HP) is perhaps a more popular measure of the 
main beam size than is BWFN. Both depend on the array length Nd and main 
beam pointing angle 0,. For a long (Nd > 4) uniformly excited linear array the 
HP is approximately [2] 


BWFN ~= (near broadside). (3-43) 


~ Nd 


HP = 0.886 csc §, (near broadside) (3-45) 


| A 
~ £3) f 3-46 
HP ~ 2 /0.886 Nd (endfire) ( ) 


By comparing the formulas for HP and BWFN it is seen that HP is roughly 
one-half of the corresponding BWFN value for long, uniformly excited linear 
arrays. 


and 
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3.2.3 The Ordinary Endfire Array 


In many applications antennas are required to produce a single pencil beam. 
The array factor for a broadside array produces a fan beam, although proper 
selection of array elements may yield a total pattern that has a single pencil 
beam. Another way to achieve a single pencil beam is by proper design of an 
endfire array. We have said that an endfire condition results when 6, = 0° or 
180°, which corresponds to a = — fd or +d. Such arrays for which «= +fd 
are referred to as ordinary endfire arrays. If the spacing d is a half-wavelength 
there will be two identical endfire lobes (see Fig. 3-10c, for example). There are 
several ways to eliminate one of these lobes, thus leaving a single pencil beam. 
The most obvious way is to reduce the spacing below a half-wavelength. The 
visible region is 2Bd wide in the variable y, and to eliminate the unwanted major 
lobe (grating lobe) we should reduce the visible region (and thus the spacing d) 
below the half-wavelength spacing value of 2x. Since the grating lobe half- 
width (maximum to null) is 2x/N, we can eliminate most of it by reducing 
the visible region by at least n/N, that is, 


2Bd < 2n == (ordinary endfire). (3-47) 
Dividing this by 28 gives the condition on the spacings as 
A 1 
d< 5 1 | (ordinary endfire). (3-48) 


An ordinary endfire array with spacing d satisfying (3-48) will produce a single 
endfire beam at 6 = 0° for « = —fd or at 6 = 180° for a = fd. A five-element 
array example is shown in Fig. 3-13. From (3-48) we must have d< 
(A/2)(1 — 1/10) = 0.454. Selecting d = 0.454 with a main beam direction 6, = 
180°, the required element-to-element phase shift is «= —fdcos 0, = Bd = 
(27/A)(0.45A) = 0.97. 


3.2.4 The Hansen—Woodyard Endfire Array 


In the ordinary endfire case the interelement excitation phase, « = + Bd, 
exactly equals the spatial phase delay of waves in the endfire direction. It is 
possible to make the main beam narrower and thus increase directivity by 
increasing the interelement phase shift, thereby moving some of the main beam 
outside of the visible region. If the phase shift is increased over the ordinary 
endfire case such that 


o= + ( Bd + 4 (Hansen-Woodyard) (3-49) 
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Figure 3-13 Asingle main beam ordinary endfire array of five elements that are 
uniformly excited, equally spaced with d = 0.454, and phased with a = 0.9n. 
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it is called the Hansen-Woodyard condition for increased directivity [3]. This 
condition was obtained by studying several long line sources, but also applies to 
long arrays. 

To illustrate the Hansen-Woodyard condition, return to Fig. 3-13 and notice 
that as a is increased the circle will move to the right but the radius of the circle 
will remain the same for Bd unchanged. This will cause the main beam to narrow 
since part of the main lobe of the | f()| plot does not appear in the visible 
region. However, the side lobes will become larger relative to the main beam 
and the back lobe will increase in magnitude. To prevent the back lobe from 


If (vy) | 


Ordinary endfire ——+ 


1.0 


<—Handsen-Woodyard endfire -4 


if ()| 0 


b- 
[ a=0.97 - Bd =0.71 =| 


Figure 3-14 Single endfire beam fora five-element 
Hansen-Woodyard increased directivity array with 
a=0.9n and d=0.35). 
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becoming equal to or larger than the main beam it is necessary that the phase a 
be less than z. Using this fact with (3-49) yields 


a= pd +— <1 (3-50) 


or 
A 1 
d< 51 — x} (Hansen-Woodyard). (3-51) 


Therefore, to achieve a single main beam in the Hansen—Woodyard case, it is 
necessary that the elements be more closely spaced than for the ordinary endfire 
condition of (3-48). 

An example of a Hansen—Woodyard increased directivity array is shown in 
Fig. 3-14. The array has five elements, so from (3-51) we must have d< 
(A/2)(1 — 1/5) = 0.42. Choosing d=0.35/ leads to a= Bd +2/N =0.70 + 
0.2n = 0.92. The main beam is narrower than if the ordinary endfire condition 
were used (see Fig. 3-13), but the side lobes are higher. Nevertheless, the array 
exhibits increased directivity. The directivity as a function of spacing 1S 
compared to that of an ordinary endfire five-element array in Fig. 3-15. 

The Hansen—Woodyard example of an increased directivity array is important 
for it is one of the very few instances where it is practical to obtain more 
directivity than would normally be obtainable from an array of a given size. 


30 


Hansen-Woodyard case a = Bd + a/N 
—_-———— Ordinary endfire case a = Bd 


20 


Directivity 
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Figure 3-15 Comparison of directivities for two five-element equally spaced, 
uniformly excited endfire arrays. From (3-48),d < 0.451 for ordinary endfire; and 
from (3-51), d < 0.44 for Hansen-Woodyard endfire. 
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Such arrays are said to be superdirective. Generally, the advantages of superdi- 
rectivity are illusory since superdirectivity does not usually lead to supergain. A 
measure of supergain is a quantity called the supergain ratio, which is the ratio 
of the total power in all pattern space (visible and invisible) to the power in the 
visible region only. Supergain ratio is equal to one plus the antenna Q. Thus, a 
large value of antenna Q accompanies superdirective antenna arrays. The large 
stored energy in turn requires that the element currents be exceptionally large 
with a corresponding increase in ohmic losses. As a result, superdirectivity can 
be achieved without supergain. 

We will encounter the Hansen-Woodyard condition again when we study the 
Yagi-Uda antenna in Section 5.4 and the helix in Section 6.1.2. 


3.3 PATTERN MULTIPLICATION 


So far in our study of arrays we have discussed only arrays of isotropic point 
sources. Actual arrays are usually made up of nearly identical element antennas 
which, of course, are not isotropic. In this section we discuss how to compute 
the radiation pattern from such arrays. We will find that the array factor still 
plays a major role in these pattern calculations. 

When the elements of an array are placed along a line and the currents in each 
element also flow in the direction of that line, the array is said to be collinear. As 
a simple example of a collinear array suppose we have N short dipoles as shown 
in Fig. 3-16. The elements are equally spaced a distance d apart and have cur- 
rents Io, I,, 7, ..., Iy-,. The total current is the sum of the z-directed short 
dipole currents and thus is z-directed and the vector potential is also. The vector 
potential integral in (1-101) reduces to a sum over the element currents (modeled 
as ideal dipoles) as? 

e Jbr : : 
Ga pos te Bee eee 


ye 
7 4 


e ibr N-1 


Az YI, ei8nd cos 6 (3-52) 
n=0 


ae Lye CPO econ Gl as Z 
7r 


? This result could also be obtained by writing the z-directed current density as 
Jz = 0(x') d(y')[To 6(z’) + 1, 6(z’ — d) + 1, 5(2’ — 2d) + *-* Iy_,6(z’ — (N — 1)d)] Az 
and substituting this into (1-100) giving 
e Jer © 


Az | [1 d(z’) ate 1, 6(2' a4 d) ae o>] lez cose dz’ 


— © 


from which (3-52) follows. 
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Figure 3-16 A collinear array of short dipoles. 


in the far field. Then from (1-104) 


— jpr 


N-1 
E, = jou Az sin. Oy) lige aess (3-53) 
=0 


Arr A 


From this expression we can identify sin 0 as the pattern of a single element by 
itself, called the element pattern. The remaining factor 


IN dt 
AF = YI, e/#nd cos (3-54) 


n=0 


is the array factor of (3-14). The array factor may be thought of as a sum of 
isotropic point sources located at the center of each array element. The array 
factor is that factor of the radiation pattern which is found from the element 
currents (amplitudes and phases) and their locations. On the other hand, the 
element pattern is that factor of the radiation pattern determined by the indivi- 
dual properties of an element (its current distribution and orientation in space). 
We shall see that this factoring process holds in general if the elements have the 
same pattern and are similarly oriented. 

Let us now consider a slightly more complicated case. Suppose for the sake of 
explanation we have N identical element antennas forming a collinear array 
along the z-axis. The nth element is centered at z = z, and has a current distribu- 
tion i,(z’). We are now relaxing the equal spacing constraint. The total current 
along the z-axis is 


ley 5) i,(2’). (3-55) 
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The vector potential is then 


e jbr . 00 Nae a a ; 
An= “ge | tale sa bas (3-56) 


The far-field electric field from this and (1-104) is 


e Jbr NA 
Jem E.(6é 3-57 
HO sash n(9) (3-57) 
where 
E,(0) = sin 0 | OA af SGT TA (3-58) 


fe @) 


is the pattern of the nth element. 

If the array possesses no symmetry (3-57) cannot be simplified. But if the array 
elements are similar, a great deal of simplification is possible. By similar we mean 
that the currents of each antenna element are in the same direction, of the same 
length, and have the same distribution (although there may be different current 
amplitudes and phases for each element). Then the patterns of (3-58) will be 
similar, that is, have the same spatial variation but may have different ampli- 
tudes and phases. In the example at hand the currents are all z-directed. Now 
assume that each element is of length 7, has a normalized current distribution 
over its length of i(z’), and an input current of J,,. Then 


in(2’) = Ini(z’ — 2,) (3-59) 


where z, is the position of the nth element center along the z-axis. Substituting 
this into (3-58) gives 


Zat Ope 
E,(0)=sin 61,| iE — z,)eI#8°°8° dé (3-60) 


Oe ete iD, 
where € replaces z’. Let t = € — z,, then (3-60) becomes 
¢/2 
E,(0) = sin 01, | —_i(r)ei# +2050 dr 
Se] 2) 
¢/2 


y= (APs 


= sin 0 I i(r)ei#t e°s ° doll eibznces & (3-61) 


To maintain consistent notation, we replace t by z’ yielding 


E,(0) = sin 0 If ‘ 


SSA? 


i(z’ ei" cos 6 dz’ I. el bzn cos a (3-62) 
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The pattern for each element of an array of similar elements given by (3-62) isa 
product of the pattern of the current distribution, and the amplitude and phase 
of excitation I,, and the last factor represents the spatial phase due to the 
separation from the origin. Substituting (3-62) into (3-57) gives 


2 


pels ¢/ 
Ej, = jou [in 0 | 


N-1 
i Z’ el bz" cos 0 dz’ Te" cos 0. 3-63 
Aur 272 (2’) dX ( ) 


The factor 


aA e : 
sin | —_i(z’)el®" °° de’ (3-64) 
TS 
when normalized is the element pattern, g,(0), of any element in the array of 
similar elements. The sum 


Nea 
AF = Y, I,elfzc0s? (3-65) 


=0 


is the unnormalized array factor. 

In going from (3-57) to (3-63) it was necessary to assume that the elements of 
the array were similar. When this is true the electric field may be written as a 
product of an element pattern, as in (3-64), and an array factor, as in (3-65). 
Note that the array factor of (3-65) is the pattern of a linear array of N point 
sources located at positions {z,} on the z-axis. If the elements are equally spaced 
(3-14) results. If further, they are uniformly excited the array factor reduces to 
(3-31). This result is not restricted to collinear elements but may be applied to 
any array of similar elements. This will be discussed below. 

The process of factoring the pattern of an array into an element pattern and 
an array factor is referred to as the principle of pattern multiplication. It is stated 
as follows: The electric field pattern of an array consisting of similar elements is 
the product of the pattern of one of the elements (the element pattern) and the 
pattern of an array of isotropic point sources with the same locations, relative 
amplitudes and phases as the original array (the array factor). 

In Section 1.5 we wrote the normalized electric field pattern of a single 
antenna as a product of a normalized element factor g and a normalized pattern 
factor f. For array antennas we expand this concept and call the pattern of 
one element antenna in the array an element pattern g,. It in turn is composed 
of an element factor which is the pattern of an infinitesimal piece of current on 
the array element (i.e., an ideal dipole) and a pattern factor which is the pattern 
due to its current distribution. The complete (normalized) pattern of an array 
antenna is then 


F(0, 6) = ga(9, >) f(8, $) (3-66) 
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where g,(0, ¢) is the normalized pattern of a single element antenna of the 
array (the element pattern) and f(6, ) is the normalized array factor. 

To illustrate pattern multiplication, consider two collinear short dipoles 
spaced a half-wavelength apart and equally excited. The element pattern is sin 0 
for an element along the z-axis and the array factor was found in (3-6) to be 
cos[(z/2)cos 0]. The total pattern is then sin 0 cos[(z/2)cos 6]. The patterns are 
illustrated in Fig. 3-17. | 

The principle of pattern multiplication can be used directly for many different 
geometries. For example, suppose line sources positioned along the z-axis are 
not z-directed, as in a collinear array, but are parallel as shown in Fig. 3-18. Let 
y be the spherical polar angle from the x-axis. Note 0° < y < 180°. The element 
pattern is then found from the following expression which is analogous to (3-64) 


¢[2 
sin y | Ho er os ax (3-67) 


—¢/2 


Note that cos y= sin 0 cos @. The array factor of (3-65) is unchanged. For 
example, if two short dipoles are parallel as shown in Fig. 3-19a, the total 
pattern is found by pattern multiplication as indicated in Fig. 3-19b and 3-19c. 


Ip =1 I, =1 
(a) 
Element Array Total 
pattern factor pattern 
x @ @ eS! ——> 2 
sin 6 x cos G cos 0) = sin @ cos 5 cos @) 


(b) 


Figure 3-17 Array of two half-wavelength spaced, equal amplitude, 
equal phase, collinear short dipoles. (a) The array. (b) The pattern. 
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retake oct cae 


Figure 3-18 A linear array of parallel line sources. 


To illustrate parallel element arrays further, suppose the element antennas of 
Fig. 3-18 are half-wave dipoles. Also suppose there are five elements arranged 
and excited for ordinary endfire as in Fig. 3-13. The complete pattern is the 
product of the single half-wave dipole element pattern and the array factor found 
from five isotropic sources. The element pattern for a half-wave dipole element 
in the array is 


_ cos[(z/2)cos »] 
oA sin y 


Gal?) (3-68) 


which is (2-10) with @ replaced by y. Since cos y = sin 0 cos ¢ then 
sin y= ,/1 — sin* @ cos? ¢ 


and (3-68) becomes 
cos[(z/2)sin 0 cos ¢] 


ga(9, ) = ./1 — sin? 6 cos? 


The array factor is (3-33) with N = S, or 
sin(3) 
ee 3-70 
For this example « = 0.92 and d = 0.45/ so Ww = Bd cos 6 + a = 0.972 cos 8 + 0.97, 
and (3-70) is 


(3-69) 


sin(2.25z cos 6 + 2.252) 


hr 5 sin(0.45z2 cos 6 + 0.457) 


(3-71) 
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Element pattern Array factor 
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Total xz-plane pattern 


% 


sin y cos ce cos 6) 


Total yz-plane pattern 
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Figure 3-19 Array of two half-wavelength spaced, equal amplitude, equal phase, 
parallel short dipoles. (a) The array. (b) The xz-plane pattern. (c) The yz-plane pattern. 
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The total pattern of the array in terms of 6 and ¢ is then the product of (3-69) 
and (3-71) 


F(@, 6) = cos[(z/2)sin @ cos d] sin(2.25x cos 6 + 2.25m) 
1/1 sin? 0 cos? ¢ 5 sin(0.45n cos 0 + 0.457)" 


The polar plot of this pattern is easily obtained by multiplying the plot in 
Fig. 2-5b, where the axis of symmetry is now the x-axis instead of the z-axis, 
times the polar plot of Fig. 3-13. This will be a polar plot similar to the array 
factor plot except that the endfire lobes will be slightly narrower, and there will 
be a pattern zero in the y = 0° direction caused by the element pattern. 


(3-72) 


3.4 DIRECTIVITY OF UNIFORMLY EXCITED, 
EQUALLY SPACED LINEAR ARRAYS 


Now that we have developed a method for obtaining the entire pattern expres- 
sion for an antenna array we can discuss directivity of various arrays. The 
directivity is, of course, determined entirely from the radiation pattern. The array 
gain can be found by multiplying the array directivity by the radiation efficiency 
of one element (assuming all elements are alike). 

To derive directivity expressions we use D = 4n/Q,, first finding the beam 
solid angle as 


Q4= |||FO, $)P 42 = [[ |g. 4/71 F@)P 42 (3-73) 


where g,(0, @) and f(9) are the normalized element pattern and linear array 
factor and dQ = sin 0 dé d@. 

Let us begin by assuming the elements are equally spaced, uniformly excited, 
and isotropic. This assumption leads to approximate results for situations where 
the element pattern is much broader than the array factor and the main beams 
of both are aligned. The appropriate array factor from (3-33) can be written as 


in(Nw/2) 7 

SP = smo) a) 
1 ) N-1 

Shay tanya 2) Maranon ey 


where (3-75) is another form for (3-74). This identity can be shown to be true for 
N =2 since from (3-75)| f(w)|? =% + 4 cos w = cos?(/2) as in (3-20). With the 
simple expression in (3-75) it is easier to perform the integration in (3-73) in 
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terms of the variable w. Using g,(0, ¢)= 1, w = Bd cos 0 +a, and sin 6 d0= 
— (1/Bd) dy in (3-73) gives 


iG AiG .—~pdt+a 
Q,=| dd] | (0) sin 6 do = 2n | | SW)? (- 5a)? 
nO *pdta Bd 
OTe ; 
=Fa!_,,,,|70 dip. Gale 
Substituting (3-75) in the above yields 
In| 1 ,pdt+a Bpd+a | 
= d + 373 N —m) cos my d 
Bd iret Y Sg re ¥ v 
Ba + a Nicol pd+ a 
_2n iY “ 2 DI ees ne my | 
Bd N — pdt+a m — pd+a 
on 2 N-1 
- Fa (2Bd) + Te LS [sin m(Bd + aw) — sin m(— Ba +) 


_ 4a pita oh N— 
= ap Hiay2 mBd 


2 cos ma sin mpd (3-77) 
where (B-6) was used in the last step. The directivity is then 


eee ie YB EE SRT Sl (3-78) 
— +—, soe gi d cos ma 
aan oP id sin mB. 
for a linear array of N isotropic sources spaced a distance d apart with interele- 
ment phase shift a. 

The directivity expression becomes extremely simple for a broadside array of 
half-wavelength spaced elements. For half-wavelength spacings d = nA/2 with n 
an integer and fd = nz, so sin mBd = 0. The array gives a broadside pattern 
when all elements are in-phase, or « = 0. These conditions simplify (3-78) to 


D=N (a=n5, 2-0} (3-79) 


The directivity of a broadside array of isotropic elements as a function of the 
spacing in terms of a wavelength, d//, is plotted in Fig. 3-20 for several element 
numbers N. Notice that the directivity equals N at integer multiples of a half- 
wavelength. Also the directivity curves for each N take a sharp dip for spacings 
near one and two wavelengths. This is caused by the emergence of grating lobes 
into the visible region. For example, see Fig. 3-6 where full grating lobes appear 
for one-wavelength spacing. 
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Figure 3-20 Directivity as a function of element spacing for a broadside array of isotropic 
elements for several element numbers, N. 


The directivity of a broadside array of isotropic elements is approximated by 


Dx pe = Lee (broadside) (3-80) 
where L = Nd is the array length. This is a straight line approximation to the 
curves in Fig. 3-20, being very accurate in the region from d slightly less than 
one-half wavelength to nearly one wavelength. This approximation is shown in 
Fig. 3-20 for N = 10; note the excellent agreement over a limited, but important, 
range of spacings. Note that (3-80) is exact for d = A/2, since then (3-80) equals 
N as in (3-79). Similar approximations exist for endfire arrays of isotropic ele- 
ments. For an ordinary endfire array with « = +fd and the spacing satisfying 
(3-48), the directivity is 


Dx 45 (ordinary endfire) (3-81) 

and for an endfire array of the Hansen—Woodyard type it is given by 
Dx 7285 (Hansen—Woodyard). (3-82) 
These approximations improve as L increases. The increased directivity claimed 


for the Hansen—Woodyard endfire array over that of the ordinary endfire array 
is apparent from these directivity expressions. 
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It is also interesting to examine the directivity expression of (3-78) for various 
scan angles. A few cases are given in Fig. 3-21. From the figure it is apparent 
that d= nd/2 with n an integer is again a special case since the directivity is 
independent of scan angle. This will be shown mathematically in Section 3.5. For 
the four cases shown, the greatest directivity in the broadside direction (0, = 90°) 
is for the largest spacing. In fact we would obtain even higher directivities for 
spacings up to d = 0.84 in the N = 5 case (see Fig. 3-20). As can be seen from 
this example, the directivity of linear arrays remains constant over a wide range 
of scan angles near broadside; this will be explained in Section 3.7. The greatest 
directivity in the endfire direction (0, = 0 or 180°) is for the largest spacing that 
satisfies the single main beam criterion of (3-48), which is d <0.45/ for N = 5. 
For the four spacings shown d = 0.44 is the largest spacing satisfying this single 
endfire beam condition, and thus displays the largest endfire directivity. 

If the element pattern is included in the directivity calculation, the appropriate 
directivity expression is 

1 
D = — (3-83) 


me ka 
NN? ja mpd (a, sin mBd + a, cos mBd)cos ma 


where a,, a,, and a, are given in Table 3-1 for various element patterns [5, 6]. 
The directivity of long arrays (L > 4) is primarily controlled by the array factor 
if the element pattern is of low directivity and its major lobe is aligned with that 
of the array factor. In cases such as these, the approximate formulas of (3-80) to 
(3-82) can be used. 


——— d/r=0.5 x x x d/XK=0.3 a =—d cos 6, 
© 0 0 d/k=0.6 eee a/rp=0.4 N=5 
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Figure 3-21 Variation of directivity with scan angle for five-element uniformly excited 
arrays of various element spacings. The elements are isotropic. 
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Table 3-1 Parameters for Use in Computing the Directivity of 
Uniform Current Amplitude, Equally Spaced Linear Arrays; 


see (3-83). 
Element type |g.(9, )|? a, ay a, 
Isotropic 1 1 1 0 
Collinear short sin? 0 2 2 —2 
dipoles 3 (mpd)? mBd 
(Fig. 3-16) 

Parallel short 1 — sin? 6 cos? d 2 : 1 1 
dipoles SaGiie yy 3 (mBd)? mBd 
(Fig. 3-18) 


It is important to note that array directivity represents the increase in the 
radiation intensity in the direction of maximum radiation over that of a single 
element. In the normalization process for the array factor we divided by N. 
Thus, the normalized array factor for a uniformly excited array could be ob- 
tained by summing over elements each with a current amplitude of 1/N. So we 
are comparing a single isotropic element with unity current, which has unity 
directivity, to an array that has the same input current divided among N ele- 
ments. This is illustrated in Fig. 3-22. The directivity of an array is interpreted in 
this fashion. 


3.5 NONUNIFORMLY EXCITED, EQUALLY SPACED 
LINEAR ARRAYS 


We have seen that the main beam of an endfire array could be narrowed by 
changing the phase from that which is required for the ordinary endfire case. We 
can also shape the beam and control the level of the side lobes by adjusting the 
amplitudes of the current in an array. General synthesis procedures for achieving 
a specified pattern are presented in Chapter 10. In this section a few simple 
techniques for controlling side lobe levels and beamwidth are introduced. 
Several examples are given which reveal the array current distribution-radiation 
pattern relationship. The directivity for arrays with nonuniform excitation will 
also be examined. 

The array factor of (3-18) can be written as a polynomial in terms of Z = e/” 
as follows 
N-1 N-1 
Abe) Ae =) AZ| (3-84) 

=0 


n=0 n 


‘>: 
| 
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(a) 


1 
(b) 


Figure 3-22 Array directivity may be viewed as the ratio of 
radiation intensity in the maximum radiation direction for 
an array with total input current of unity to that of an 
isotropic element with unity current. (a) Reference 
isotropic antenna with unit input current. (b) Equally 
excited array with unity total input current. 


where the current amplitudes A, are real and can be different for each n. S. A. 
Schelkunoff [7] applied the existing knowledge about the algebra of polynomials 
to array factors. He showed the connection between placement in the complex 
plane of the N —1 zeros (roots) of the array polynomial in (3-84) and the 
radiation pattern and element currents. However, we shall examine the relation- 
ship between the element excitation and the array factor in a direct fashion. It is 
a simple matter to investigate element current distributions by utilizing a digital 
computer to perform the array factor summation. We will present the results of 
several such calculations. The influence of the element current amplitudes will 
become apparent if we use the same array configuration. Thus for purposes of 
comparison we will use a five-element, broadside linear array with a half- 
wavelength element spacing throughout this section. 


3 See the program NEESLAP in Appendix G.5. 
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The basic array to which we will compare all others is the uniform array with 
all current amplitudes equal. The pattern in linear, polar form is plotted in 
Fig. 3-23a and the element currents are shown in Fig. 3-24a. If the element 
current amplitude forms a triangle as shown in Fig. 3-24b, the radiation pattern of 
Fig. 3-23b results. Notice that the side lobes are considerably smaller than those 
of the uniformly illuminated array, but at the expense of increased beamwidth. 
This increased beamwidth (from 20.8° to 26.0°) is responsible for reduced directi- 
vity (from 5 to 4.26). 

The side lobe reduction introduced by the triangular amplitude taper suggests 
that perhaps an amplitude distribution exists such that all side lobes are com- 
pletely eliminated. Indeed this is possible if the ratios of the currents are equal to 
the coefficients of the binomial series. To see how this comes about, first consider 
a two-element array with equal amplitudes and spacing d. The array factor from 
(3-84) is AF = 1 + e” which can be written in terms of Z = e”” as 


AF=14+Z. (3-85) 


If the spacing for this broadside array is less than, or at most equal to, a 
half-wavelength, the array factor will have no side lobes (see Fig. 3-3). Now 
consider an array formed by taking the product of two array factors of this type, 


AF = (14 Z)\(1 + Z)=14 224 27. (3-86) 


This corresponds to a three-element array with the current amplitudes in the 
ratio 1: 2: 1. Since this array is simply the square of one which had no side lobes, 
the three-element array also has no side lobes. This process can also be viewed as 
arraying of two of the two-element arrays such that the centers of each subarray 
are spaced d apart. This leads to a coincidence of two elements in the middle of 
the total array, thus giving a current of two there. The total array factor is the 
product of the “element pattern,” which is a two-element subarray pattern, and 
the array factor which is again a two-element, equal amplitude array. Thus the 
total array factor is the square of one subarray pattern. Continuing this process 
for an N element array we obtain 


AF = (1+ Z)%"* (3-87) 
which is a binomial series; see (F-4). For N = 5 
AF = (14+ Z)*=1+44Z + 62? + 4Z° + Z*. (3-88) 


Therefore the ratios of the current amplitudes are 1:4:6:4:1. This current 
distribution is shown in Fig. 3-24c and the resulting pattern is shown in 
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D = 4.68 
BW = 23.6° 
SLL = —20 dB 
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Figure 3-23 Patterns of several uniform phase 
(0, = 90°), equally spaced (d = 4/2) linear arrays with 
various amplitude distributions. The currents are 
plotted in Fig. 3-24. (a) Uniform currents, 1:1:1:1:1. 
(b) Triangular current amplitude distribution, 
1:2:3:2:1. (c) Binomial current amplitude 
distribution, 1:4:6:4:1. (d) Dolph-Chebyshev 
current amplitude distribution, 1:1.61:1.94:1.61:1, 
for a side lobe level of —20 dB. See Example 10-5. (e) 
Dolph-Chebyshev current amplitude distribution, 
1:2.41:3.14:2.41:1, withaside lobe level of —30dB. 
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(e) 


Figure 3-24 Current distributions corresponding to the 
patterns of Fig. 3-23. The current phases are zero (a = 0). 
Currents are normalized to unity at the array center. (a) 
Uniform. (6) Triangular. (c) Binomial. (d) Dolph- 
Chebyshev (SLL = —20 dB). (e) Dolph-Chebyshev 
(SLL = —30 dB). 
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Fig. 3-23c. This pattern is broader than either the uniform or triangular distribu- 
tion cases and has a lower directivity, but it has no side lobes. 

From these three five-element array examples a trend has already emerged: As 
the current amplitude is tapered more toward the edges of the array, the side lobes 
tend to decrease and the bandwidth increases. This beamwidth/side lobe level 
tradeoff can be optimized. In other words, it is possible to determine the element 
current amplitudes such that the beamwidth is minimum for a specified side 
lobe level, or conversely to specify the beamwidth and obtain the lowest possible 
side lobe level. This array is referred to as a Dolph-Chebyshev array and it 
provides a pattern with all side lobes of the same level. The Dolph-—Chebyshev 
array synthesis procedure will be explained in detail in Section 10.4.1. For a five- 
element array with an element spacing of a half-wavelength and a specified side 
lobe level of —20 dB, the Dolph-Chebyshev current distribution is plotted in 
Fig. 3-24d and the corresponding pattern is shown in Fig. 3-23d. If the side lobe 
level for the Dolph—Chebyshev array is specified to be — 30 dB, the distribution 
is that of Fig. 3-24e and the corresponding pattern is shown in Fig. 3-23e. We 
note that the main beam is slightly broader than in the previous case where the 
side lobe level was 10 dB higher. 

The discussion of nonuniformly excited arrays has, thus far, been concerned 
with amplitude tapers that become small near the ends of the linear array. If the 
amplitude distribution becomes larger at the ends of the array (called an inverse 
taper), we can expect the opposite effect, that is, that the side lobe level increases 
and the beamwidth decreases. Suppose, for example, that we invert the triangu- 
lar distribution such that the amplitudes are 3: 2 :1: 2: 3. The resulting pattern 
shown in Fig. 3-25 demonstrates the expected decrease in beamwidth and in- 
crease in side lobe level. Although the directivity for the inverse triangular 
tapered current is greater than that for the triangular taper of Fig. 3-23b, it is 
still not as large as that produced by the uniform distribution. 

The directivity values have been given for each of the examples in this section. 
We shall close this section by developing the directivity expression. With little 
additional complexity the treatment can be expanded to include unequal element 
spacings as well as nonuniform excitation. The element positions along the z-axis 
are z, and the element current amplitudes are A,. If the element phasings are 
linear with distance, then «, = —z, cos 0, where 0, is the angle of the pattern 
maximum; the applications of this type of phasing will be discussed in 
Section 3.7. The array factor of (3-65) is then appropriate and when normalized 
is 

N-1 
I, A,,el%ei ben cos 6 
AO) nes (3-89) 
yA, 


n=0 
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Figure 3-25 The inverse triangular tapered linear array with d = 4/2 and 
0, = 90°. (a) The array factor. (b) The current distribution, 3:2:1:2:3. 
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And the appropriate beam solid angle expression is 


Q,=2n| | (0) sin 6 do 
“0 


Dri win AT ty GR r 
=z YY Ap Apolo ae) | eilten-z05 sin @ dO. (3-90) 
k=0 


Evaluating the integral in the above expression and applying the result to 


D = 4n/Q, yields 
Nate? 
(2.4) 
k=0 


De eT i (3-91) 
i i A A el(am— %) sin[B (Zin os Yes 
m=0 p=0 eee B(Zmn az) 
where «, = — fz, cos 0, and the elements can have any positions z, and current 


amplitudes A,. This general result can be simplified. For a broadside, equally 


spaced array 
Nea 2 
(3,4 
k=0 


m=0 p=0 (m — p)Bd 


As another special case, when the spacings are a multiple of a half-wavelength 
(3-91) reduces to 


D 


poe) (a=3.4....} (3-93) 


Note that this is independent of scan angle 0,, as indicated in Fig. 3-21 for 
d = 4/2. Also, if the amplitudes are uniform (3-93) yields D = N as given by 
(3-79). For a further example, consider the triangular excitation with the pattern 
of Fig. 3-23b. The directivity value from (3-93) is [2(1) + 2(2) + 3)7/(2(1)? + 
2(2)? + (3)?] = 4.26. Equation (3-93) is a very instructive formula for it tells us 
that the directivity is a measure of the coherent radiation from the linear array. 
The numerator is proportional to the square of the total coherent field, whereas 
the denominator is proportional to the sum of the squares of the field from each 
of the elements. 
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In conclusion, we have shown that the side lobe levels of a linear array can be 
altered by controlling the amplitude distribution. To achieve low side lobe levels 
it is necessary to taper the distribution such that the largest excitation occurs at 
the center of the array. However, we pay a price for the smaller side lobe levels 
in the form of reduced directivity associated with the corresponding increase in 
beamwidth. 


3.6 MUTUAL IMPEDANCE 


When antennas are in close proximity they interact in a complicated manner. 
This interaction is called mutual coupling and the effect is to change the current 
on an antenna from that which it would have if it were isolated in free space. 
Often it is the phase change of the current which is most noticeable, although the 
amplitude may be different as well. Thus, the current in a given element depends 
not only on the voltage source at its own terminals, but also on the current in all 
other nearby antennas. Therefore the impedance at the terminals of an array 
element depends on the array configuration and excitations. Obviously, if a 
designer is to accurately predict the pattern and especially the input impedance 
of an array he or she must be able to take into account such mutual coupling 
effects. 

In general, it has been very difficult in the past to calculate mutual coupling 
effects, and so analysis and design of arrays were initially based on the assump- 
tion of constant current generators at the terminals of the array elements, as was 
done in the preceding sections of this chapter. However, as we shall see in 
Chapter 7, present day numerical procedures now make it possible to more or 
less routinely take into account mutual coupling effects. Although the subject of 
mutual effects will be taken up more fully in Chapter 7, in this section we will 
attempt to impart some physical understanding to aid, for example, in the explan- 
ation of phased arrays in the following section and in the study of wire antennas 
such as the Yagi-Uda array in Chapter S. 

To begin a discussion of mutual coupling effects, consider the input 
impedance, or driving point impedance, of any element in an array of N ele- 
ments. The relationship between the various currents and voltages are given by 
the familiar network relationships 


Vy = Za, + ZygI, + °° + Zyyly 
Vo = Zy21, + Zo21, + °° + Zyyly (3-94) 


Vu = Zinly + ZonIn + °° + Zyyly 
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where V, and I, are the impressed current and voltage in the nth element, Z,,,, 1S 
the self-impedance of the nth element when all other elements are open circuited, 
and Zinn(= Zam by reciprocity) is the mutual impedance between the mth and nth 
elements. The mutual impedance Z,,, between the two terminal pairs of elements 
m and n is the open circuit voltage produced at the first terminal pair divided by 
the current supplied to the second when all other terminals are open circuited, 
that is, 


V, 
Zmn= for all i except i =n. (3-95) 


n |ij=0 


The active impedance of an element is the input impedance of that element when 
all other elements are excited. For example, from (3-94) the active impedance of 
element 1 is 
V, ik I 
Zs,n=— =Zu + Zi. +7 SZ. (3-96) 
Hy I, I, 
We note that the active impedance is not merely the sum of the self-impedance 
and all the mutual impedances, but depends on the various currents as well. 
Intuitively, one can suggest gross guidelines for estimating the degree of 
mutual coupling. 


1. To a first-order approximation, the strength of the coupling decreases as 
spacing increases. 

2. Considering the free-space pattern of each element, if the elements are 
oriented such that they are illuminated by a pattern maximum then the 
coupling will be appreciable. If, on the other hand, the individual patterns 
exhibit a null in the direction of the coupled antennas, the coupling will be 
small. For example, two similar parallel elements such as dipoles will couple 
much more strongly than two collinear elements. 


Figures 3-26, 3-27, and 3-28 illustrate these points for the cases of two resonant 
(when isolated) half-wave dipoles which are parallel, collinear, and staggered. 

Next, let us consider how we might measure the mutual impedance between 
two antennas. Suppose an antenna when isolated in free space has a voltage V; 
and a current J,, so the input impedance is 


A Sa ae (3-97) 
If a second antenna is brought into proximity with the first then radiation from 


the first antenna will induce currents on the second, which in turn will radiate by 
virtue of that induced current and influence the current on the first antenna. The 


Re [Z,2] (ohms) 


L=0.47812 
a= 0.001) 


(a) 


Im[Z,2] (ohms) 


d/ 


L= 0.47812 
a=0.001 


(b) 


Figure 3-26 The mutual impedance between two resonant parallel 
dipoles as a function of their spacing relative to a wavelength. (a) The 
real part. (b) The imaginary part. 
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Figure 3-27 The mutual impedance between two resonant collinear dipoles as a 
function of spacing relative to a wavelength. (a) The real part. (b) The imaginary 
part. 
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Figure 3-28 The mutual impedance between two _ resonant 
staggered dipoles as a function of spacing relative to a wavelength. 
(a) The real part. (b) The imaginary part. 
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second antenna may either be excited or unexcited (parasitic), but in any case it 
has terminal current J,. Then the total voltage at the first antenna is 


Vi = Zagat 24215. (3-98) 
Similarly, the voltage at the terminals of the second antenna is expressed by 
Vy = Zaiy1, + Za21. (3-99) 


Note that (3-94) is a generalization of (3-98) and (3-99) and of (1-164) and 
(1-165). 

Now suppose the second antenna has a load impedance Z, across its ter- 
minals such that V, = —Z,1,; see Fig. 7-21. We may write (3-99) as 


—Z 1, = 2941, + Za21. (3-100) 
Solving for I, we obtain 
—Z>,1 —Zi2!1 
5= PREM AL = £25 (3-101) 
Zo»+ Zz Zr. + Ze 
Substituting this into (3-98) and dividing by J,, we find that 
V; Te 
—=Z, | ith re i Zire (3-102) 
I; Zo ale Z 


This expresses the input impedance in terms of the two self-impedances (Z,, and 
Z>), the mutual impedance (Z,,) and the load (Z,) at the unexcited terminals 
of antenna 2. For example, if the two antennas in question are half-wave dipoles 
and if the terminals of the second dipole are open circuited, then Z; ;, = Z11 
because Z, = 00. Physically this means that very little current is induced on each 
of the arms of the second dipole. As a consequence, one could measure the 
self-impedance of the first dipole in the presence of the second simply by open 
circuiting the second dipole thereby rendering it nonresonant and reducing the 
current on it. Clearly one could not do this if the second dipole were, say, one 
wavelength long (see Fig. 5-3). 

The above discussion suggests the equivalent circuit of Fig. 3-29 for the coup- 
ling between two resonant antennas (see Prob. 1.7—4). Note that if the terminals 
on the right are open circuited Z; ;, = 244. 

In general, to determine the mutual impedance between two antennas, we 
perform the following three measurements [7]. 


1. Measure Z,, at the terminals of antenna 1 with antenna 2 either removed or 
open circuited. 
2. Measure Z,, in a similar manner to that for Z,;. 
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Figure 3-29 Network representation of the coupling 
between two antennas. 


3. Measure Z, ;, when antenna 2 is short circuited, that is, Z, = 0. From (3-102) 
we find that 


Z12= V2 =e Zi, a: (3-103) 


All quantities on the right are known from the three measurements and thus Z, > 
can be computed. Knowing the mutual impedance we can then use (3-96) to 
calculate the active impedance. In turn, knowing the active impedance, we can 
determine the voltage necessary to establish the current required for the proper 
array radiation pattern. Of course this procedure is only valid for a two-element 
array. In general, it is necessary to use the system of equations given by (3-94) in 
an antenna synthesis procedure. 


3.7 PHASED ARRAYS 


An array antenna whose main beam maximum direction or pattern shape is 
controlled primarily by the relative phase of the element excitation currents is 
referred to as a phased array. Phased arrays* are finding increasing application 
in radar where extremely fast tracking is required, in direction finding, and 
communications where the radiation pattern must be adjusted to accommodate 
varying traffic conditions. In this section the scanning of the pattern main beam by 
element current phase control is discussed. Pattern shaping by element current 
amplitude and phase control is found in Chapter 10. 

Consider an array of similar elements with centers at arbitrary locations on 
the z-axis. The currents are 


I, = A,e*, (3-104) 


* An excellent review of microwave phased arrays is found in [9]. 
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If the elements are phased so that 
a, = —z, cos 0,, (3-105) 


the array is said to be of linear phase, or uniform progressive phase. The phase shift 
is linear with the element positions z, and the slope, or proportionality constant, 
is B cos 0,. The array factor (3-65) then becomes 


N= 1 
TA EER DSI OER (3-106) 
n=0 

The array factor is maximum when the far-field contributions from the elements 
add in-phase. This occurs for cos @ = cos 0,, or 8 = 6,. In other words, the main 
beam maximum direction is 0,. For an equally spaced array z, = nd and «, = no 
where a = — fd cos @,. 

If the phase of each element is changed with time according to (3-105) the 
pattern is scanned and thus the main beam pointing direction 0, changes with 
time. Figure 3-30 shows the patterns of a linear array with different linear phase 
shifts. Note that as the beam is scanned from broadside (6, = 90°) the main 
beam broadens. This is called beam broadening. Remember that the entire pat- 
tern is formed by rotating the pattern shown around the z-axis. It turns out that 
as the main beam is scanned away from broadside the main beam broadening is 
just about compensated by the reduced volume contained in the total pattern 
(formed by rotation about the array axis). The directivity as a function of scan 
angle is found in Fig. 3-21 for five element arrays. For equally spaced arrays 
with spacings less than a half-wavelength, as the beam approaches endfire it is 
not broadening as rapidly as is the pattern volume decreasing. Therefore, the 
directivity remains nearly constant for wide scan angles about broadside but 
increases near endfire. For slightly greater than half-wavelength spacings, a grat- 
ing lobe begins to appear for scan angles near endfire and the directivity 
decreases. Again, refer to Fig. 3-21. 

If an equally spaced array has half-wavelength spacings, there is exactly one 
period of the array factor in the visible region. At endfire then, there will be two 
endfire main lobes. For spacings greater than a half-wavelength, part or all of a 
grating lobe will become visible before endfire is reached. When large interele- 
ment spacings are used and many grating lobes appear in the visible region the 
array is called an interferometer. Each major lobe has a narrow beamwidth but 
there are many of them. If large element antennas are used, the element pattern 
will also have a relatively narrow beam which will decrease the size of the 
grating lobes. 

Occasionally array element currents have a phase that is nonlinear with dis- 
tance along the array. Nonlinear phase arises in certain shaped-beam synthesis 
cases. The pattern, of course, can still be scanned by applying a linear phase. 
Then «, would contain both a linear part as in (3-105) and a nonlinear part. 
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Figure 3-30 Scanned patterns of a uniformly 
excited, equally spaced (d = 0.44), five-element, 
linear phased array. The patterns are linear, polar 
plots. The element phases are found from (3- 
105) with z, = nd. (a) Broadside case; 0, = 90°. 
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In ordinary array theory as described in Section 3.3, the principle of pattern 
multiplication allows us to factor the total pattern as 


F(0, $) = ga(9, $)f(8, 9). (3-107) 


Here g,(9, @) is the pattern of a single element of the array when physically far 
removed from all other elements of the array. The array factor f(0, ) is the 
pattern of an array with the elements replaced by point sources with the same 
current amplitudes and phases. This idealization is used when the element 
antennas are similar; that is, each element of the array has an element pattern 
given by g,(6, ¢). In practice, the performance of an element operating in the 
array environment is different from its performance when isolated. Each element 
of the array is affected by the presence of other elements as discussed in 
the previous section. Since this mutual coupling depends on the array geometry, 
the performance of the elements in the array will vary with location in the array 
as well as scan angle. This is because in a (finite) array each element operates in 
a different environment. For example, an element on the end of a linear array 
“sees” all of elements in one direction and none in opposite direction, whereas 
the center element of the array “sees” half of the elements in each direction. 

The effect of mutual coupling between array elements is threefold. First, the 
impedance of an element when operated in the array differs from its impedance 
when it is far removed from any objects, as we saw in the previous section. The 
impedance depends both on the location within the array and also the main 
beam scan angle, that is, element phasing; see (3-96). Second, the radiation 
pattern of an element when operated in the presence of the other array elements 
is different from its pattern when isolated. Again the pattern of an individual 
element in the array depends on its location in the array. Finally, the polarization 
characteristics of an array of similar elements may be different from that of a 
single isolated element. 

The (unnormalized) pattern of an array which includes the effects of mutual 
coupling is found as follows 


F,,.(8, 6) = ), gal, $, nine (3-108) 
n 

where g,(8, ¢, n) is the pattern of the nth element of the array when operated at 
its appropriate position in the array. The vector r’, is a position vector from the 
coordinate origin to the element position, and f is unit spherical radius vector 
for the same coordinate system; see (1-93). This formulation does not restrict the 
element centers to be located along a line, but permits arbitrary locations in 
space. In general, a knowledge of the patterns g,(0, @,n) is not available. 
However, in many cases it is possible to obtain an approximate pattern expres- 
sion. If the array is large so that edge effects are small, the elements and their 
generator impedances are nominally identical, and the elements are regularly 


3.7 PHASED ARRAYS 165 


spaced so that each element “sees” about the same environment, then we can 
obtain an array-element factor g,-(0, @). This factor is an element pattern of a 
“typical” element in the array and it contains the pattern effects of the element 
type plus interaction effects between elements. It may be obtained by exciting a 
typical element and match loading the remaining elements of the array. Since the 
array-element factor is typical of element performance, (3-108) can be approx- 
imated as 


F,,,(0, ¢) © guclO, ) > Tet" ™. (3-109) 


Note that the summation is now the array factor, that is, the pattern of point 
sources with position vectors r, and currents I,,. 

So far we have not discussed how power is distributed to elements of an array. 
There are many techniques employed in practice but they can be broadly 
classified into three types: parallel, series, or space feed networks. Figure 3-31 
shows examples of each. The parallel feed of Fig. 3-31a is also called a corporate 
feed because it is similar to a corporate structure diagram of a large corporation. 
Note that the path length to each element is equal, thus the amplitude and phase 
of the currents will also be equal. Variable attenuators and phase shifters may be 
inserted to adjust the amplitude and phase if desired. 

The array of Fig. 3-31b employs a series feed, which is easy to construct but 
may be difficult to design. As the wave travels down the transmission line it is 
attenuated because of power radiated by the antenna elements. This must be 
accounted for in the design by determining the fraction of power radiated by 
each element. The load impedance is usually a matched load to prevent 
reflections. The relative phase between each pair of adjacent elements is 
determined by the transmission line electrical length and the effects of mutual 
coupling. By changing the frequency, the electrical length, and thus the phase 
between each element, is changed. The resulting phase control via frequency 
control can be used to steer the pattern main beam. This is referred to as 
frequency scanning. In all series fed arrays the relative phases of the antenna 
elements are affected by changes in frequency, whereas in parallel fed arrays they 
are not. One example of a series fed array is a waveguide with milled slots which 
act as radiating elements. 

A way to avoid a complicated feed structure is to use a space feed. An example 
is shown in Fig. 3-31c. One primary radiating antenna is excited by the transmit- 
ter and is used to illuminate several pickup antennas. The relative current ampli- 
tudes in each pickup antenna is determined by the radiation properties of the 
primary antenna. Phase differences may arise due to the different path lengths 
from the primary antenna to the pickup antennas. Each pickup antenna is 
connected, through perhaps a variable attenuator and/or phase shifter, to a 
secondary transmitting antenna. These secondary transmitting antennas then 
form the array. 
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Figure 3-31 Various types of feeding structures for arrays. 
(a) The corporate (or parallel) feed. (b) The series feed. (c) 
The space feed. 


Array antennas are encountered in practice with many element types and 
configurations. For example, a very popular antenna system is one employing an 
array of antennas (usually horns) feeding a reflector antenna. This utilizes the 
large aperture of the reflector as well as the scanning capabilities of the feed 
array. Also, practical array antenna feed networks are of many hybrid forms. For 
example, the Hostile Weapons Locator System (HOWLS) experimental radar 
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system for use in small Remotely Piloted Vehicles is a linear phased array which 
combines corporate and series feeds [10]. The input is divided 16 ways with a 
corporate feed and then each corporate feed output is connected to a series fed 
subarray with 13 microstrip dipole radiating elements. The amplitudes to each of 
the 208 elements is that of the 25-dB (7 = 3) Taylor line source (see Section 10.4.2), 
which is similar to the Dolph-Chebyshev array. The array has a half-power 
beamwidth of 0.45° at 16 GHz, is 2.5 m long, can be scanned + 30°, has a gain of 
27.5 dB and a side lobe level of —18.5 dB. This array architecture yields an 
array system that can be mass produced without individual optimization of each 
element after production. 


3.8 PERSPECTIVE 


The first five sections of this chapter dealt with the analysis of linear arrays of 
elements having known currents. From this analysis it was possible to learn 
many things about arrays, such as how to scan a main beam and how to control 
side lobe levels. Of necessity, the analysis ignored mutual coupling. In some 
simple design situations it may be valid to do so. In more complex design 
settings mutual coupling must be taken into account, often quite accurately. This 
is not an easy task. One of the real challenges in the design of arrays for the 
creation of a desired pattern is the actual establishment of the current on the 
elements dictated by the analysis procedure. The mutual coupling aspect of array 
design will be addressed further in subsequent chapters. 

Also in this chapter the relationship between a current distribution in space 
and its radiation pattern was established. We found that for a uniformly spaced 
array the array factor takes the mathematical form of a Fourier series; see (3-18). 
In the next chapter we will see that the pattern factor of a continuous current 
source in the form of a line source is related to the current distribution by a 
Fourier transform. In both cases (discrete or continuous current distributions) 
the same general principles apply. That is, as the current amplitude taper toward 
the ends of the source is increased, the side lobes are reduced and the beamwidth 
is increased. Also, the main beam pointing direction can be scanned by applying 
a phase shift along the source which is linear with distance. These general 
features which we have demonstrated for linear arrays will be seen to hold true for 
all types of antennas. 
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PROBLEMS 


3.1-1 Consider an array of two elements spaced one wavelength apart with currents that 
are equal in amplitude and 180° out-of-phase. 

(a) Use the inspection method to rough sketch the polar plot of the array factor. 

(b) Derive the exact array factor as a function of @ if the elements are on the z-axis. 

(c) For what angles of @ is this array factor maximum? 

(d) What is the expression for the normalized array factor | f(6)| ? 

(ec) Show that (3-20) reduces to your answer in (d). 
3.1-2 Use the techniques of Fig. 3-9 to obtain a polar plot of the array factor of the array 
given in Prob. 3.1-1. 
3.1-3 Use the techniques of Fig. 3-9 to obtain a polar plot of the array factor of a 
two-element, one-wavelength spaced array with equal amplitude and equal phase currents 
(Example 3-4). 
3.1-4 Usually the interelement spacing of an array is about one-half wavelength. Spacings 
much greater than this produce major lobes in undesired directions. To illustrate this 
point use the techniques of Fig. 3-9 to sketch the array factor for a two-element array 
with equal amplitude, in-phase elements in polar form for the following spacings: (a) d = 
34/4, and (b) d = 24. Examples 3-1 and 3-4 and this problem show the effects of spacing on 
an array of fixed excitation. | 
3.1-5 Using the array factor for a two-element broadside array (« = 0) with equal current 
amplitude point source elements, show that the directivity expression is 


2 
~ 1+ (sin Bd)/Bd° 
Hint: Change from variable 0 to w = fad cos 0. 
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3.146 Plot the directivity expression of Prob. 3.1-5 as a function of d from zero to two 
wavelengths. 

3.2-1 Prove that the array factor magnitude | f(w)| for a uniformly excited, equally 
spaced linear array is symmetric about w = a. 

3.2-2 Show that the array factor expressions (3-20) and (3-35) for a two-element uni- 
formly excited array are identical. 


3.2-3 Derive (3-44). 
-2-4 The expression for the half-power beamwidth of the array factor for a broadside, 
uniformly excited, equally spaced, linear array may be approximated as 


A 
HP ~K Wd 

for Nd > A. Determine K for N = 10 and 20, and compare to (3-45). 
3.2-5 In this problem the effects of phasings and spacings on a simple array are il- 
lustrated. Consider an equally spaced five-element array with uniform current amplitudes. 
Sketch the array factors for: 

(a) d = 4/2, broadside case (0, = 90°). 

(b) d =A, broadside case. 

(c) d= 2A, broadside case. 

(did = 4/20, =, 45". 

(e) d= 1/2, 0, = 0°. 
These five plots can be obtained from one universal pattern plot as discussed in Sections 
3.1 and 3.2. For the last two cases determine the interelement phase shift « required to 
steer the main beam as specified. 
3.2- Repeat Prob. 3.2-5 using: the ARRFAC and PPLOT computer programs in 
Appendix G. 
3.2-7 Design a five-element uniformly excited, equally spaced linear array for: 

(a) Main beam maximum at broadside. 

(b) Main beam maximum at 45° from broadside (8, = 45°). 
In each case select the element spacing and linear phasing such that the beamwidth is as 
small as possible and also so that no part of a grating lobe appears in the visible region. 
Sketch the polar plots of the patterns. 
3.2-8 Design and plot the array factor for an ordinary endfire, five-element, uniformly 
excited linear array with spacings d = 0.35/. Use 0, = 180° and find «. Compare the polar 
pattern to the one in Fig. 3-14 which is of a similar array with increased directivity. 
3.3-1 Two collinear half-wave dipoles are spaced a half-wavelength apart (but not quite 


touching) with equal amplitude and equal phase terminal currents. What is the expression . 


for the far-field pattern F(0) if the element centers are along the z-axis? Use pattern 
multiplication ideas to rough sketch the pattern. 
3.3-2 (a) Repeat Prob. 3.3-1 for one-wavelength spacing. 

(b) Plot F(@) directly to check your pattern multiplication result. 
3.3-3 Two parallel half-wave dipoles are spaced one wavelength apart with equal ampli- 
tude and equal phase terminal currents. The element centers are along the z-axis and the 
dipoles are parallel to the x-axis. Write the expressions for the far-field pattern F(6, ¢). 
Rough sketch this pattern, using pattern multiplication ideas, in both the xz-plane and 
the yz-plane. 
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3.3-4 A linear array of three, quarter-wavelength long, vertical monopoles are operated 
against an infinite, perfectly conducting ground plane. Let the element feeds be along the 
z-axis, the ground plane in the yz-plane, and the monopoles in the x-direction. 

(a) Design the array as a Hansen—Woodyard increased directivity endfire array, that is, 
determine the element spacings and phasings (choose d = 0.34). 

(b) Use the universal array factor plot for three uniformly excited elements to obtain a 
polar plot of the array factor for this problem. 

(c) Write the expression for the complete pattern. 

(d) Using pattern multiplication ideas rough sketch the complete far-field patterns in 
the xz-plane and the yz-plane. 
3.3-5 A two-element array of vertical short dipoles is operated a quarter-wavelength 
above a perfect ground plane as shown. The elements are a half-wavelength apart and are 
excited with equal amplitude and opposite phase. Obtain polar plots for the radiation 
pattern of this radiating system in the xz- and yz-planes. Carefully explain how you 
obtain these plots. 


ome r/2 a 


3.3-6 Prove that cos y = sin @ cos @. See Fig. 3-18. 
3.3-7 A four-element linear array of parrallel, in-phase, half-wave dipoles is located A/4 
in front of a large planar reflector located in the yz-plane. Assume the reflector to be 
a prefect ground plane. If the dipoles are parallel to the z-axis and spaced A/2 apart, 
sketch the complete pattern in the xy- and xz planes. Show your reasoning. 
3.3-8 Use the ARRPAT and PPLOT computer programs to generate the principal plane 
far-field plots of: 

(a) The array in Prob. 3.3-1. 

(b) The array of Prob. 3.3-3. 

(c) The array in Prob. 3.3-4. 
(d) The array in Prob. 3.3-5. 

(e) The array of Prob. 3.3-7. 
3.3-9 A uniformly excited, unequally spaced linear array of four isotropic sources is 
shown below. Using the principle of pattern multiplication sketch the array pattern, 
showing your intermediate steps. Can (3-33) and the graphical procedure be used to verify 
your final result? Why? 
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3.3-10 A two-dimensional, uniformly excited array is shown below. Using the principle of 
pattern multiplication sketch the pattern of the eight-element array, showing your inter- 
mediate steps. 
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3.4-1 Calculate the directivities in decibels for the following broadside arrays of point 
sources: 

(a) N=2,d= 4/2. 

(b) N=10,d=A/2. 

(c) N=15,d=A. 
3.4-2 Evaluate (3-78) for d = 34/8 and N = 10 for: 

(a) Broadside, and compare result to that of (3-80), 

(b) Ordinary endfire, and compare result to that of (3-81). 
3.4-3 Evaluate (3-78) and plot D as a function of d/A for N = 5 and endfire operation. 
Compare to Fig. 3-21. 
3.4-4 The approximate directivity formula of (3-80) for long, broadside linear arrays of 
isotropic elements can be checked in the following two ways using HP ~ 0.886 4/L 
from (3-45). 

(a) Use D = 4n/Q, to find D in terms of A/L. 

(b) It has been shown [11] that the following formula gives good results for broadside 
collinear arrays. 
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D = 
HP, — 0.0027(HP,) 


where HP, is the half-power beamwidth of the array pattern in degrees. Use HP ~ 0.886 
A/L and L > A to find D ~ KL/A; find K. 

3.4-5 Write a computer program to calculate the directivity for the arrays given in 
Table 3-1. Treat N, D/A, and « as input variables. 

3.4-6 Show that D = N for an ordinary endfire linear array of equally excited isotropic 
elements with spacing d = 4/4. 

3.4-7 Evaluate the directivity (in decibels) of a uniformly excited, broadside array of 
eight isotropic elements spaced 0.7/ apart in two ways: (a) from Fig. 3-20, and (b) using 
(3-80). 

3.5-1 Use the NEESLAP and PPLOT computer programs to plot the array factors 
shown in Figs. 3-23 and 3-25. Verify the side lobe levels and beamwidth values. 
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3.5-2 (a) Show that (3-91) follows from (3-90). 

(b) Show that (3-93) follows from (3-91). 
3.5-3 Verify the directivity values given in Figs. 3-23c, 3-23d, 3-23e, and Fig. 3-25a. 
3.6-1 Two antennas have the following self- and mutual impedances: 


Z11 = 1020", Z22 = 100 245°, Z12 = 602 — 10° 


(a) Find the input impedances to antenna 1, if antenna 2 is short circuited. 

(b) Find the voltage induced at the open circuited terminals of antenna 2 when the 
voltage applied to antenna 1 is 1 20° V. 
3.7-1_ Compute the phases (in degrees) for each element current required to produce the 
pattern of Fig. 3-30. Choose the center element to have zero phase. 
3.7-2 Obtain a family of plots similar to those of Fig. 3-30 for (a) d= 0.54 and (b) 
d = 0.6A. You can use ARRFAC. 
3.7-3 An interferometer is constructed from five collinear halfwave dipoles spaced two 
wavelengths apart. Sketch the polar plot of the complete array pattern. You can use 
ARRPAT. 
3.7-4 Show how the general phase term ff-ri, of (3-108) reduces to that of (3-65), 
Bz, cos 0, for a linear array. 
3.7-5 A parallel fed, uniform array of five half-wave dipole elements has half-wavelength 
spacing at 300 MHz. The five dipoles are located along the z-axis as shown in Fig. 3-18, 
and they all have the same phase. If the array is operated at 360 MHz, compare the 
pattern in the yz-plane at 360 MHz with that at 300 MHz. 
3.7-6 Repeat Prob. 3.7-5 if the array is series fed, starting with the element closest to the 
coordinate origin. Assume all elements have the same amplitudes and that there is 1 m of 


transmission line between adjacent elements which are a half-wavelength apart at 
300 MHz. 


LINE SOURCES 


In Chapter 1 we found that far-zone fields are obtained by a radiation integral 
over the current distribution. For a line source along the z-axis the far-zone 
electric field intensity from (1-101) and (1-104) is 


b see itu he tll? a 
[he Ojon 7 sin 6 | Tete 7 dz’ (4-1) 


- 1/2 
where the line source current distribution I(z’) is of length L centered symme- 
trically about the origin as shown in Fig. 1-8. The far-zone magnetic field inten- 
sity is then simply H, = E,/n. The element factor is sin 0. The pattern factor is 
f (0) and is obtained iy normalizing the integral in (4-1). This pattern factor is 
solely determined by the current distribution I(z’). 

In Chapter 3 we found that the far-zone fields of an array are obtained by 
summing over the individual element currents. For an array of collinear short 
dipoles the far-zone electric field intensity from (3-53) is 


e Jbr 


= sin 0 o [eee (4-2) 


n=0 


i Ojon < 


The factor sin 6 is, in this case, the element pattern and the summation is the 
array factor. Note the similarities between (4-1) and (4-2); the integral in (4- 1) is 
replaced by a summation in (4-2), z’ is replaced by nd, and I(z’) is replaced by /,,. 

The line source is, in a sense, a continuous array. It will become apparent to us 
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in the discussion of the line source which follows that much of what we know 
about the pattern characteristics of discrete arrays is also true of line sources. 
Line sources are important because many antennas can be modeled as a line 
source or combination of line sources. 


4.1 THE UNIFORM LINE SOURCE 


We begin our discussion of line sources by considering an important special 
case, that of the uniform line source. A uniform line source has a current distrib- 
ution with uniform amplitude and linear phase progression given by 


Lelet yet gs ee 
iA Z Z (4-3) 
0 elsewhere 


where B, is the phase shift per unit length along the line source. The unnor- 
malized pattern factor of the uniform line source is 


L/2 5 
fankts) = | (gleam nt de’ = IL a (4-4) 
where 
L 
u = (B cos 0 + Bo) 5: (4-5) 


The evaluation of (4-4) is similar to that given in (1-108) for a broadside uniform 
line source. 
It is convenient to introduce an angle 6, such that 


B, = —B cos 0,. (4-6) 
Then (4-5) becomes 
L 
vee ee eo escoueey (4-7) 
The far-zone electric field from (4-1) and (4-4) is 
eran 
je pI pe sli (4-8) 
Arr u 


The pattern factor of this uniform line source field expression is 


fu) =e (4-9) 


u 
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The linear, rectangular plot of this pattern is given in Fig. 1-10. It is shown in 
Fig. 4-1 as a logarithmic (dB), rectangular plot. The maximum occurs for u = 0 
and is unity (0 dB) there. The nulls occur at multiples of z and are separated by 
m, except for the beamwidth between first nulls which is 27. 

The half-power beamwidth of the uniform line source pattern factor is found 
from solving 


1 SiN Upp 


= 4-10 
Fie (4-10) 
The solutions to this are uyp = +1.39. Then from (4-7) 
Ore 1COS ae “ah + cos 0 = cos'{ 0.443% + 00s 6 ) (4-11) 
HP BL HP 0 _— L 0 


The plus sign corresponds to the half-power point on the right of the main beam 
maximum and the minus sign to the left half-power point. So from (1-123) 


HP= | up tert — Oup right | 


= . (4-12) 


>) A 
cos( as + cos 0} — cos 1(0.443 7 + Cos 0} 


This formula is general but useful only when both half-power points appear in 
the visible region (0 < @ < 180°) which in turn requires that the arguments of the 
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Figure 4-1 Pattern factor of a uniform line source. 
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arccosines in (4-12) are between —1 and +1. For a broadside uniform line 
source 0, = 90° and (4-12) reduces to (see Prob. 4.1-1) 


A 
HP = sins (0483 a (0,= 90); (4-13) 
For long (L > 4) line sources this is approximately 
A A 
HP ~ 0.886 3 rad = 50.8 7 degrees (0, = 90°) (4-14) 


since sin” 1(x) ~ x for x <1. For an endfire uniform line source only one half- 
power point appears in the visible region and then 


A : 
HP = 2 cos™ (1 — 0.443 7 (6, 0°07 1807) (4-15) 


For long (L > 4) line sources this may be approximated as (see Prob. 4.1-2) 


HP ~2 /0.8867 rad (0, = 0° or 180°). (4-16) 


Since (4-16) leads to wider beamwidths than does (4-14), we conclude that 
beamwidth increases as the pattern is scanned away from broadside (see 
Fig. 4-3). 

The half-power beamwidth expression HP = 0.886(A/L) for the broadside uni- 
form line source was developed using two approximations. The effect of the 
element factor sin 0 was neglected and also it was assumed that the line source 
was long. With a few examples we can see how these approximations affect the 
beamwidth. In Table 4-1 half-power beamwidth values for three uniform line 
sources are presented for various levels of approximation. The first column is 
the HP found from the complete pattern expression 


sin[(BL/2)cos 6] 


iA ata awe atest ar 


(9, = 90°). (4-17) 


The second column is the HP obtained from only the pattern factor of (4-9). The 
third column is that of (4-14). Note that even for five wavelengths all values are 
in very close agreement. We can also see that as the length increases the approxi- 
mations improve. 

The largest side lobe is the first one (ie., the one closest to the main beam). 
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Table 4-1 Half-Power Beamwidth Evaluation for Broadside 
Uniform Line Sources 


Value from 
Exact value from pattern factor Value from 
Length complete pattern F fe sin u HP = 0.886 4 
IL of (4-17) u L 
2A 24.766° Doro le 25.382° 
5A LOM 10.166° 10.153° 
10A 5.071° 5.080° 5.076° 


The side lobe maxima locations are found by differentiating (4-9) and setting it 
equal to zero. This leads to 


Us, = tan Ug, - (4-18) 


The intersections of the straight line curve ug, with the curve tan us, give the side 
lobe maximum locations (the main beam maximum is at ug, = 0). The first side 
lobe maximum occurs for ug,, = +1.43z. This is not precisely midway between 
the pattern nulls at 2 and 27. The side lobe maxima are slightly closer to the 
main beam than midway between their nulls. Evaluating (4-9) at the first side 
lobe maximum location gives 0.217 or — 13.3 dB. 

The polar plot of the pattern factor of a uniform line source can be obtained 
from a universal pattern factor in a manner very similar to that used for linear 
arrays. The uniform line source universal pattern factor is shown in Fig. 4-2a. It 
is used for all source lengths L and scan angles @,. A typical case is shown in Fig. 
4-2b. The transformation (4-7) between u and @ is illustrated graphically by the 
dashed lines. Pattern values for a given value of 0 can be found from the 
universal pattern factor using this graphical transformation. The radius of 
the circle used in the transformation is BL/2 and its origin is at the value of u 
equal to —(BL/2)cos 0,. 

As an example consider a three-wavelength uniform line source. The universal 
pattern factor is shown in Fig. 4-3a. The polar plot for the broadside case is 
shown in Fig. 4-3b. The pattern factor for a main beam maximum angle of 45° is 
polar plotted in Fig. 4-3c. The endfire case is shown in Fig. 4-3d. Notice that the 
main beam (and also the side lobes) widen near endfire, as pointed out earlier. 
The current distributions required to produce those patterns are shown in 
Fig. 4-4. The amplitudes are constant in all cases, as illustrated in Fig. 4-4a. The 
required linear phase distributions for main beam scanning are shown in 
Fig. 4-4b. 

The effects of the element factor on the total pattern are shown in Fig. 4-5 for 
the three-wavelength uniform line source. In the broadside case of Fig. 4-5a the 
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ara COSOn ms (cos @ — cos 6,) 


2 


(b) 


Figure 4-2 Illustration of obtaining a polar plot from the universal pattern 
factor of a uniform line source. (a) Universal pattern factor. (b) Polar plot 
of pattern factor for L = 44. 
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Figure 4-3 Pattern factors for a three-wavelength long (L = 3A) uni- 
form line source for various scan conditions. (a) Universal pattern factor. 
(b) Polar plot of pattern factor for B,L/2 = 0 (6, = 90°). (c) Polar plot 
of pattern factor for B,L/2 = —2.122 (0,= 45°). (d) Polar plot of 
pattern factor for By) L/2 = —Bo L/2 = —3n (0, = 0°). 
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Figure 4-4 Current distributions for the three-wavelength 
uniform line source patterns of Fig. 4-3. (a) Current amplitude 
distribution. (6) Current phase distributions. 


element factor has a relatively minor effect. However, in the endfire case of 
Fig. 4-5b where the pattern factor alone produces a single endfire beam, the 
element factor effect on the total pattern produces a null in the endfire direction, 
thus bifurcating the main beam. 

Next we consider the directivity of the uniform line source. The directivity can 
be found easily if the element factor is assumed to have a negligible effect on the 
pattern. Then, we can work with the pattern factor f alone. First, the beam solid 
angle is from (1-140) and (4-9) 

24 


sin 6 dé dd. (4-19) 
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Element Pattern Total 
factor factor pattern 
g(0) =sin@ f (6) F (6) 
23 xX SZ = z 
(a) 
(b) 


Figure 4-5 Total patterns for a three-wavelength uniform line source. 
(a) Broadside case (0,= 90°, 8B, =0). Pattern factor is from Fig. 4-36. 
(b) Endfire case (0, =0°, B, L/2 = —3z). Pattern factor is from Fig. 4-3d. 


with the element factor g set to unity. If we change the 0 integration variable to u 
as given by (4-5) then du = —(BL/2)sin 0 dO and (4-19) becomes 


.27 (—B+Bo)L/2 sin2 Uu du 


Saba I | u —\(BL/2) 


‘ 7] ee ene a 
L 


(4-20) 


2 
(6,-B)L/2 
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Evaluation of this expression for the general case is discussed in Prob. 4.1-7. For 
the broadside case (B, =0) the limits on the integral are —BL/2 to BL/2. If 
further L > A, then BL/2 > 1 and we approximate the limits as — 00 to +00, and 
using (F-7) the definite integral has a value of x. Thus Q, ~2dn/L and 
D = 4n/Q, yields 


L 
D,=2 7 (broadside, L > A). (4-21) 


where the subscript u indicates a uniform line source. For the endfire case 
(B, = +8) the integral limits are 0 and BL/2 which are approximated as 0 and oo 
when L > A; this yields a value of z/2 for the integral. So Q, ~ An/L and 


jt 
De ar (endfire, L > A). (4-22) 


These are the same directivity results we obtained for linear arrays; see (3-80) 
and (3-81). The uniform line source exhibits the most directivity that can be 
obtained from a linear phase source of fixed length. Other current distributions 
will yield lower directivities. We found this principle to hold true in Section 3.5 
for discrete current distributions (arrays). 

From the beamwidth and directivity relationships presented here for the uni- 
form line source we can begin to get a feel for the pattern changes as a function 
of source length and scan angle. First consider the pattern factor alone. As the 
length increases, the beamwidth decreases and the directivity increases. The side 
lobe level (if the line source is long enough for the first side lobe maximum to be 
visible) remains constant with length variations; it is always —13.3 dB for a 
uniform line source. For a scanned line source the beamwidth increases as the 
main beam is scanned away from broadside. However, the total main beam 
volume (obtained by rotating E-plane pattern about z-axis) decreases and con- 
sequently Q, decreases which in turn leads to an increase in directivity. The 
beamwidth and directivity change slowly for scan angles near broadside but 
change rapidly near endfire. The complete pattern must include the element 
factor effects. For long sources (L > A) the pattern factor f(@) has a much nar- 
rower pattern than the element factor g(0) = sin 0 and the total pattern obtained 
from g(0)f(0) is closely approximated by f(@). The side lobe level, beamwidth, 
and directivity values are then accurately determined from the pattern factor f (6) 
alone, except near endfire where the element factor becomes significant since it 
forces the total pattern to zero in the 6 = 0 and 180° directions, as illustrated in 
Fig. 4-5b. 


Example 4-1. Plane Wave Incident on a Slit 


A simple physical example of a uniform line source is a long narrow slit in a good 
conductor which has a uniform plane wave incident on it, as illustrated in Fig. 4-6. Phase 


—> 


Figure 4-6 Example of a uniform line source: an 
infinitely long slit of width L in a good con- 
ductor illuminated by a uniform plane wave from 
the left. (a2) Broadside case: @,=90° and 
B, = —Bcos90°=0. (b) Intermediate case: 
B, = —Bcos6@,. (c) Endfire case: 0,=0O and 
B, = = pe 
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fronts (planes of constant phase) are indicated by the parallel lines. In Fig. 4-6a the wave 
is normally incident on the slit. Thus, the slit has a uniform amplitude excitation and also 
has uniform phase since the phase fronts are parallel to the slit. The slit then behaves as a 
uniform line source with uniform phase across it. This equivalence of a field distribution 
to a current distribution will be discussed further in Section 8.1. It is obvious, however, 
that the maximum radiation on the right-hand side of the slit will be primarily in the 
direction of propagation of the incident wave coming from the left, that is, 0, = 90°. For a 
line source the phase shift along the source is related to the direction of maximum 
radiation 0, by B, = —f cos @, where in this case f is the phase constant of the incident 
plane wave. Since 0, = 90°, B, = —B cos 90° = 0. This says that there is no phase shift 
along the slit. We already observed that this must be true for a plane wave normally 
incident on the slit. 

If the direction of propagation of the plane wave makes an angle @, with the slit plane, 
there will be a phase shift along the slit due to different arrival times of the wave. In fact, 
this phase shift is given by B,z’ where B, is the phase shift per meter along the slit and we 
have assumed zero phase at z’=0. But the phase shifts B rad/m in the direction of 
propagation, so the phase shift for distance Ar along the direction of propagation is 
Ad = —BAr (since the wave propagates as e /’"). The same phase shift is encountered in 
the distance Az along the slit, or Ad = B, Az (see Fig. 4-6b). But Ar = Az cos 0,, and since 
the phase shifts are equal we have Ad = — BAz cos 6, = B, Az. Thus B, = —f cos 0, as 
given by (4-6), which was then a convenient definition. It is obvious from Fig. 4-6b that 
the maximum radiation from the slit or its equivalent line source will occur in the 
direction of propagation of the wave @ = @,. 

In Fig. 4-6c the incident wave is traveling parallel to the slit. The phase shift per meter 
along the slit is obviously equal to the negative of the wave phase constant. This also 
follows from B, = —f cos 0, = —f for 8, = 0°. The radiated wave on the right side is 
endfire in this case. 


4.2 TAPERED LINE SOURCES 


Many antennas that can be modeled by line sources are designed to have 
tapered distributions. This is because if the current amplitude decreases toward 
the ends of a line source, the pattern side lobes are lowered and the main beam 
widens. In many applications low side lobes are necessary and a wider main 
beam is accepted as a consequence. This tradeoff between side lobe level and 
half-power beamwidth is a major consideration to the antenna engineer. 

As an example, consider a current distribution with the so-called cosine taper, 
where 


I, cos c z’ ee cake = 7 x 
eye NE 2 2 (4-23) 


0 elsewhere. 
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The shape of this current distribution is plotted in Fig. 4-7a. The unnormalized 
pattern factor is then found as follows 


ne 7 
fan(9) = I, | cos(F z! Je cos 0+ Bo)z’ dz’ 
= 6} 
I ~ 1b)? 
eee [elite cos 0+ Bo)z! A eo HrI/L—B cos | dz’ 
2 = HP 
jf el(a/L+ B cos 6+ Bo)z! — j(7/L— B cos 0— Bo)z’ L/2 
= F +— . (4-24) 
2 [j(a/L + B cos 0+ B,) | —j(n/L — B cos 0 — B,)|-12 
Evaluating the above expression leads to 
2L cos|(f cos 6 + B,)L/2 
ee (4-25) 
nm 1—[(B cos 0 + B,)L/x] 
| 1 |I(z) | = cos (F2) 
ove L ‘ 
2 2 


(b) 


Figure 4-7 Current distribution and pattern factor for a cosine-tapered line 
source. (a) The current distribution amplitude. (6) The pattern factor. 
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Using B, = —B cos 9, as in (4-6) and normalizing such that the pattern factor is 
unity for 0 = 0, gives 


cos[(BL/2)(cos 6 — cos 6,)] 


Os 1 — [(BL/x)(cos 6 — cos 0,)]* " (29) 
This pattern can be written in terms of u using (4-7) as 
COs u 
mae he ES 4-2 
f(u) t= (2u/x)? ( 7) 


This pattern is plotted in Fig. 4-7b. Compare it to that of the Fig. 1-10 for the 
uniform line source. 

The side lobe level for the cosine-tapered line source is —23.0 dB and the 
beamwidth is given by 


HP = 1.197 rad = 68.2 = degrees . (4-28) 


for the broadside case. The side lobe level is 10 dB lower and the beamwidth is 
38°%% greater than a uniform line source of the same length. Although the side 
lobes are reduced from those of the uniform line source, the main beam widening 
leads to smaller directivity than obtained from a uniform line source. The ratio 
D/D,, 1s used to compare the directivity of a tapered line source to that of a 
uniform line source of the same length. For the cosine taper D/D, = 0.810. The 
actual directivity D from (4-21) is then 


L 


D =0810D, = 1.6205 


(broadside, L > ). (4-29) 

If the current amplitude taper is increased as in the case of a cosine-squared 
taper, the side lobes are reduced even more and the beamwidth is further 
widened. The pattern parameters of the cosine-squared case, as well as many 
other important cases, are summarized in Table 4-2 [1, 2, 3]. 

As a further example, consider the triangular current taper given in Table 
4-2a. The pattern (sin u/u)* is the square of the uniform line source pattern. This 
property is apparent when the pattern of Fig. 4-8 for the triangular line source is 
compared to that of the uniform line source in Fig. 4-1. The first nulls of the 
triangular line source are twice as far out as for the uniform line source pattern. 
Thus the beamwidth between first nulls is twice as large. The half-power beam- 
width is 44% larger (from 0.8864/L to 1.28A/L). Also, the side lobes of the 
triangular line source are twice as wide in the variable u and the side lobe level 
in decibels is twice as small, — 13.3 dB for the uniform line source and —26.6dB 
for the triangular line source. The directivity (from Table 4-2a) is 75% of the 
uniform line source value. 
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Table 4-2 Characteristics of Tapered Line Source Distributions 


(a) Triangular taper 
2 L T(z) 
I(z)=1— 7 |2| |z| s 1.0 
sin(u/2) |? | 
f= | 
————— 


Side lobe level L L 
HP (rad) (dB) D/D, m2 Q 2 
1.28(A/L) —26.6 0.75 
(b) Cosine tapers 
(22 L Ha) 
I(z) = cos (= ls 1.0 n=0 
n=1 
sin u n=2 
f(u)= =0 
u 
COS u 
a on 1 me 
eer (2u/n)? -f L 
2 2 
1 sin u 
= =? 
f(u) 1—(u/nyP wu 
Side lobe level 
n HP (rad) (dB) D/D, Type 
A : : 
0 0.886 3 —13.3 1.00 Uniform line source 
A : 
1 1.19 Z —23.0 0.810 Cosine taper 
A : 
2 1.44 L —31.7 0.667 Cosine-squared taper 
(c) Cosine on a pedestal Teh 
1.0 
I(z) = C + (1 — Coos = 
oe +(1 c)? cos u 
m1 — (2u/n)? ge 
f(u) = 5 
C+(1-—C)- ae 
1 _L 0 L 
2 2 


(continued) 
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Table 4.2 (continued) 


Edge illumination 


Side lobe level 


—20logC HP (rad) (4B) D/D, 
G (dB) 
A 
0.3162 ~10 1.037 =20 0.92 
A 
0.1778 5 1.08 =) 0.88 
A 
0 ~ co 119 aoe 0.81 
L 


Note 1: The pattern expressions are valid for any value of u = (BL/2)(cos 0 — cos 0,). However, the 
half-power beamwidth values and directivities are approximations for broadside line sources 
(6, = 90° and u = (BL/2)cos 0) and L > 4. 


Note 2: The directivity for each line source is found from the ratio D/D, as 
D Dea 
Dy D,=—2 
D, D, A 


for broadside line sources with L > J. 


Note 3: The element factor sin 0 has been neglected in the calculations leading to the values in this 
table. For long, broadside line sources its effect is minimal. 
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Figure 4-8 Pattern factor of a triangular tapered line source. 
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From Table 4-2 we can generalize and make some statements about current 
amplitude distributions and their influence on the far-field pattern. We assume 
that the current is of constant phase. As the taper of the current amplitude from 
the center to the edges of a line source becomes more severe, the side lobes decrease 
and the beamwidth increases. Consequently, the directivity decreases. There is 
then a tradeoff between the side lobe level and the beamwidth for the continuous 
source just as there was for discrete sources (see Section 3.5). The antenna 
engineer must decide on a compromise between beamwidth and side lobe level 
for each specific design problem. 


Example 4-2. A Parabolic Reflector Antenna 


A circular parabolic reflector antenna (see Section 8.6) can be modeled for some purposes 
as a line source. Suppose the reflector is 5 m in diameter and operates at 14 GHz. Further 
suppose the field distribution across the aperture of the reflector is circularly symmetric 
and can be modeled as a cosine on a pedestal line source with a —10-dB edge illumina- 
tion. Then from Table 4-2c the half-power beamwidth is 
HP= 1.03 = 103 = 0.00441 rad = 0.25° 

and the side lobe level is —20 dB. Due to the circular symmetry of the aperture distribu- 
tion, these results are valid for any pattern plane containing the normal to the reflector 
aperture, that is, the pattern is also circularly symmetric. Directivity cannot be calculated 
from line source formulas since this is a two-dimensional aperture. Much more will be 
said about aperture antennas in Chapter 8 where, as in this example, line source results 
will play an important role. 
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PROBLEMS 
4.1-1 Show that 
cos” !(—x) — cos~ '(x) = 2 sin™ *(x) 


and thereby proving (4-13). To do this introduce « such that x =sina and use 
cos(a + n/2) = sin «. 
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4.1-2 Prove the half-power beamwidth expression for an endfire, uniform line source. 
Start with (4-15) and derive (4-16). Hint: let « = cos” *(1 — y) where y = 0.443(A/L), then 
form cos? a, neglect y”, expand 1 as cos? « + sin’ a, and use sin « ~ a. 

4.1-3 Show that the far-zone electric field expression E, for a broadside, uniform line 
source approximates that of an ideal dipole for short line sources (L < 4). 

4.1-4 Compute the half-power beamwidths (in degrees) and the directivities (in decibels) 
for the following uniform line sources: 

(a) Eight-wavelength broadside, uniform line source. 

(b) Eight-wavelength endfire, uniform line source. 

(c) Sixteen-wavelength broadside, uniform line source. 

(d) Sixteen-wavelength endfire, uniform line source. 

41-5 (a) Use the universal pattern factor for a uniform line source to obtain polar plots 
of a four-wavelength uniform line source for two cases: broadside and endfire (6, = 0°). 

(b) Measure the half-power beamwidths from the polar plots obtained in part (a). 

(c) Calculate the half-power beamwidths in degrees using (4-14) and (4-16). The 
agreement between these results and those of (b) depends mainly upon how accurately 
you constructed the polar plot. : 

4.1-6 Verify the half-power beamwidth values in Table 4-1 for the three levels of approxi- 

mation for uniform line sources with the following lengths: (a) 24, (b) 5A, and (c) 104A. 

4.1-7 Uniform line source directivity. 

_~ (a) Show that (4-20) leads to the expression 

pL) cos a SI cos bt 
Dee a of b 

where D,, is the directivity of a uniform line source with excitation phase shift per unit 

length of B,, a = (B — B,)L, b = (B + B,)L, and Si is the sine integral function defined in 

(F-13). 

(b) Plot the directivity relative to that of the broadside, very long, uniform line source 
case, that is, D,/(2L/A), for BL = 10 and BL = 100 as a function of 6, from 90° to 0°. 

(c) What does the expression in part (a) reduce to for the broadside case (8, = 90°)? 

(d) As L becomes much larger than a wavelength show that your result in part (c) gives 
(4-21). 

(ec) Use the result from part (c) and plot the directivity relative to that of a broadside, 
very long, uniform line source (i.e., AD,/2L) for BL from 1 to 10. This result shows how 
well the long line-source directivity approximation behaves. 

42-1 Verify for the cosine-tapered line source pattern of (4-27) that (a) HP = 1.19(A/L) in 
the broadside case for L > A, and (b) the side lobe level is —23.0 dB. 

4.2-2 Construct the linear, polar plot of the pattern factor for a broadside cosine-tapered 
line source which is three wavelengths long. Proceed as in Fig. 4-3. 

4.2-3 A 3-m long, broadside line source operating at 1 GHz has a cosine-squared tapered 
current distribution. 

(a) Compute the half-power beamwidth in degrees. 

(b) Compute the directivity in decibels. 

4.2-4 Evaluate the half-power beamwidths in degrees and the directivities in decibels of 104 
long line sources with the following current distributions: (a) uniform, (b) triangular, 
(c) cosine, (d) cosine squared, and (e) cosine on a — 10-dB pedestal. 


+ Si(a) + Si(b) 
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“42-5 Triangular current-tapered line source. 

(a) From the current distribution in Table 4-2a derive the normalized pattern factor 
fu). 

(b) Verify that the half-power beamwidth is given by 1.28(A/L) for L > A and that the 
side lobe level is —26.6 dB. You may do this by substitution, and also you may find some 
of the results from the uniform line source helpful. 

4.2-6 The pattern from a triangular-tapered current distribution is the square of that of 
the uniform current distribution. From Fourier transform theory, how are the current 
distributions related ? 

.2-7 Dipole antennas with lengths less than a half-wavelength have current distributions 
that are nearly triangular (see Fig. 1-20b). 

(a) Write the complete electric field expression Ey in the far field for a broadside line 
source with a triangular current distribution. 

(b) Approximate the expression of part (a) for short dipoles (L < A). 

(c) Compare this to the far-field expression for E, of an ideal dipole. Discuss. 

4.2-8 Derive the pattern factor expression in Table 4-2 for a cosine-squared line source 
current distribution. Also verify the half-power beamwidth expression. 

4.2-9 A broadside line source has a cosine on a —10-dB pedestal current distribution. It 
operates at 200 MHz and has a length of 20 m. Compute (a) the half-power beamwidth in 
degrees, and (b) the directivity in decibels. 

4.2-10 Derive the pattern factor expression in Table 4-2 for a cosine on a pedestal current 
distribution for a line source. 

42-11 The directivity of a line source can be calculated from 


L/2 2 
| I(z) dz 
p=2 4/2 
ieee 
| | I(z)|? dz 
J— 1/2 


This is the one-dimensional analogy of (8-65). Use this formula to: 

(a) Derive D, = 2L/A, the directivity of a uniform line source. 

(b) Derive an expression for D/D, of a cosine on a pedestal current distribution. Evalu- 
ate for C = 1, 0.3162, 0.1778, and 0. 


WIRE ANTENNAS 


In this chapter we discuss the important topic of wire antennas. Wire antennas 
are the oldest and still the most prevalent of all antenna forms. Just about every 
imaginable shape and configuration of wires have a useful antenna application. 
Wire antennas can be made from either solid wire or tubular conductors. They 
are relatively simple in concept, are easy to construct, and are very inexpensive. 

To obtain completely accurate solutions for wire antennas the current on the 
wire must be solved for, subject to the boundary condition that the tangential 
electric field is zero along the wire. This approach gives rise to an integral 
equation, for which many approximate solutions have been reported over the 
last several decades [1]. These classical solutions are rather tedious and are 
limited to a few simple wire shapes. On the other hand, modern numerical 
methods implemented on the digital computer are rather simple in concept and 
are applicable to many wire antenna configurations. These numerical (moment 
method) techniques are discussed in Chapter 7. In this chapter we adopt a 
simple approach to solving for the properties of wire antennas. This affords a 
conceptual understanding of how wire antennas operate, as well as yielding 
surprisingly accurate engineering results. For example, during the discussion of 
the loop antenna in Section 5.7 a detailed comparison of results from simple 
theory and the more exact numerical methods demonstrates the accuracy of 
simple theory. 

In this chapter we discuss several resonant wire antennas such as straight wire 
dipoles, vee dipoles, folded dipoles, Yagi-Uda arrays, and loops. Selected 
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traveling-wave antennas are also discussed, but broadband wire antennas such 
as the helix and log-periodic are presented in the next chapter. Methods of 
feeding wire antennas and their performance in the presence of an imperfect 
ground plane are included too. Most of the developments in this chapter utilize 
the principles set forth thus far. Design data and guidelines for the construction 
and use of wire antennas are emphasized. 


5.1 DIPOLE ANTENNAS 


We have discussed the short dipole in Sections 1.8 and 2.1 and the half-wave 
dipole in Section 2.2. In this section dipoles of arbitrary length are examined. 
The dipole antenna has received intensive study [1, 2, 3]. We will use a simple 
but effective approach which involves an assumed form for the current distribu- 
tion. The radiation integral may then be evaluated and thus also the pattern 
parameters. For dipoles we assume that the current distribution is sinusoidal. 
This is a good approximation verified by measurements. The current must, of 
course, be zero at the ends. We are, in effect, using the current distribution which 
is found on an open-circuited parallel wire transmission line. It is assumed that if 
the end of such a transmission line is bent out to form a wire antenna, the 
current distribution along the bent portion is essentially unchanged. Although 
this is not strictly true it is a good approximation for thin antennas, for which 
the conductor diameter is on the order of 0.01/ or smaller [4]. 


5.1.1 Straight Wire Dipoles 


A straight dipole antenna is shown in Fig. 5-1 oriented along the z-axis. It is 
fed at the center from a balanced two-wire transmission line, that is, the currents 
on each wire are equal in magnitude and opposite in direction. The current 
distribution along the antenna is assumed to be sinusoidal and can be written as 


(a) ils sin |6(5 z. il) je] <5. (5-1) 


z 
I 
u 
<= 
zl 
Y Figure 5-1 The dipole antenna. 
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Figure 5-2 Current distribution on a dipole of length 
Lie Ai2. 


The dipole is surrounded by free space, thus the phase constant is that of free 
space, . 

It is helpful to visualize the current distribution on an antenna. Figure 5-2 
shows the current on a dipole for L < 4/2. The solid lines indicate actual cur- 
rents on the antenna and the dotted lines indicate extensions of the sine wave 
function. As a note of caution with this visualization, the dotted portion of the 
current distribution does not appear on the transmission line [5]. For this case 
I,, in (5-1) is not the maximum current attained on the antenna. The maximum 
current on the antenna shown in Fig. 5-2 is at the input terminals where z = 0 
and is of a value J,, sin(BL/2). The arrows in Fig. 5-2 show the current direction. 
The currents on the top and bottom halves of the antenna are in the same 
direction at any instant of time, and thus the radiation effects from each half 
reinforce. The transmission line, however, has oppositely directed currents which 
have canceling radiation effects, for typical close conductor spacings. 

In Fig. 5-3 current distributions on various dipoles are plotted together with 
the antennas used to generate them. The sinusoidal curves superimposed on the 
antennas indicate the intensity of the current on the wire, that is, the value of the 
curve at point z is the current value on the wire at the same point z. Again 
the arrows indicate current directions. To construct plots such as these, begin on 
the z-axis at one end of the wire where the current is zero and draw a sine wave 
while moving toward the feed point. The current on the other half is then the 
mirror image. For dipoles longer than one wavelength the currents on the 
antenna are not all in the same direction. Over a half-wave section the current is 
in-phase and adjacent half-wave sections are of opposite phase. We would then 
expect to see some large canceling effects in the radiation pattern. This will be 
shown later to be precisely what happens. For all of the current distributions 
presented, the plots represent the maximum excitation state. It is assumed that a 
sinusoidal waveform generator of radian frequency w = 2zc/A is connected to 
the input transmission line. The standing wave pattern of the current at any 
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(a) (b) (c) (da) 


Figure 5-3 Current distributions for various center-fed dipoles. Arrows indicate relative 
current directions for these maximum current conditions. (a) L = 4/2. (b) L = 24. (c) 
Tn Aid) 1 = 3A. 


instant of time is obtained by multiplying (5-1) by cos wt, which follows from 
(1-6). 
To obtain the dipole radiation pattern we first evaluate the radiation integral 


L/2 


fin ={_H(z)el8* °° de’. (5-2) 
1/2 
Substituting the current expression from (5-1) gives 


LE aes jak ve 
— (he = ! JBz cos 8 ! ib 7 ee, Bz’ cos 8 in 
fee Ne sin o(; ae fe bh ae ls sin a(; Z Ie z, 
(5-3) 
Evaluating these integrals (see Prob. 5.1-1) gives the unnormalized pattern 


_ 2D cos[(BL/2)cos 6] — cos(BL/2) 


, 5-4 
Sun B sin? 0 es) 
Using this in (4-1) leads to the complete far-zone electric field 
TEED) | JEP Ay L/2 
Bee hy si e m cOS|(BL/2)cos 6] — cos(BL/ yp (5-5) 


4nr Bp sin? 0 
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Noting that wyu/B = n, this expression simplifies to 


ay cos[(BL/2)cos 6] — cos(BL/2) 


E,=Jn m sin @ 


(5-6) 


2nr 
The 0-variation of this function determines the far-field pattern. For L = 4/2 it is 


_ cos[(7/2)cos 6] 
® sin 0 


F(0) (tae). (5-7) 
This expression was also derived in Section 2.2; see (2-10). This is the normalized 
electric field pattern of a half-wave dipole. The half-power beamwidth is 78° and 
its pattern plot is shown in Fig. 5-4a. 


A 
L=- 
2 
L=; 
Loe 


Figure 5-4 Radiation patterns of center-fed straight 
dipole antennas. (a) L = 4/2. (b) L =A. (c) L = 34. 
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For L= 4 the normalized electric field pattern from (5-6) is 


__ cos(m cos #) + 1 


Ms /2. sin @ 


The half-power beamwidth for this full-wave dipole is 47°. Its pattern is shown in 
Fig. 5-4b. If L = 3A, the pattern function is 


(L= A). (5-8) 


iS) 
Anan ee 
sin 0 


(L = 34). (5-9) 


The factor 0.7148 is the normalization constant. As predicted earlier, for dipoles 
of length greater than one wavelength, the pattern of the three-halves wavelength 
dipole shown in Fig. 5-4c has a multiple lobe structure due to the canceling 
effect of oppositely directed currents on the antenna. 

As L/A becomes very small the dipole pattern variation in (5-6) approaches 
sin 9. Thus we see again that the pattern of a short dipole along the z-axis is 
sin 0. Recall that the short dipole pattern has a 90° half-power beamwidth; see 
Fig. 1-4b. 

To obtain the radiation resistance, first the radiated power must be found. 
Substituting (5-6) into (1-127) gives 


cos[(BL/2)cos 0] — cos(BL/2)|* 


r? sin 0 dO do 
sin 0 


bie ewes me 
beak |) Gay 


re -"/2 fcos[(BL/2)cos 6] — cos(BL/2)}? 
87 0 0 sin 0 
Changing the integration variable to t = cos 6, so dt = —sin @ dO, gives 


P.= uh |e i. {cos[(BL/2)r] — cos(BL/2)}? 


On (ee (eg) 


n .»  ({cos[(BL/2)t] — cos(BL/2)? — {cos[(BL/2)t] — cos(BL/2)}? 
-2R| 1+t a 1—Tt Jac 


(5-11) 
where in the last expression the identity 


1 Da oh | 1 
SS ANDER oe bel 
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was used. Equation (5-11) can be evaluated in terms of sine and cosine integral 
functions; see (F-13) and (F-14). A simpler expression for the special case of the 
half-wave dipole is obtainable in terms of a single cosine integral function. Thus, 
when BL/2 = 7/2, (5-11) becomes 


P= P Fe 
10) 


= 5-13 
An (5-13) 


2 2 
cos* (xt/2) ies (x1/2) ye 
Leys ur 


Changing variables again as v= 1-—t1 and w=1+7 and substituting into 
(5-13) gives 


4 =e (, —sin?(zv/2) bth i we 
; w 


» ae v j 


ae fie ae 
(9 pe Ly (5-14) 


Lary: 
sin*(mv/2) ie 
0 2v 


0 v 4n 


in| 


Changing the variable of integration to t = mv leads to 


12 Cin(2n) =. 122.44) (5-15) 


ZA = COSt 
= 
| 82 


prion peel 
0 t 87 


where Cin(x) is related to the cosine integral function by (F-16) and is tabulated 
in [6]. In this case Cin(27) = 2.44. Using this and 4 = 120z in (5-15) leads to the 
radiation resistance for a half-wave dipole as 

mes 
25 AUN) caste (1 & A (5-16) 


hea 2 


The infinitely thin dipole antenna also has a reactive impedance component. 
For the half-wave dipole the reactance is inductive, and the complete input 
impedance is 


A 
Z,, = 73 + j42.5 ohms (x = 3) (5-17) 


This can be calculated for an infinitely thin dipole by a classical procedure 
known as the induced emf method [7]. However, the input impedance of dipoles 
with finite wire diameter can be calculated using the numerical methods of 
Chapter 7, where the form of the current is not assumed. The results of such a 
calculation for the input resistance and reactance of a small diameter, center-fed 
dipole are given in Figs. 5-5 and 5-6. The resonance effects are evident in these 
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Figure 5-5 Calculated input resistance of a center-fed wire dipole of 
0.00054 radius asa function of length L (solid curve). Also shown is the 
input resistance R,, = 8027(L/A)? of an ideal dipole with a uniform 
current distribution (dotted curve) and the input resistance 
Ri, = 20n7(L/A)? of a short dipole with a triangular current distribution 
approximation (dashed curve). 


plots. Note that the input reactarice is capacitive for small lengths, as we pointed 
out in Section 2.1. 

The dotted curve in Fig. 5-5 is the input resistance from (1-180) for an ideal 
dipole with uniform current. It does not give good results for an actual wire 
dipole as shown by the solid curve of Fig. 5-5. However, the triangular current 
approximation with R;, = 20x7(L/A)* from (1-189) does give a good approxima- 
tion to the input resistance for short dipoles as demonstrated by the dashed 
curve of Fig. 5-5. Some simple formulas that approximate the input resistance of 
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Figure 5-6 Calculated input reactance of center-fed wire dipole of 
radius 0.0005/ as a function of length L. 


wire dipoles are given in Table 5-1 [8]. For example, using the second formula 
for L= 4/2 gives R,, = 24.7(x/2)?'* = 73.0 ohms which agrees with (5-17). The 
values obtained from Table 5-1 also agree closely with those of Fig. 5-5. 

Input resistance can be related to radiation resistance. There are several ways 
to define radiation resistance by using different current reference points. Usually 
radiation resistance is defined using the current distribution maximum I,,, 
whether or not it actually occurs on the antenna. We shall use the symbol R,,, 
for this definition. It is also useful to refer the radiation resistance to the input 
terminal point. In this case the symbol R,; is used. These definitions can be 
related by writing the radiated power as 
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Table 5-1 Simple Formulas for 
the Input Resistance of Dipoles 


Input 
Length resistance 
E R,,, (ohms) 
A a\e 
0<L<- 20x? (5 
4 A 
yi j) L 2.4 
—~<L<-— 241(n = 
“ 1) A 


: A L 4.17 
z ae pa O.GSTA 11.14(75] 
(6 
A S ‘tt 
Wolt- mrs 


For dipoles that are odd integer multiples of a half-wavelength long, In, = Ji, and 
Rim = R,;. A third radiation resistance, denoted by R,, is often used; it is the 
radiation resistance relative to the maximum curent that occurs on the antenna. 
For dipoles less than a half-wavelength long the current maximum on the 
antenna always occurs at the center, and then R,;= R, for center-fed dipoles; 
this was discussed in Section 1.8. In practice we are interested in input resistance, 
so R,; is of primary importance. It is related to R,,, for center-fed dipoles by 
setting z = 0 in (5-1) giving 


L 
Deas asitl es (5-19) 
and substituting into (5-18), which yields 
jk R 
= pay = pace, LEE A 5-20 
B= 7p Rem = Sinh(BL2) aa 


R,; is the component of input resistance due to radiation and equals the total 
input resistance R;,, if ohmic losses are neglected, which we shall do unless other- 
wise indicated. 

For dipole lengths L = A, 2A, 3, ..., BL/2 = 1, 2n, 3z, ..., and R,; from (5-20) 
is infinite. For example, the one-wavelength dipole of Fig. 5-3c has a current 
zero at its feed point and thus has an infinite input impedance. This, of course, is 
based on the perfect sine wave current distribution. Dipoles of finite thickness 
have large but finite values of input impedance for lengths near integer multiples 
of wavelength, as seen in Fig. 5-5. This effect arises from the deviation of the 
current distribution from that of (5-1) for dipole lengths near integer multiples 
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of a wavelength: there is always a finite input current on an actual dipole. For 
other length dipoles the sinusoidal current distribution is a good approximation 
for thin wire dipole antennas. 

By reducing the length of the half-wave dipole slightly the antenna can be 
made to resonate (X;,, = 0). The input impedance of the infinitely thin half-wave 
dipole is then about 70 + j0 ohms. In Fig. 5-6 the dipole of radius 0.0005A reso- 
nates for lengths corresponding to the intersections with the horizontal (X;, = 0) 
axis. The first intersection is the half-wave dipole case and the resonant length is 
slightly less than 1/2. It turns out that as the wire thickness increases the dipole 
must be shortened more to obtain resonance. Approximate length values for 
resonance are given in Table 5-2. For the dipole of 0.0005 wire radius the 
length-to-diameter ratio, L/2a, is 500 for the half-wave case. From Table 5-2 we 
see that about 4% shortening (L = 0.484) would be required to produce reson- 
ance. This agrees closely with the resonance point from Fig. 5-6. In practice, wire 
antennas are constructed slightly longer than required. Then a transmitter is 
connected to the antenna and the standing wave ratio (or reflected power) is 
monitored on the feed transmission line. The ends of the antenna are trimmed 
until a low value of standing wave ratio is obtained. Note that as the length 
is reduced to obtain resonance the input resistance also decreases. For example, 
for a thick dipole with L/2a = SO and L = 0.475, the second formula of Table 
5-1 gives R;,, = 64.5 ohms; the reactance is, of course, zero. 

Since dipoles are resonant type structures their bandwidth is low. The VSWR 
as a function of frequency for a half-wave dipole is shown in Fig. 5-7. In general 
bandwidth is defined as “the range of frequencies within which the performance 
of the antenna, with respect to some characteristic, conforms to a specified 
standard” [9]. In this case let the specified standard be a VSWR less than 2.0: 1. 
From Fig. 5-7 we see that the bandwidths are 310 — 262 = 48 MHz and 304 — 
280 = 24 MHz, respectively for a=0.005m (L/2a=50) and a=0.0001 m 
(L/2a = 2500). In terms of percent relative to the design frequency (300 MHz) 


Table 5-2 Wire Lengths Required To Produce 
a Resonant Half-Wave Dipole for a Wire 
Diameter of 2a and Length L 


Length to 
diameter Percent Resonant Dipole 
ratio, shortening length thickness 
L/2a required L class 
5000 2 0.49A very thin 
50 ) 0.475A thin 


10 9 0.455A thick 
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Figure5-7 Calculated VSWR asa function of frequency for dipoles 
of different wire diameters. 


the bandwidths are 16 and 8%. It is a general principle that the thicker the 
dipole, the wider is its bandwidth. Also, note that the minimum VSWR for the 
thicker dipole occurs at a lower frequency than for the thinner one. In fact, using 
the rules in Table 5-2 the resonant frequencies are calculated to be 285 and 
294 MHz for wire radii of 0.005 and 0.0001 m. These values agree well with the 
minimum points of the curves in Fig. 5-7. 

Finally, we compute the directivity of a half-wave dipole. It is found from 
D = 4nU,,/P,. The radiated power P, was evaluated in (5-15). Using the far- 
zone electric field of (5-6) leads to the maximum radiation intensity as 

Ta jet iad) = ae 
Um = 55 |Eolinax = 5 (2x) rs 812 es (5 21) 


So 


4nU 4n(n/8n)I? 
= = “~~ = 1.64=2.15 dB. 5-22 
D(aj2)dipote P, (n/8x)I2,(2.44) 6 ( ) 


This is only slightly greater than the directivity value of 1.5 for an ideal dipole 
with uniform current. So for very short dipoles the directivity is 1.5 and increases 
to 1.64 as the length is increased to a half-wavelength. As length is increased 
further directivity also increases. A full-wave dipole has a directivity of 2.41. 
Even more directivity is obtained for a length of about 1.25. As the length is 
increased further the pattern begins to break up (see Fig. 5-4c) and directivity 
drops sharply. See Prob. 5.1-12. 
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5.1.2 The Vee Dipole 


Wire dipole antennas that are not straight also appear in practice. One such 
antenna is the vee dipole shown in Fig. 5-8. This antenna may be visualized as an 
open circuited transmission line that has been bent so that ends of length h have 
an included angle of y. The angle y for which the directivity is greatest in the 
direction of the bisector of y, is given by 


h\? h h 
)= 152(7 — 388(;] + 324, 0.5 Se 5 
5-23 
a gist eile 70.5(" + 162 is eieso nc 
capa erg aA, a ie a ee 
where the resulting angle y is in degrees. The corresponding directivity is 
j De 294(;) + 1.15. ; (5-24) 


These equations have been empirically derived for antennas with 0.5 < h/A < 3.0 
using the computational methods of Chapter 7. 

The directivity of a vee dipole can be greater than that of a straight dipole. 
This can be seen from the pattern in Fig. 5-9 where h=0.75A and y from 
(5-23) is 118.5°. Notice that the direction of maximum radiation is ¢ = 90° while 
radiation in the @ = 270° direction is about 2 dB less. Even more significant is 
the low level of the side lobes. For the most part it is the reduced side lobe levels 
of the vee dipole which give it a greater directivity than the straight dipole 
version (see Fig. 5-4c). The directivity for the vee dipole of Fig. 5-9 from (5-24) is 
D =2.94(0.75) + 1.15 = 3.355 = 5.26 dB: The directivity of a 1.54 long straight 
wire dipole is about 2.2, or 3.4 dB. 

The input impedance of a vee dipole antenna is generally less than that of a 
straight dipole of the same length. For example, the input impedance of the vee 
dipole in Fig. 5-9 is 102 + j14 ohms which is less than for the straight dipole 
version (L = 1.54) as found from Figs. 5-5 and 5-6. 


Figure 5-8 The vee dipole antenna. 
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180° 


Figure 5-9 Far-field pattern of a vee dipole shown in Fig. 
5-8 with arm length h =0.754 and y=118.5°. The 
plot is in decibels. 


5.2 FOLDED DIPOLE ANTENNAS 


An extremely practical wire antenna is the folded dipole. It consists of two 
parallel dipoles connected at the ends forming a narrow wire loop, as shown in 
Fig. 5-10, with dimension d much smaller than L and much smaller than a 
wavelength. The feed point is at the center of one side. The folded dipole is 
essentially an unbalanced transmission line with unequal currents. Its operation 


<dd> 


Figure 5-10 The folded dipole antenna. 
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is analyzed by considering the current to be composed to two modes: the trans- 
mission line mode and the antenna mode. The currents for these modes are 
illustrated in Fig. 5-11. 

The currents in the transmission line mode have fields that tend to cancel in 
the far field since d is small. The input impedance for this mode is given by the 
equation for a transmission line with a short circuit load 


je 
Z,=jZ, tan B 5 (5-25) 


where Z, is the characteristic impedance of the transmission line. 

In the antenna mode the fields from the currents in each vertical section 
reinforce in the far field since they are similarly directed. In this mode the 
charges “go around the corner” at the end, instead of being reflected back 
toward the input as in an ordinary dipole, which leads to a doubling of the input 
current for resonant lengths. The result of this is that the antenna mode has an 
input current that is half that of a dipole for resonant lengths. 

Suppose a voltage V is applied across the input terminals. The total behavior 
is determined by the superposition of the equivalent circuits for each mode in 
Fig. 5-12. Note that if the figures for each mode are superimposed and the 
voltages are added, the total on the left is V and on the right is zero as it should 
be. The transmission line mode current is 


, VN 
eZ ate 


i (5-26) 


(a) (b) 


Figure 5-11 The current modes on a folded 
dipole antenna. (a) Transmission line mode. (6b) 
Antenna mode. 
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Figure 5-12 Mode excitation and current for a 
voltage V applied to the terminals of a folded dipole. 
Superposition of these modes gives the complete 
folded dipole model. (a) Transmission line mode. 
(b) Antenna mode. 


For the antenna mode, the total current is the sum of each side, or J,. The 
excitation for this current is V/2, thus the antenna current is 


Vogue 


i 
Png eerip yas 


(5-27) 
where to a first-order approximation Zp is the input impedance for an ordina 
dipole of the same wire size [10]. The total current on the left is I, + 41, andthe 
total voltage is V, so the input impedance of the folded dipole is 


V 
Y per 5-28 
i eal ress 
Substituting (5-26) and (5-27) in (5-28) yields 
Wied. 
ope eee eel ty -29 
Zin Z,+2Zp ee) 


As an example consider the popular half-wave folded dipole. From (5-25) with 
L=4/2, Z; =jZ, tan[(2x/A)(4/4)] = jZ, tan(x/2) = o0. Then (5-29) gives 
Lin=i4Z py (x = 5 (5-30) 
Thus the half-wave folded dipole provides a four fold increase in impedance over 
its dipole version. Since the half-wave dipole (at resonance) has a real input 
impedance, the half-wave folded dipole will also. 
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Figure5-13 Current forthe antenna mode ofa half-wave folded 
dipole that has been folded out without disturbing the current. 


The current on the half-wave folded dipole is particularly easy to visualize. We 
will discuss this current and also rederive the impedance. If the vertical wire 
section on the right in Fig. 5-10 were cut directly across from the feed point and 
the wire folded out without disturbing the current, it would appear as shown in 
Fig. 5-13. The current is not zero at the ends because they are actually con- 
nected. Perhaps a better way to view this is to fold the current back down and 
note that currents on the folded part are now upside down as shown in 
Fig. 5-14a. The same total current (and thus same pattern) is obtained with both 
the folded and the ordinary dipoles in Fig. 5-14. The difference is that the folded 
dipole has two closely spaced currents equal in value, whereas in the ordinary 
dipole they are combined on one wire. From this it is easy to see that the input 
currents in the two cases are related as 


A 
ls aly (t-5) (5-31) 
The input powers are 
P, =4Z;,17 (folded dipole) (5-32) 
iP Ip 


(a) (b) 


Figure 5-14 Currents on half-wave dipoles. (4) 
Folded dipole. (6) Dipole. 
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and 
PZ mn cipole)) (5-33) 


Since the total currents are the same in the half-wave case, the radiated powers 
are also. Equating (5-32) and (5-33) and using (5-31) gives 


Op elgg sip 
2Z nlp oy 2Z inal D 
or 


Z,,=4Zp (i - 5} (5-34) 


This result is an independent confirmation of the result in (5-30). 

The input impedance of a half-wave folded dipole (at resonance) is four times 
that of an ordinary dipole. A resonant half-wave dipole has about 70 ohms input 
resistance, so a half-wave folded dipole then has an input impedance of 


Z, = 4(70) = 280 ohms _ (half-wave). (5-35) 


This impedance is very close to the 300 ohms of common twin-lead transmission 
line. 

The input impedance curves for a folded dipole of finite wire thickness are 
given in Fig. 5-15 as a function of folded dipole length. The solid curves were 
obtained from the transmission line model. The wire spacing d = 12.5a is such 
that the characteristic impedance corresponds to a 300-ohm transmission line 
[Z, = (n/n)ln(d/a) = 120 In(12.5a/a) ~ 300 ohms]. The folded dipole input im- 
pedance is then found from (5-25) and (5-29). As an example consider a folded 
dipole of length L=0.8A, spacing d= 12.5a, and radius a = 0.00052. From 
(5-25) 


Z, = j300 tan 0.82 = —j218 ohms. (5-36) 
From Figs. 5-5 and 5-6 
Zp = 950 + j950. (5-37) 
Using these in (5-29) yields 
Zin = 28 —j461 ohms (L=0.84). (5-38) 


This result agrees with the values shown in Fig. 5-15. 
_ Also shown in Fig. 5-15 as dashed curves is the input impedance calculated 
using the more exact methods of Chapter 7. The agreement between the simple 
transmission line model and the numerical method results is quite good. Both 
methods show that the real part of the input impedance is slightly less than 
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10° 


Transmission line model 
———— Moment method model 

2a = 0.001 

Z, = 300 ohms 


Re|Z;,(ohms) 


0.0 0.4 0.8 eZ 1.6 2.0 
Folded dipole L/r 
(a) 


Figure 5-15 Input impedance of a folded dipole. The solid curves are 
calculated from the transmission line model. The dashed curves are 
calculated from more accurate numerical methods. The wire radius a is 
0.0005 and wire spacing d is 12.5a. (a) Input resistance. 


300 ohms at the first resonance (L ~ 0.484) and slightly larger than 300 ohms at 
the second resonance (L ~ 1.47). It is this characteristic of the folded dipole 
that makes it useful at harmonically related frequencies. Note too the very low 
value of Z,, when L ~ A, 2A, .... This can easily be explained from the transmis- 
sion line model, since then tan(BL/2) ~ tan x = 0 and thus Z; = 0 and Z,, from 
(5-29) is zero. 

The folded dipole is used as an FM broadcast band receiving antenna, and it 
can be simply constructed by cutting a piece of 300 ohm twin-lead transmission 
line about a half-wavelength long (1.5 m at 100 MHz). The ends are soldered 
together such that the overall length L is slightly less than a half-wavelength at 
the desired frequency (usually 100 MHz). One wire is then cut in the middle and 
connected to the twin-lead transmission line feeding the receiver. 
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Transmission line model 


———-— Moment method model 
2a = 0.0012 
Z, = 300 ohms 


= 
jo) 
[) 


Im[Zin |(ohms) 


0.0 0.4 0.8 74 1.6 2.0 
Folded dipole L/X 
(b) 


Figure 5-15 (6) Input reactance. 


Occasionally two different wire sizes are used for a folded dipole as shown in 
Fig. 5-16. The input impedance for the half-wave case is given by 


A 

pe satan ae (1 ds 5 (5-39) 

For given values of d, a,, and a, the value of c can be found [10, 11]. As is 

frequently the case, if a, and a, are much less than d, c is approximately given 
by 

In(d/a,) 

ae 5-40 

: In(d/a2) Sa 

The folded dipole antenna is a very popular wire antenna. The reasons for this 

are its impedance properties and ease of construction. The equal size conductor 

half-wave folded dipole has an input impedance very close to that of a 300-ohm 
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(a) (b) 
Figure 5-16 Folded dipole antenna constructed from 
two different size conductors. (a) Side view. (b) End 
view. 


twin-lead type transmission line as seen from Fig. 5-15. Also, by changing the 
conductor radii the input impedance can be changed. In addition to having 
desirable impedance properties, the half-wave folded dipole has wider bandwidth 
than an ordinary half-wave dipole [12]. For these reasons a folded dipole is 
frequently used as a feed antenna for Yagi-Uda arrays and other popular 
antennas. 


5.3 FEEDING WIRE ANTENNAS 


When connecting an antenna to a transmission line it is important to make 
effective use of all available power from the transmitter in the transmit case and 
from the antenna in the receive case. There are two primary considerations: the 
impedance match between the antenna and transmission line, and the excitation 
of the current distribution on the antenna. In this section these general topics are 
discussed along with specific applications to wire antennas. 

First, consider impedance matching. A typical transmitter or receiver circuit is 
shown in Fig. 5-17. Usually the transmitter or receiver has an impedance equal 
to that of the transmission line, Z,. However, the antenna impedance, Z,,,, 1S 
frequently quite different from Z,. The question is whether this is a problem. 
The answer depends upon the application. In some cases corrective measures 
such as a matching network are necessary. Let us examine the effects created by 
a mismatch. It is well known that maximum power is transferred when there is a 
conjugate impedance match. Also, if the system were operated with a poor 
match at the antenna there would be reflections set up along the transmission 
line; that is, the voltage standing wave ratio (VSWR) is much greater than one. 
If the transmission line is of high quality (low loss) these reflections represent 
low-dissipative losses. For many applications an extremely low VSWR is a 
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Figure 5-17 Typical transmitter/receiver configuration. 


luxury and not a necessity. This is demonstrated in Table 5-3, which follows 
from (1-241). For example, a VSWR of 2: 1 leads to 89% power transmission. 
On the other hand, if the VSWR is very high, power is traveling back and forth 

along the transmission line, and if the line is lossy and/or of long length, dissipa- 
tive losses may be significant. 

High VSWR has other undesirable effects on a system. In high power applica- 
tions very high voltages will be developed between the conductors at certain 
points along a transmission line. These are called “hot spots” and may cause 
arcing. Also a high VSWR means that the impedance varies along the transmis- 
sion line and further that the impedance at any point varies as the frequency is 
changed. This may affect transmitter operation. For example, the frequency of 
the transmitter can be changed by severe input impedance mismatch; this is 
called “frequency pulling.” 

If the impedance mismatch is unacceptable there are several methods for 
improving the performance. Usually the characteristic impedance Z, is nearly 


Table 5-3 VSWR and Transmitted Power for a Mis- 
matched Antenna 


Percent reflected 


power Percent transmitted 
= | T IF x 100 . power 
- (Goweaa) S100 =q x 100 
VSWR VSWR + 1 = (1— ||?) x 100 
1.0 0.0 100.0 
isi 0.2 99.8 
1.2 0.8 99.2 
eS 40 96.0 
2.0 11.1 88.9 
3.0 25.0 75.0 
40 36.0 64.0 
5.0 44.4 55.6 
5.83 50.0 50.0 
10.0 66.9 33.1 


Se 
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real since low-loss transmission lines are used. For a match then the antenna 
should have an input impedance equal to Z, + j0. Sometimes it is possible to 
select an antenna that achieves this. If this is not possible a matching network 
can be employed as shown in Fig. 5-17. Such matching networks take many 
forms. One example is the quarter-wave transformer, which is a quarter-wave- 
length long transmission line with characteristic impedance ./Z, Ran, where Ran, 
is the antenna input resistance. If the antenna impedance has a reactive compon- 
ent other devices may be used. At high frequencies tuning devices such as stub 
tuners and irises are introduced to transform the real part of the impedance to 
that of the transmission line as well as tuning out the reactive component. At 
low frequencies reactive tuning is accomplished with variable capacitors and 
coils. 

There are disadvantages to using matching networks. The match is maintained 
only over a narrow band of frequencies. Also matching networks introduce loss ; 
for example, the current in tuning coils leads to ohmic loss. 

On the other hand, there are several ways to change the input impedance of 
an antenna without using a matching network. For example, the input resistance 
of a dipole can be changed by displacing the feed point off center. If the feed 
point is a distance z,, from the center of the dipole the current at the input 
terminals is 


L 
= sin a(5 — |z.,| }} (5-41) 
In the case of a half-wave dipole as shown in Fig. 5-18 BL/2 = 2/2 and this 
reduces to 
Tin = y ise COs BZ: ° (5-42) 
The input resistance (not including ohmic losses) is found from (5-42) in (5-20) 
giving 
12 R A 
R. = mL R = es Se i =— |, us 


As the feed point approaches the end of the wire this result indicates that the 
input resistance increases toward infinity. In practice, the input resistance be- 


Figure 5-18 Half-wave dipole with displaced feed. 
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4 Figure 5-19 Current distribution ona full wave dipole for 
an off-center feed. 


comes very large as the feed point moves out. The pattern is essentially un- 
changed as the feed point shifts. For longer dipoles the pattern and impedance 
differ significantly from the center-fed case as the feed point is displaced. For 
example, a full-wave dipole fed a quarter-wavelength from one end, as shown in 
Fig. 5-19, will have a current distribution which is significantly different from the 
center fed full-wave dipole of Fig. 5-3c. 

The off-center feed arrangement is unsymmetrical and can lead to undesirable 
phase reversals in the antenna, as shown in Fig. 5-19. A symmetrical feed that 
increases the input resistance with increasing distance from the center point of 
the wire antenna is the shunt feed. A few forms of shunt matching are shown in 
Fig. 5-20. We will discuss the operation of the tee match and the remaining 
shunt matches behave in a similar fashion. The center section of the tee match 
may be viewed as being a shorted transmission line in parallel with a dipole of 
wide feed gap spacing. The shorted transmission line is less than a quarter- 
wavelength long and thus its impedance is inductive. Capacitance can be in- 
troduced to tune out this inductance by either shortening the dipole length or by 
placing variable capacitors in the shunt legs. As the distance D is increased the 
input impedance increases and peaks for a D of about half of the dipole length. 
As D is increased further the impedance decreases and finally equals the folded 
dipole value when D equals the dipole length. The exact impedance value 


Cc 


= ob 


(a) (b) (c) 


Figure 5-20 Shunt matching configurations. (a) Delta 
match. (b) Tee match. (c) Gamma match. 
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depends on the distances C and D, and the ratio of the dipole wire diameter to 
the shunt arm wire diameter (similar to the folded dipole behavior). In practice, 
sliding contacts are made between the shunt arms and the dipole for impedance 
adjustment. Shunt matches will radiate and do so in an undesirable fashion. 

We now turn our attention to a separate but related problem of balancing 
currents on wire antennas. Many wire antennas are symmetrical in nature and, 
thus, the currents should also be symmetrical (or balanced). An example of 
balanced and unbalanced operation of a half-wave dipole is shown in Fig. 5-21. 
In the balanced case the currents on the transmission line are equal in magni- 
tude and opposite in direction, which yields very small radiation from the trans- 
mission line for closely spaced conductors. For unbalanced operation, as 
illustrated in Fig. 5-21b, the current J, is greater than J, and there is a net current 
flow on the transmission line leading to uncontrolled radiation, that is, not in the 
desired direction or of the desired polarization. Also, the unbalanced current on 
the antenna will change the radiation pattern from the balanced case. Thus, it is 
clear that balanced operation is necessary. . 

Transmission lines are referred to as balanced and unbalanced. Parallel wire 
lines are inherently balanced in that if an incident wave (with balanced currents) 
is launched down the line it will excite balanced currents on a symmetrical 
antenna. On the other hand, a coaxial transmission line is not balanced. A wave 
traveling down the coax may have a balanced current mode, that is, the currents 
on the inner conductor and the inside of the outer conductor are equal in 
magnitude and opposite in direction. However, when this wave reaches a sym- 
metrical antenna a current may flow back on the outside of the outer conductor 
which unbalances the antenna and transmission line. This is illustrated in 
Fig. 5-22. Note that the currents on the two halves of the dipole are unbalanced. 
The current I, flowing on the outside of the coax will radiate. The currents J, 
and J, in the coax are shielded from the external world by the thickness of the 
outer conductor. They could actually be unbalanced with no resulting radiation; 
it is the current on the outside surface of the outer conductor which must be 


+ \ eer’ 
1) me) 
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Figure 5-21 Balanced and unbalanced operation 
of a center-fed half-wave dipole. (a) Balanced 
currents, /,=J,. (6) Unbalanced currents, 
ie Oe 
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Zo 
Figure 5-22 Crosssection of a coaxial transmission line feeding 
a dipole antenna at its center. 


suppressed. To suppress this outside surface current, a balun (contraction for 
“balanced to unbalanced”) is used. 

The situation in Fig. 5-22 may be understood by examining the voltages that 
exist at the terminals of the antenna. These voltages are equal in magnitude but 
opposite in phase (ie., V; = —V,). Both voltages act to cause a current to flow 
on the outside of the coaxial line. If the magnitude of the currents on the outside 
of the coax produced by both voltages were equal, the net current would be zero. 
However, since one antenna terminal is directly connected to the outer conduc- 
tor, its voltage V, produces a much stronger current than does the other voltage 
V,. A balun is used to transform the balanced input impedance of the dipole to 


aL, 


0 


Figure 5-23 Cross-section of asleeve balun feeding a dipole at 
its center. 
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(b) 


(c) 


Figure 5-24 Equivalent circuits for a dipole fed 
from a coaxial transmission line of characteristic 
impedance Z, and load impedance Z,. (a) 
Equivalent circuit of coax-fed dipole in Fig. 5-22. 
(b) Equivalent circuit of sleeve balun-fed dipole 
in Fig. 5-23. (c) Final equivalent circuit for Fig. 5- 
23 with quarter-wave transmission line removed, 
I, =1,. 
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Ve Va 


Figure 5-25 The split coax balun. 


the unbalanced coaxial line such that there is no net current on the outer 
conductor of the coax. 

To illustrate how a balun works, consider the sleeve (or bazooka) balun in 
Fig. 5-23. The sleeve and outer conductor of the coaxial line form another coax- 
ial line of characteristic impedance Z/, which is shorted a quarter-wavelength 
away from its input at the antenna terminals. The equivalent circuit for Fig. 5-22 
is that of Fig. 5-24a. The equivalent circuit of Fig. 5-23 is that of Fig. 5-24b, 
which shows that both terminals see a very high impedance to ground. Thus, the 
situation in Fig. 5-24b is equivalent to the balanced condition of Fig. 5-24c 
wherein the currents J, and J, are equal. 

The sleeve balun appears in practice in several forms. An easily constructed 


288 ohms 


a|> 


Figure 5-26 A balun that provides an impedance stepup 
722 ratio of 4:1. 
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form is the split coax balun shown in Fig. 5-25. The quarter-wavelength of coax 
from the A terminal to the outer conductor of the transmission line does not 
affect the antenna impedance Z,,,. The extra quarter-wavelength of coax 
together with the outer conductor of the main transmission line form another 
equivalent transmission line, which is a quarter-wavelength long and is shorted 
at C. Therefore, the short circuit at C is (ideally) transformed to an infinite 
impedance at the antenna terminals, which is in parallel with Z,,, leaving the 
input impedance unchanged. The quarter-wavelength line induces a cancelling 
current on the outside of the coaxial transmission line, so that the net current on 
the outside of the main coax below point C is zero as shown in Fig. 5-25. The 
sleeve balun is, of course, not broadband because of the quarter-wavelength 
involved in its construction. Broadband baluns can be constructed by coiling a 
coaxial line in a symmetrical fashion. If the coil is wound around a toroidal 
ferrite core, a bandwidth of as much as 10: 1 is possible. 

Impedance transformation may also be included in a balun for matching 
purposes. For example, the “four-to-one” balun in Fig. 5-26, will transform an 
unbalanced 72-ohm impedance to one that is 288-ohm balanced. Such a balun is 
useful with a folded dipole antenna. A balun that leaves the impedance un- 
changed is frequently referred to as a “one-to-one” balun. 


5.4 YAGI-UDA ANTENNAS 


We saw in Chapter 3 that array antennas can be used to increase directivity. The 
arrays we have examined have had all elements active, requiring a direct connec- 
tion to each element by a feed network. The feed networks for arrays are con- 
siderably simplified if only a few elements are fed directly. Such an array is 
referred to as a parasitic array. The elements that are not directly driven (called 
parasites) receive their excitation by near-field coupling from the driven ele- 
ments. A parasitic linear array of parallel dipoles is called a Yagi-Uda antenna, a 
Yagi-Uda array, or simply “Yagi.” Yagi-Uda antennas are very popular be- 
cause of their simplicity and relatively high gain. In this section the principles of 
operation and design data for Yagis will be presented. 

The first research done on the Yagi-Uda antenna was performed by Shintaro 
Uda at Tohoku University in Sendai, Japan, in 1926 and was published in 
Japanese in 1926 and 1927; see [13]. The work of Uda was reviewed in an article 
written in English by Uda’s professor, H. Yagi, in 1928 [14]. 

The basic unit of a Yagi consists of three elements. To understand the prin- 
ciples of operation for a three-element Yagi we will begin with a driven element 
(or “driver”) and add parasites to the array. Consider a driven element that is a 
resonant half-wave dipole. If a parasitic element is spaced very close to it, it is 


5.4 YAGI-UDA ANTENNAS 221 


excited by the driven element with roughly equal amplitude, so the field incident 
on the parasite is 
eeiaeni maa iE ahve : (5-44) 


A current is excited on the parasite and the resulting radiated electric field, also 
tangent to the wire, is equal in amplitude and opposite in phase to the incident 
wave. This is because the electric field arriving at the parasite from the driver is 
tangential to it and the total electric field tangential to a good conductor is zero. 
Thus the field radiated by the parasite is such that the total tangential field on 
the parasite is zero, or 0 = Ejnciaent + Eparasite. Combining this fact with (5-44) 
gives 

Een cite ms =a incident = =a IE gtiver : (5-45) 


From array theory we know that two closely spaced, equal amplitude, opposite 
phase elements will have an endfire pattern; for example see Fig. 3-4. The pat- 
tern of this simple two-element parasitic array for 0.04/ spacing is shown in 
Fig. 5-27b. 

The simplistic beauty of the Yagi is revealed by lengthening the parasite. The 
dual endfire beam is changed to a more desirable single endfire beam. This effect 
is illustrated for the two-element parasitic array of Fig. 5-28. The driver is a 
dipole of length 0.47814, which is a half-wave resonant length when operated in 
free space. The parasite is a straight wire of length 0.494 and spaced a distance 
0.04, away from the driver. The H-plane pattern in Fig. 5-28b obtained from the 
numerical methods of Chapter 7 demonstrates the general trend of a parasite 
which is longer than the driver: a single main beam occurs in the endfire direc- 
tion from the parasite to the driver along the line of the array. Such a parasite is 
called a reflector because it appears to reflect radiation from the driver. 


(a) (b) 


Figure 5-27 Atwoelementarray of half-wave resonant dipoles, one a driver 
and the other a parasite. The currents on both are equal in amplitude and 
opposite in phase. (a) Array configuration. (b) H-plane pattern computed 
from simple array theory. 
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Figure 5-28 Two-element Yagi-Uda antenna consisting of a driver of 
length 0.4781, and a reflector of length 0.494 spaced 0.04, away. The 
wire radius for both is 0.0012. (a) Array configuration. (b) H-plane 
pattern computed from numerical methods. 


If the parasite is shorter than the driver, but now placed on the other side of 
the driver, the pattern effect is similar to that when using a reflector in the sense 
that main beam enhancement is in the same direction. The parasite is then 
referred to as a director since it appears to direct radiation in the direction from 
the driver toward the director. The parasitic array in Fig. 5-29a consisting of a 
driver and a director has the pattern shown in Fig. 5-29b. 


(a) (b) 
Figure 5-29 Two-element Yagi-Uda antenna consisting of a driver of 
length 0.4781 / and a director of length 0.45, spaced 0.04, away. The wire 
radius for both is 0.0012. (a) Array configuration. (b) H-plane pattern 
computed from numerical methods. 
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The single endfire beam created by the use of a reflector or a director alone 
with a driver suggests that even further enhancement could be achieved with a 
reflector and a director on opposite sides of a driver. This is indeed the case. An 
example of a three-element Yagi is shown in Fig. 5-30a, which is a combination 
of the geometries of Figs. 5-28a and 5-29a. The pattern of Fig. 5-30b is improved 
over that of either two-element array. The E-plane pattern for the three-element 
Yagi is shown in Fig. 5-30c: It is essentially equal to the H-plane pattern mul- 
tiplied by the element factor for the array, which is that of a half-wave dipole. 
Again these patterns were obtained by numerical solution. 


(a) 


(b) 


(c) 


Figure 5-30 Three-element Yagi-Uda 
antenna consisting of a driver of length 
0.47814, a reflector of 0.494, and a 
director of length 0.454, each spaced 
0.04, apart. The wire radius for each is 
0.001. (a) Array configuration. (b) H- 
plane pattern computed from numerical 
methods. (c)  E-plane pattern 
computed from numerical methods. 
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The maximum directivity obtainable from a three-element Yagi is about 9 dB 
[15]. The optimum spacings (for maximum directivity) are on the order of 0.15 
to 0.25 wavelength between the reflector and driver and also between the driver 
and director. Typically the reflector is lengthened 5% or more and the director is 
shortened 5°% or more from the length of the resonant length driver. The reson- 
ant length of the driver does not differ significantly from its resonant length 
when operated with no parasites present [16]. 

A considerable amount of experimental and theoretical work has been done 
on extending the Yagi array beyond the basic three element unit. It has been 
found that more than one reflector provides little improvement. On the other 
hand, the addition of more directors does increase the gain. The general Yagi 
array including several directors is shown in Fig. 5-31. 

The Yagi is really an endfire traveling-wave antenna. A surface wave of the 
slow wave type, with a phase velocity less than that of a free space plane wave, 
propagates along the array. Since the array is parasitic the current on the direc- 
tor elements farther out from the driver have decreasing current amplitudes. If 
the amplitudes and phases of the currents on each element were known, array 
analysis could be used to determine the radiation pattern. Numerical techniques 
as found in Chapter 7 are required to determine the element currents. In the 
remainder of this section we will present the results of numerical analysis for 
Yagi antennas which can be used to design Yagis. 

Because of the decreasing current amplitudes for the directors farther from the 
driver, there is a smaller gain increase for each director added to the end of the 
Yagi array. In fact, the addition of directors up to about five provides significant 
increase in gain. But further addition of directors gives little gain improvement, 
that is, there is a “point of diminishing returns.” This is illustrated in Fig. 5-32 
where gain is plotted versus the total number of elements in the array (including 
one reflector and one driver) [17]. The element spacing is fixed (Sp = Sp = 0.15A) 
for this curve. Note that adding one director to increase N from 3 to 4 gives 
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Figure 5-31 Configuration for a general Yagi-Uda 
antenna. 
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about 1-dB gain increase, whereas adding one director to increase N from 9 to 
10 yields only about 0.2-dB gain increase. 

The characteristics of a Yagi are affected by all of the geometric parameters of 
the array. Fortunately though, minor changes in the geometry likewise yield only 
minor changes in the Yagi performance. In Table 5-4 the characteristics of 
several Yagi antennas are listed. These data were obtained by the method 
of moments presented in Chapter 7. All array elements have a conductor 
diameter of 0.0054, which corresponds to L/2a ~ 100. A popular construction 
material for Yagis is 4-in.-diameter tubular aluminum, which has a 0.005A 
diameter at 118 MHz. However, the conductor diameter is not a critical 
parameter; Yagis can be constructed using the design data of Table 5-4 and 
commonly available materials without significantly affecting the electrical perfor- 
mance characteristics. The data in the table agrees well with experimental re- 
sults; for example, see [18]. Details on precise design of Yagis are available in the 
literature [19]. 

In all cases given in Table 5-4 the half-power beamwidth in the E-plane 
(xz-plane) is smaller than in the H-plane (yz-plane), This is due to the element 
pattern of the array. In the E-plane the element pattern is approximately that of 
a half-wave dipole since all elements are about a half-wavelength long. However, 
in the H-plane the element pattern is isotropic because the elements are seen in 
end view giving nearly zero extent, which yields an isotropic element pattern. 
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Example 5-1. A Six-Element Yagi for TV Channel 15 


This example demonstrates how simple it is to design a Yagi antenna. Additionally, it is 
shown that liberties may be taken with the design values of Table 5-4 without significant 
performance degradation. The design has been tested by building the antenna according 
to the techniques detailed in Prob. 5.4-7 and it was found to operate very well. The 
midband frequency for TV Channel 15 from Appendix D.2 is 479 MHz, which corre- 
sponds to a wavelength of 4 = 62.63 cm. Number 8 wire was used to construct the 
antenna elements. From Appendix E.2 No. 8 wire has a 0.3264-cm diameter which leads 
to 2a = 0.0052/. To test the sensitivity of Yagi performance to deviation from the lengths 
and spacings given in Table 5-4, the following geometry was used: 


Lp = 054. = 31.3 cm ‘ ioe Savas 
EOC TNE 29 Ai cra gies aeneciedte Pak’ san (5-46) 


Lp = 0.432 = 269 cm Sp = 0.30A = 18.8 cm 


This six-element Yagi was evaluated using numerical methods with the following results: 
input impedance Z;, = 59.5 + j47.5 ohms, gain G = 11.5 dB, E-plane half-power beam- 
width HP; = 56°, H-plane half-power beamwidth HP,, = 62°, E-plane first side lobe 
SLL, = —16.6 dB, H-plane first side lobe SLL, = —8.1 dB, and a front-to-back ratio of 
9.7 dB. These values are in general agreement with those of Table 5-4 for six-element 
Yagis. The computed radiation patterns for this antenna are plotted in Fig. 5-33. 


In practice Yagi antennas are mounted on a mast that is usually constructed 
of tubular aluminum. It is not necessary to insulate the parasitic elements from 
the mast because very little current will be excited on it. Of course, the driven 
element must be insulated to avoid shorting the terminals. When using a metal 
mast it may be necessary to increase the element lengths slightly to achieve 
optimum performance. In most cases the driven element is a folded dipole. This 
serves two purposes. First, the input impedance of the driver is increased. This is 
desirable because the input resistance values of Table 5-4, which are computed 
for an ordinary resonant half-wave dipole feed, are relatively low and not well 
matched to common transmission lines. Second, the electrical performance of the 
antenna will remain stable over a wider bandwidth when a folded dipole feed is 
used. It is also quite common to employ multiple, series fed, folded dipole driven 
elements together with one reflector and several directors. Further gain can be 
obtained by arraying or “stacking” Yagi antennas. Maximum gain results for a 
stacking separation of almost one wavelength (see Fig. 3-20). 

The Yagi is one of the most popular antennas in use today in the HF-VHF- 
UHF frequency range. It provides high gain while at the same time offering low 
weight and low cost. It has relatively narrow bandwidth, but if high gain is 
required the Yagi antenna may be the lowest cost antenna available over the 
stated frequency range. 
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The operation of low-frequency (roughly VHF and below) antennas are affected 
significantly by the presence of typical environmental surroundings, such as the 
earth, buildings, and so forth. In Section 2.3 we discussed the principles for 
analyzing antennas above a perfect ground plane. A perfect ground plane in its 
ideal form is an infinite, plane, perfect conductor. It is well approximated in 
practice by a planar good conductor which is large relative to the antenna 
extent. Image theory from Section 2.3.1 reveals that an antenna above a perfect 
ground plane, or an approximation thereof, has an equivalent form that is an 
array. Array theory can then be used to obtain the radiation pattern above the 
ground plane. 

In this section we consider ground planes which are not well approximated by 
a perfect ground plane. Since low-frequency antennas are most affected by their 
surroundings and low-frequency antennas are usually wire antennas, the illustra- 
tions will be for wire antennas above a ground plane. The general principles can, 
however, be applied to many antenna types. 

A ground plane can take many forms, such as radial wires around a mono- 
pole, the roof of a car, or the real earth. In many situations the earth is well 
approximated as being infinite and planar, but it is a poor conductor. Good 
conductors have conductivities on the order of 10’ mhos/m. Earth conductivity 
varies greatly, but is typically 10-1 to 10° ? mho/m with rich soil at the high end 
and rocky or sandy soil at the low end. With these low conductivities electric 
fields generated by a nearby antenna penetrate into the earth and excite currents 
which in turn give rise to a| E|? ohmic losses. This loss appears as an increase in 
the input ohmic resistance and thus lowers the radiation efficiency of the 
antenna. 


5.5.1 Pattern Effects of a Real Earth Ground Plane 


The pattern of an antenna over a real earth is different from the pattern when 
the antenna is operated over a perfect ground plane. Approximate patterns can 
be obtained by using image theory. The same principles discussed in Section 
2.3.1 for images in perfect ground planes apply, except that the strength of the 
image in a real ground will be reduced from that of the perfect ground plane case 
(equal amplitude, and equal phase for vertical elements and opposite phase for 
horizontal elements). The strength of the image can be approximated by weight- 
ing it with the plane wave reflection coefficient for the appropriate polarization 
of the field arriving at the ground plane. To illustrate, consider a short vertical 
dipole a distance h above a ground plane, shown in Fig. 5-34 together with its 
image. There is a direct and a reflected ray arriving in the far field. As can be 
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Figure 5-34 Ashort vertical dipole of current /above a real earth ground plane, 
together with its image of current I’, J. 


seen, the reflected ray appears to be coming from the image antenna. The pri- 
mary source and its image form an array. The electric field above the ground 
plane for this example, from (1-75) in (1-90), is 


+IT,IL 


—— 5-47 
4nR, YAS ( ) 


e JBR1 e JBR2 
E, = jo@p sin Gli are 


where L is the length of the short dipole and I’, I is the current for the image 
dipole. I, is the plane wave reflection coefficient for a planar earth and vertical 
incident polarization. Using parallel rays for far-field calculations gives the 
far-field distance expressions 


R,=r—hcos@ and R,=r+hcos 0. (5-48) 


Then (5-47) reduces to 


bulbs 


I } 
Eg= jou SiGe ely Cee (5-49) 


where R, © R, ~r was used in the denominator. This expression is valid above 
the ground plane. It contains an element pattern sin 6 and an array factor, in the 
brackets, for a two-element array with elements spaced 2h apart. 
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Similarly for a horizontally oriented short dipole as shown in Fig. 5-35, we 
have (in the xz-plane) 


e jbr 


I ; 
E, = Oly es COs (ei cae = brew? rie 4) (5-50) 
T 
where the minus sign appears because the image current is in the opposite 


direction. This expression is valid only in the xz-plane. The field in the yz-plane 
is given by 


Peliest’ 
Ey, = jou ce 


(ei cos 0 a Ge e iBh eon). (5-51) 


The element pattern is unity because a dipole has an omnidirectional pattern in 
the plane normal to the dipole axis. The horizontal reflection coefficient I, is 
used in this case because the electric field from the primary antenna in the 
yz-plane is incident on the ground plane horizontally, that is, parallel to the 
plane. 

There is no minus sign in the second term of (5-51) because of the definition of 
T,,, which is [20] 


cos 0 — ./é, — sin’ 0 


a= ‘ 5-52 
4” cos 6+ ./e. — sin? 6 524) 


—_—_{1__~—_ Image 
Pyl 


Figure 5-35 Ashort horizontal dipole of current J above a real earth ground 
plane together with its image of current I, / for the xz-plane. The image 
current in the yz-plane is I’, /. 
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This is the plane wave reflection coefficient for an incident electric field perpendi- 
cular to the plane of polarization (i.e., the plane formed by the surface normal 
and the direction of propagation). Further, for I, we have [20] 


= &2008'0 = x7 &, —SitighO (5-53) 
" & cos 0+ ./e, — sin? 0 


This is the plane wave reflection coefficient for an incident electric field parallel 
to the plane of polarization. ¢, is the relative complex effective dielectric constant 
(see Section 1.2) for the ground and is given by 


T 


pie Ae BPs ie (5-54) 
Eo WE, 
é, and o are the relative dielectric constant and conductivity of the ground plane. 
The earth has an average value of ¢,= 15. Ground conductivities across the 
United States vary from 10°? to 3 x 10°* mho/m [20]. A convenient parameter 
is the ratio of the imaginary part of ¢ to the real part, ¢,, given by 


oO 


i= : 
WE, Ey 


(5-55) 


The value of n increases for decreasing frequency and increasing conductivity 
and is infinite for a perfect ground plane. 

The reflection coefficients, [,, and I,,, both approach —1 for a real earth 
ground plane at angles of @ near 90° (grazing incidence). The reflection 
coefficient for vertical polarization has, in general, a rather complex behavior as 
a function of 0. On the other hand, I’,, always has a phase of about 180° and a 
magnitude not too different from unity for all values of 0. In fact, for frequencies 
of 1 MHz or below and good earth conductivities the magnitude of I’, is very 
nearly unity for 0 from 0 to 90°. 

The use of plane wave reflection coefficients to obtain the image strength is 
only an approximation since antennas near a ground plane do not form plane 
waves incident on the ground plane. In addition to the radiation we have 
described above there is a surface wave that propagates along the ground plane 
surface. For HF and VHF frequencies the surface wave attenuates very rapidly. 
For grazing angles (0 near 90°) [',, + —1 and vertical antennas close to a real 
earth have zero radiation for 6 = 90°; see (5-49). In this case the surface wave 
accounts for all propagation, as in daylight standard broadcast AM. The effect of 
neglecting the surface wave, and using the procedure given above, has been 
found not to be critical for vertical antennas [21]. For horizontal antennas the 
antenna should be at least 0.24 above the earth for the plane wave reflection 
coefficient method to be valid [22]. 

The elevation pattern for a short vertical dipole at the surface of various 
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Figure 5-36 Elevation patterns of a vertical short dipole at the 
surface of the ground plane, for a perfect ground plane (” = oo) and 
typical soils (1 =1 and 100) with ¢,=15. (After Jordan and 
Balmain [20]. Reprinted by permission of Prentice-Hall, Inc., 
Englewood Cliffs, NJ.) 


ground planes is shown in Fig. 5-36. When the ground plane is perfect (n = 00) 
the pattern above the ground plane is the same as that of a short dipole in free 
space, sin 9. Thus, in the perfect ground plane case radiation is maximum along 
the ground plane; whereas for a real earth ground plane the radiation maximum 
is tilted up away from the ground plane and is reduced in intensity, for the same 
input power, due to reduced efficiency. This is a general trend. The effect of a 
lossy earth on vertical antennas is to tilt the radiation pattern upward. A good 
radial ground system (to be discussed in Section 5.5.2) will make the pattern 
behave more nearly like that for a perfect ground plane, that is, increase the low 
angle radiation (along the ground plane). Low angle radiation is particularly 
important for long distance communication links that rely on ionospheric 
reflection (skip). 

A short vertical dipole that is 1/4 above the ground plane forms a 4/2 spaced 
array with its image. For the perfect ground plane ¢, = oo and I’, from (5-53) is 
+1. The array is then a 1/2 spaced, equally excited, in-phase collinear array. The 
pattern for this is given in Fig. 3-17 and is also plotted in Fig. 5-37a (n = 00). 
For a real earth ground plane I, ~ —1 at grazing angles (0 near 90°). The array 
contributions thus cancel giving a null along the ground plane as shown in 
Fig. 5-37a. As the height h is increased to 4/2 the equivalent array of Fig. 5-34 
has a J spacing and multiple lobes appear in addition to the effects described for 
h = 4/4. The elevation patterns for h = 4/2 are plotted in Fig. 5-37b. 
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(b) 


Figure 5-37 Elevation patterns (in the E-plane) of a vertical 
short dipole above various ground planes. ¢, = 15 for real 
earth cases. (a) A quarter-wavelength above ground, 
h=1/4. (b) A half-wavelength above ground, h = 4/2. 
(After Jordan and Balmain [20]. Reprinted by permission 
of Prentice-Hall, Inc., Englewood Cliffs, NJ.) 
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For a horizontal short dipole as shown in Fig. 5-35 the radiation is not the 
same for all planes through the z-axis, as for vertical antennas. In the yz-plane 
(perpendicular to the axis of the dipole) the radiation electric field is given by 
(5-51). The reflection coefficient I’, is exactly —1 for a perfect ground plane and 
approximately —1 for real earth ground planes at all angles 6. The element 
pattern is isotropic since the elements are seen in end view in the H-plane 
(yz-plane). Thus the array factor completely determines the pattern. The H-plane 
patterns for h equal to 1/4 and 4/2 are shown in Fig. 5-38 for various ground 
planes. Since the dipole and its image are nearly out-of-phase there will be a null 
along the ground plane. For h= 1/4 the half-wavelength spacing between the 
dipole and its image compensates for the near out-of-phase array condition 
giving a maximum for 0 = 0° in Fig. 5-38a (see Fig. 3-4 also). For h = 4/2 anda 
perfect ground plane, radiation from the dipole and its image are exactly out-of- 
phase in the 06 = 0° direction giving a null. For real earth ground planes the 
image is not exactly of equal amplitude and opposite phase so there is not a 
perfect null in the 0=0° direction but a low radiation value as seen in 
Fig. 5-38b. Notice that the effects of finite conductivity are much less pro- 
nounced for horizontal antennas than for vertical antennas. 

The E-plane radiation from a horizontal short dipole can be found from 
(5-50). 

The field expressions of (5-49) to (5-51) for short dipoles above a ground plane 
can be used for other antenna types by using the appropriate element pattern. In 
particular, sin 9 in (5-49) and cos @ in (5-50) are replaced by the free-space 
pattern of the antenna considered. 


5.5.2 Ground Plane Construction 


An excellent ground plane can be constructed by using a metallic sheet that is 
much larger than the antenna extent. Such ground planes become impractical at 
low frequencies because of the size required. In this section various techniques 
are discussed for increasing the apparent conductivity of a real earth ground. 

Consider a vertical monopole antenna with its base at ground level. (See 
Section 2.3.2 for a discussion of monopoles over a perfect ground plane.) Cur- 
rents flowing up the antenna leave the antenna and form displacement currents 
in air. Upon entering the earth, conduction currents are formed which converge 
toward the base of the antenna. Losses in an earth ground can be reduced by 
providing a highly conductive return path. This is commonly achieved with a 
radial ground system. The size of the wires used is not critical and is determined 
by the mechanical strength required. Number 8 AWG wire is typical. They need 
not be buried, but it is usually convenient to do so. However, they should not be 
buried too deep in order to minimize the extent of earth through which the fields 
must pass. Sometimes the radial wires are linked together at the base of the 


Figure 5-38 H-plane elevation radiation patterns for a horizontal short dipole above 
various ground planes. See Fig. 5-35. c,= 15 for real earth cases. (a) A quarter- 
wavelength above ground, h = 4/4. (b) A half-wavelength above ground, h = 4/2. 
(After Jordan and Balmain [20]. Reprinted by permission of Prentice-Hall, Inc., 
Englewood Cliffs, NJ.) 
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monopole by a ring shaped ground strap. Occasionally one or more stakes are 
driven into the ground near the base on the monopole. 

The ohmic resistance of the radial system and earth ground adds to the ohmic 
resistance of the monopole structure to determine the total ohmic resistance 
components of the input impedance. The efficiency of the antenna system 
depends on the proportion of radiation resistance and ohmic resistance; see 
(1-182). For high-power transmitting antennas it is important to have a well 
designed radial system to achieve high efficiency. On the other hand, for simple 
monopole structures, three equally spaced radial wires form the radial system. 

The most sophisticated ground system such as used with a standard broadcast 
AM transmitting antenna is 120 radial wires spaced equally, 3° apart, around the 
tower out to a distance of about a quarter-wavelength from the tower. In 
general, the length of the radials is roughly equal to the height of the monopole 
antenna. The value of the total ohmic resistance of a ground system with 120 
radials for typical soils is plotted in Fig. 5-39 for a few frequencies as a function 
of radial length [23]. Note that at 3 MHz a ground system with 120 radials that 
are about a quarter-wavelength long (25 m) gives a ground system resistance of 
1 ohm. Since the surface resistance of the earth varies as the square root of 
frequency [see (1-185)] the ground system resistance will be constant for lower 
frequencies if the length of the radials is increased in proportion to the square 
root of wavelength. For frequencies above 3 MHz, the curve for radial length in 
Fig. 5-39 is only slightly to the right of the 3-MHz curve. This is because after 
the radials reach a length of about a quarter-wavelength most of the large 
current densities occur within the region of the radials and further length in- 
crease is of no major consequence. 

The construction principles for a radial wire ground system on top of or in the 
earth can be summarized rather simply. The function of a radial system is to 
prevent the electromagnetic fields from the antenna from penetrating into the 
ground and exciting currents which in turn lead to o|E|? ohmic loss. As can be 
seen from the above discussion, if 120 quarter-wavelength long radials are 
employed the ohmic resistance introduced by the ground system will be at most 
a few ohms and usually well under an ohm. In most applications it is impractical 
to install as many as 120 radials. Generally speaking, 50 radials about a quarter- 
wavelength long will reduce earth losses to a few ohms. When only a few radials 
are used the added resistance of the ground can be several ohms. Also if the 
radial lengths (almost independent of the number used) are reduced below a 
tenth of a wavelength the ground system resistance will increase significantly.! 
The radial wires can be laid on top of the ground or buried slightly (but never 
deeply buried). Wire selection is largely determined by mechanical considera- 
tions. As the number of radials is increased the less current each one will have to 


’ More details and references for ground system design are available in [24]. 
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Figure 5-39 Typical resistance of radial ground systems using 120 radials in 
average soil. (From Griffith [23]. © 1962 McGraw-Hill. Used with per- 
mission of McGraw-Hill Book Company.) 


carry and thus the smaller the wire diameter required. At the base of the antenna 
the radials should be connected together and to one or more ground stakes. 

At high frequencies (VHF and above) antennas are often mounted over metal- 
lic (solid, mesh, or radial wire) ground planes of relatively small extent. Then the 
dimensions and shape of the ground plane are important. In general the radia- 
tion is greatest in the direction of the largest portion of the ground plane. For 
example, consider a monopole antenna mounted on an automobile. If it is 
placed on the right rear bumper a pattern maximum occurs off of the left front of 
the car. When the antenna is mounted in the center of the car roof there is some 
slight pattern enhancement in the forward and rear directions. 
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The wire antennas we have discussed thus far have been resonant structures. The 
wave traveling outward from the feed point to the end of the wire is reflected, 
setting up a standing-wave type current distribution. This can be seen by exa- 
mining the expression for the current in (5-1) for the top half of the dipole which 
can be written as 


I, Sit 0(5 - :)| = yo an — eb). (5-56) 
The first term in brackets represents an outward traveling wave and the second 
term a reflected wave. The minus sign is the current reflection coefficient at an 
open circuit. 

If the reflected wave is not present on an antenna it is referred to as a 
traveling-wave antenna. A traveling-wave antenna acts as a guiding structure for 
traveling waves whereas a resonant antenna supports standing waves. Traveling 
waves can be created by using matched loads at the ends to prevent reflections. 
Also, very long antennas will radiate most of the power, leading to small 
reflected waves by virtue of the fact that very little power is incident on the ends. 
In this section several wire forms of traveling-wave antennas will be discussed. 
Other traveling-wave antennas are discussed under the topic of broadband 
antennas in the next chapter. Some of the antennas in this section are essentially 
the traveling-wave counterparts of resonant wire antennas presented previously 
in this chapter. They tend to be broadband with bandwidths of as much as 2: 1. 

The simplest traveling-wave wire antenna is a straight wire carrying a pure 
traveling wave, referred to as the traveling-wave long wire antenna. A long wire is 
one that is greater than one-half wavelength long. The traveling-wave long wire 
is shown in Fig. 5-40 with a matched load R, to prevent reflections from the 
wire end. Exact analysis of this structure, as well as others to be presented in this 
section, is formidable. We shall make several simplifying assumptions which 
permit pattern calculations that do not differ greatly from real performance. 
First, the ground plane effects will be ignored and we will assume the antenna 


Figure 5-40 Traveling-wave long wire antenna. 
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operates in free space. A traveling-wave long wire operated in the presence ofa 
ground plane is called a Beverage antenna, or wave antenna. The ground plane 
can be accounted for using the techniques of the previous section. Second, the 
details of the feed are assumed to be unimportant. In Fig. 5-40 the long wire is 
shown being fed from a coaxial transmission line as one practical method. The 
vertical section of length d is assumed not to radiate, which is approximately 
true for d < L. Finally, we assume that the radiative and ohmic losses along the 
wire are small. When attenuation is neglected the current amplitude is constant 
and the phase velocity is that of free space [25]. We can then write 


I,(z) = I,e7 3 (5-57) 


which represents an unattenuated traveling wave propagating in the +2- 
direction with the phase constant f of free space. 

The current of (5-57) is that of a uniform line source with a linear phase 
constant of B, = —f. From (4-6) 8, = —B cos 0,, so the pattern factor maxi- 
mum radiation angle (not including element factor effects) is 0, = 0°, which 
implies an endfire pattern. The complete radiation pattern from (4-8) is 


sin[(BL/2)(1 — cos 6)] 
(BL/2)(1 — cos 6) 


where K is a normalization constant that depends on the length L. The polar 
pattern for L = 6A is shown in Fig. 5-41. The element factor sin @ forces a null in 


F(0) = K sin 0 


(5-58) 


Figure 5-41 Pattern of a traveling-wave long wire 
antenna. L = 6/ and 6,, = 20°. 
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Figure 5-42 Pattern maximum angle 
0° for a traveling-wave long wire antenna 
) 2n 4d 6 8r 10 of length L operating in free space. See 


Length, L (5-58). 


the endfire direction. Hence, instead of having a single endfire lobe (which the 
pattern factor produces), the “main beam” is a rotational symmetric cone about 
the z-axis. The maximum radiation angle in this case is 6,,(L = 6A) = 20.1°. In 
general it is a function of L. Solving (5-58) for 0,, as a function L produces the 
plot of Fig. 5-42. An approximate expression for the angle of maximum radia- 
tion is [26] 


@uvvenst (1 bs iim | (5-59) 


The beam direction values from Fig. 5-42 or (5-59) for a traveling-wave long 
wire of length L may be used to calculate an approximate beam direction for a 
standing-wave straight wire antenna (ie., dipole). For example, 6,, for L = 3A/2 
from Fig. 5-42 is 40° and 6,, for the dipole of Fig. 5-4c is 42.6°. As L increases the 
traveling-wave and standing-wave antenna main beam maximum angles approach 
each other [27]. The standing-wave wire antenna is distinguished from its 
traveling-wave counterpart by the presence of a second major lobe in the reverse 
direction; see Fig. 5-4c. This can be seen by noting that the traveling-wave 
current of (5-57) corresponds to the first term of the standing-wave current of 
(5-56). The second term of (5-56), which is the reflected wave, produces a pattern 
similar in shape but oppositely directed. Thus a traveling-wave antenna has a 
beam with a maximum in the 6 = 6,, direction and a standing-wave antenna of 
the same length has an additional beam in the 0 = 180° — 6,, direction. 

The input impedance of a traveling-wave antenna is always predominantly 
real. This can be understood by recalling that the impedance of a pure traveling 
wave on a low-loss transmission line is equal to the (real) characteristic im- 
pedance of the transmission line. Antennas that support traveling waves operate 
in a similar manner. The radiation resistance of a traveling-wave long wire 
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antenna is 200 to 300 ohms (see Prob. 5.6-5). The termination resistance should 
equal the value of the radiation resistance. 

The resonant vee antenna discussed in Section 5.1.2 can be made into a 
traveling-wave antenna by terminating the wire ends with matched loads. The 
traveling-wave vee antenna is shown in Fig. 5-43. The pattern due to each arm 
separately is expressed by (5-58), an example of which is shown in Fig. 5-41. 
From Fig. 5-43 it is seen that when « ~ 6,,, the beam maxima from each arm of 
the vee will line up in the forward direction. A more accurate analysis of vee (see 
Prob. 5.6-8) includes the spatial separation effects of the arms. Pattern calcula- 
tions as a function of « reveal that a good vee pattern is obtained when 


a ~ 0.86, (5-60) 


where 0,, is found from Fig. 5-42 or (5-59). For L = 6, 6, = 20° from Fig. 5-42 
and (5-60) yields « ~ 16°; the pattern for a vee with this geometry is shown in 
Fig. 5-43. The large side lobes arise from portions of the beams from each half of 
the vee which do not line up along axis. The pattern of the vee out of the plane 
of the vee is rather complicated due to the merging of the conical beams for 
each half of the vee. The traveling-wave vee provides relatively high gain for a 
bent wire structure. 

By extending the ideas of a traveling-wave vee antenna we obtain a rhombic 
antenna as shown in Fig. 5-44. The operation of this antenna is visualized most 
easily by viewing it as a transmission line that has been spread apart and 
consequently the characteristic impedance is increased. The load resistor R, is of 
such a value as to match the transmission line. The antenna carries outward 


Resultant 
pattern 


R, 


Figure 5-43 The traveling-wave vee antenna. In this case L = 6A and 
os 0:805=6-. 
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Resultant 
pattern 


Figure 5-44 The rhombic antenna. Each side is of length L. Component beams 2 and 3, 
and 5 and 8 line up to form the main beam of the resultant pattern. In this case L = 6A and 
a= 16°. 


traveling waves which are absorbed in the matched load. Since the separation 
between the lines is large relative to a wavelength, the structure will radiate. If 
designed properly a directive pattern with a single beam in the z-direction can be 
obtained. 

A rhombic antenna operating in free space can be modeled as two traveling- 
wave vee antennas put together. Choosing « = 0.806,, as for the vee, the beams of 
the rhombic in Fig. 5-44 numbered 2, 3, 5, and 8 will be aligned. Again @,, 
follows from Fig. 5-42. Due to the spatial separation of the two vees the rhombic 
pattern will not be the same as that of a single vee [27]. (See Prob. 5.6-9.) 

The effects of a rhombic operating above a real earth ground can be included 
by the techniques of the previous section. For a rhombic that is oriented hori- 
zontally the reflection coefficient I’, is approximately —1 and the real earth may 
be modeled as a perfect conductor; Fig. 5-38 illustrates that this assumption has 
a minor effect for horizontal antennas. The array factor of a rhombic a distance 
h above a perfect ground plane produces a null along the ground plane. There 
are several designs for rhombics above a ground plane in the literature [26-29]. 
One such design is for alignment of the major lobe at a specific elevation angle. 
Then the rhombus angle a and the elevation angle of the main beam are equal, 
and the height above ground is given by 


A 
= -61 
4 sin a ey) 
and the length of each leg is 
0.371A 
= : 5-62 
sin? Of) 


For example, if «= 14.4° then L= 6A and h= 1A. Rhombic impedances are 
typically on the order of 600 to 800 ohms. 
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The efficiency of the rhombic antenna is decreased significantly because of the 
matched termination. The power that is not radiated is absorbed in the load R,. 
However, this loss of power is essentially that which would have appeared in a 
large back lobe as a result of reflected current if the matched load were not 
present. The traveling wave feature not only improves the pattern but also 
produces wider bandwidth. 


5.7 SQUARE LOOP ANTENNAS 


Electrically small loop antennas with a perimeter that is much less than a 
wavelength were discussed in Section 2.4. It was found that the pattern and 
radiation resistance of a small loop are insensitive to the loop shape and depend 
only on the loop area. Also the radiation from a small loop is maximum in the 
plane of the loop and is zero along its axis. These facts follow directly as a 
consequence of the current amplitude and phase being constant over the loop, 
which in turn is due to the loop being electrically small. As the perimeter of a 
loop antenna becomes a sizable fraction of a wavelength, the current amplitude 
and phase will vary over the wire extent, much as we saw with dipole antennas. 
Therefore, loop antennas with a perimeter that is on the order of half-wavelength 
or larger will display performance variations with loop size and shape. 

Discussions of large loop antennas are frequently approached by solving a 
loop antenna ‘under the assumption of uniform current amplitude and phase 
(see Prob. 5.7-1). However, as we have mentioned, the current does not behave 
this way. Instead of assuming a uniform current, we will analyze the square loop 
antenna in a realistic fashion, thus yielding useful results. A square loop antenna 
with a perimeter of one wavelength will be analyzed in detail. Although the 
solution is rather involved, it provides an opportunity to show that the theoreti- 
cal principles we have developed using a realistic current assumption will yield 
relatively accurate results. This is demonstrated by comparison to the more exact 
results from numerical solution methods. 

The one-wavelength square loop antenna as shown in Fig. 5-45 has one-quarter 
wavelength sides. For a one-wavelength perimeter it is reasonable to assume that 
the current distribution is sinusoidal. Then the current distribution is continuous 
around the loop as shown in Fig. 5-45 (solid curve). With the feed point in the 
center of a side parallel to the x-axis this sinusoidal current is expressed as 


I, =I, = —XI, cos(Bx’) 36, ax 
(5-63) 
I,= —I;= yl, sin(By’) ly’'| < 
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Figure 5-45 The one-wavelength square loop 
antenna. Each side is of length 4/4. The solid 
curve is the sinusoidal! current distribution of (5- 
63). The dashed curve is the current magnitude 
obtained from more exact numerical methods. 


Solution for the radiation properties proceeds in the usual manner. First the 
vector potential from (1-99) is 


e jbr 


Teif® 1. (5-64) 


Arr loop 


To find the phase function, the expressions for vectors from the origin to arbi- 
trary positions on each side must be written. They are 


, TA A ! pA Auk 
Fi RASS. maak * an gti 
(5-65) 
/ 7%, t} , Ae TA 
es aera SB a aed Ja 
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where the numbered subscripts indicate the corresponding loop side. Using the 
expansion of f from (A-4) and (5-65) in (5-64) with the loop integral broken into 
integrals over each side gives 


— jBr 4/8 
A= = I, - x | cos(Bx’ )e/®*" sin@cos@ (esa Osing ue ed(/4)sin @ sin ¢) dx’ 
Tr — 4/8 


4/8 
a y | ul ee sin 8 sin @ ( te e i(n/4)sin 6 cos d ve ed(a/4)sin 0 cos %) dy’ | 
— A 


e Jbr rt. 1/8 Paal 
= I, | —X2 cos(j sin 8 sin 6} Gost Bx, jer) a? Cee edocs 


oO 
4nr _ 4/8 


4/8 
+ y2j sin (; sin 8 cos 6] | sin(py jer? an tae iy}. (5-66) 


— 1/8 


The first factors in each of the above two terms in brackets are the array factors 
for the pairs of sides 1, 2 and 3, 4, respectively. Evaluation of the integrals and 
subsequent simplification lead to 


Leila g a | 4)cos Q , 


. Sin[(z/4)cos y] 
sin? Q 


cos Q cos G COs a] — sin( 7 Cos a} (5-67) 
where 
cos y=sin@cos @ and cos Q=sin @ sin @. (5-68) 


The angles y and Q have a geometrical interpretation; they are the spherical 
polar angles (similar to @) for the x- and y-axes; see (A-4). 
The far-zone electric field components are 


I 


E,= —j@pA,= —jopA- 6 = —jop(A,x-6 + A,y- 6) 


—jop(A, cos 8 cos ¢ + A, cos 6 sin ¢). (5-69a) 
E, = —jopA: 6 = —jap(—A, sin ¢ + A, cos ¢). (5-69b) 


5.7 SQUARE LOOP ANTENNAS 247 


Substituting A, and A, from (5-67) gives 


jl,ne” i” sin @ sin[(7/4)sin 0 cos @] 

Jae ag eae 0 RD id 
./2nr 1 —sin* 6 sin* ¢ 
sin 0 sin d e0s( 5 sin @ sin 6} — sin( 7 sin # sin 6) 
_ cos ¢ cos[(7/4)sin @ sin ¢] 
1 — sin? 6 cos? ¢ 

: sin 8 cos d sin( 7 sin 8 cos 6} _ c0s(j sin @ cos 6)] (5-70a) 

ace jl,ne” |cos @ sin[(z/4)sin 6 cos ¢] 


ee a7 1 — sin? 6 sin? ¢ 
; Sea aN Bikes 
sin 0 sin d cos(j sin 6 sin 6] — sin(7 sin 0 sin 6) 


i sin ¢ cos[(z/4)sin 0 sin d] 
1 — sin? 0 cos* ¢ 


[sin 0 cos @ sin? sin @ cos 6 _ c0s(j sin 8 cos 6)]} (5-70b) 
These expressions are rather involved but were derived in a straightforward 
fashion using the principles set forth in Section 1.5. 
The far-field expressions simplify somewhat in the principal planes. In the 
xy-plane, which is the plane of the loop (an E-plane), 0 = 90° and then (5-70) 
reduces to 


T 


B,| d= ) = 0 (5-71a) 
B,(0 = i = nes ee sin p cos(j sin 6} — sin} sin 6) 


cos[(7z/4)sin o] 
+ (ua Kin d 


cos sin(j COS 6} - cos( 7 COs 6)]} (S-71b) 


The E, expression is plotted in Fig. 5-46a (solid curve) in normalized form. 
Along the x-axis (p = 0° and 180°) E, = 0. This is true because the sides 3 and 4 
alone each have patterns that are zero in the broadside direction since the 


Figure 5-46 Principal plane patterns for one- 
wavelength square loop antenna. The solid curves 
are the patterns based on a sinusoidal current 
distribution of Fig. 5-45. The dashed curves are the 
patterns arising from the current distribution 
obtained by the more exact numerical methods. (a) 
The xy-plane normalized pattern plot of E, . \n this 
plane HP = 94°. (b) The xz-plane normalized 
pattern plot of E,. In this plane HP = 85°. The 
patterns from the two methods coincide in this plane. 
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Figure 5-46 (c) The yz-plane pattern plot of E,. 


current distributions on these sides are odd about their midpoints. Along the 
y-axis (5-71b) reduces to 


Tt 1 jl,ne i" 1 
E,(6=~,¢=~]=—- . 5-72 
(0=5.0=5)= (5-72) 
In the xz-plane, which is an E-plane, (5-70) yields 
E,(¢ =0)=0 (S-73a) 


Eg =0) = ae 6 Halal aalllss cos[(7/4)sin 6] _ 5-73b) 


The normalized form of this E, expression is plotted in Fig. 5-46b (solid curve). 
It can be shown that (5-73b) goes to zero for 0 = 90°, as it should by (5-71a). 
In the yz-plane, which is the H-plane, (5-70) reduces to 


7 
E,| p= 5} =0 (5-74a) 
Say Eis T. 
E, o= 4 = — Beane cos( 5 sin a} (5-74b) 
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Figure 5-46c (solid curve) gives the plot of the normalized form of this E, 
expression. The cos[(z/4)sin 8] pattern is the array factor for two point sources 
at the midpoints of sides 1 and 2. Note that in the z-direction (5-73) and (5-74) 
give the same result (for 6 = 0°): an electric field parallel to the x-axis given by 


Fe gel sg 
ieee (5-15) 
Bar 
which is a factor of > greater than E,. in the y-direction given in (5-72). This is 
also seen in Fig. 5-46c. 

From the patterns in Fig. 5-46 we can make some general conclusions about 
the radiation properties of the one-wavelength square loop antenna. Radiation is 
maximum normal to the plane of the loop (along the z-axis) and in that direc- 
tion is polarized parallel to the loop side containing the feed. In the plane of the 
loop there is a null in the direction parallel to the side containing the feed point 
(along the x-axis), and there is a lobe in a direction perpendicular to the side 
containing the feed (along the y-axis). These results are quite different from the 
small loop antenna which has a null on-axis and maximum (uniform) radiation 
in the plane of the loop. 

The accuracy of our results can be investigated by solving the square loop 
problem without assuming the current distribution to be sinusoidal. The numeri- 
cal methods of Chapter 7 applied to the one-wavelength loop antenna for a wire 
radius of 0.001A renders the current magnitude shown in Fig. 5-45 (dashed 
curve). Note that the agreement is actually very good. The impact of the slight 
differences in these current distributions are revealed in Fig. 5-46. The dashed 
curves are the patterns corresponding to the exact current distribution and 
calculated by a radiation integral procedure similar to that detailed above for 
the assumed current. The agreement between the patterns arising from the 
simple current assumption and that of more exact methods is very good. In fact, 
in the xz-plane the agreement is nearly exact. This detailed comparison of the 
approximate antenna analysis methods employed thus far in the book to that of 
more exact (but more difficult) numerical methods serves to provide confidence 
that good engineering results can be obtained from reasonable assumptions 
about the operation of antennas. 

The square loop antenna is most useful in practice for a one-wavelength 
perimeter because of the desirable input impedance properties. The impedance of 
a square loop antenna with a wire radius of 0.001 is plotted in Fig. 5-47 as a 
function of the perimeter. Note that for a one-wavelength perimeter the input 
reactance is relatively small, and also note that resonance occurs for a 1.09A 
perimeter. The input resistance for a one-wavelength perimeter is about 100 
ohms. Other perimeter values give rather awkward input impedances. 

The gain of the one-wavelength square loop is 3.09 dB, which is less than the 
3.82 dB gain of a straight wire one-wavelength dipole. This is to be expected 
from the obviously less directive pattern of the loop in Fig. 5-46 compared to 
that of the one-wavelength dipole in Fig. 5-4b. 
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PROBLEMS 


5.1-1 Use the integral from (F-11) in (5-3) to prove (5-4). 
5.1-2 Starting with (5-6) show that for L < A, the radiation pattern of a dipole reduces to 
that of a short dipole, sin 0. 

~ 51-3 (a) The outputs from two collinear, closely spaced, half-wave dipoles are added to- 
gether as indicated by a summing device in the figure below. The transmission lines from 
the antennas to the summer are of equal length. Write the pattern F,(0) of this antenna 
system using array techniques. 


S Z Pie gt 


(b) Now consider a center-fed, full-wave dipole which is along the z-axis. Write its 
pattern expression F,(8). 

(c) Now draw the current distributions I,(a) and I,(z) for both antennas. From these 
current distributions can you make a statement about the patterns from the two 
tennas? Return to the pattern expressions and prove your statement mathematically. 
5.1-4 The center-fed, full-wave dipole is rarely used because it has a current minimum at 
the feed point. If it is instead fed as shown below, sketch the current distribution. Also, 
rough sketch how you think the pattern should look, and explain how you obtained it. 
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/5.-5 (a) The array of Prob. 5.1-3(a) is parallel fed, in-phase array. Show how the parallel 
wire transmission lines are connected to perform the summing function. Also put current 
arrows on each wire. 

(b) Consider an array similar to that of part (a) except now the array elements (half- 
wave dipoles) are fed 180° out-of-phase. Show how the transmission lines are arranged to 
accomplish this subtraction function. Again show the currents on each wire. 

5.1-6 Use the results of the cosine-tapered current distribution in Section 4.2 to derive the 
pattern of a half-wave dipole in (5-7). 

5.1-7 Verify that the normalization constant in (5-9) is 0.7148 for the pattern of a 3//2 
dipole. What are the angles 0, in degrees for maximum radiation? 

5.1-8 A resonant half-wave dipole is to be made for receiving TV Channel 7 of frequency 
177 MHz. If 3-in. diameter tubular aluminum is used, how long (in centimeters) should 
the antenna be? 

5.1-9 A four-element collinear array of half-wavelength spaced, half-wave dipoles are 
placed along the z-axis. All elements are fed with equal amplitude and phase. 

(a) Determine the complete radiation pattern F(0) for the array. 

(b) Plot a sketch of the pattern in linear, polar form using array concepts. 

5.1-10 Repeat Prob. 5.1-9 except now the half-wave dipole elements are parallel to each 
other and the x-axis, and are phased for ordinary endfire. The centers of the four elements 
are located on the z-axis and are spaced a half-wavelength apart. 

ee 5.1-11 The antenna shown is operated over a perfect ground plane. Its purpose is to 

~ enhance radiation in the xy-plane over that of a single quarter-wave monopole. 


—> 


(a) Determine and sketch the current distribution. Assume b < /. 


(b) Use array concepts to obtain a linear, polar plot of the radiation pattern in a plane 
containing the z-axis. 
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5.1-12 (a) Show that the power radiated by a center-fed dipole of arbitrary length L with 
a sinusoidal current is 


P,= iB 0.5772 + In(BL) — Ci(BL) + : sin(BL)[Si(2BL) — 2 Si(BL)] 


BL 


25 ; cos(BL) |0.5772 + in) + Ci(2BL) — 2 ci(et)| 


(b) Derive an expression for the directivity and then plot directivity as a function of 
dipole length for L from 0 to 34. 

5.1-13 Use the length reduction procedure for half-wave resonance in Table 5-2 to calcu- 
late the resonant frequencies of the two dipoles in Fig. 5-7. 

5.1-14 Design an optimum directivity vee dipole to have a directivity of 6 dB. 

5.1-15 To show that the vee dipole results of (5-23) and (5-24) give roughly the correct 
results for a full-wave straight wire dipole; use D = 2.41 and determine y. 

5§.2-1 (a) It is desired to have a simple formula for the length of a thin-wire half-wave 
folded dipole antenna. Show that it is L(cm) = 14,250/f (MHz). 

(b) Determine the length in centimeters of half-wave folded dipoles for practical appli- 
cation as receiving antennas for each VHF TV channel and the FM broadcast band 
(100 MHz). Tabulate results. 

_ 3.22 Calculate the input impedance of a folded dipole of length L = 0.4, wire size 
2a = 0.0014, and wire spacing d = 12.5a using the transmission line model. Compare your 
results to values from Fig. 5-15. 

5.3-1 A receiving antenna with a real impedance R, attached to its terminals has the 


equivalent circuit shown. Prove that maximum power transfer to the load for a fixed real - 


antenna impedance R, occurs for R, = Ry. 


i 
O 


Ra Ry, 


"Y 


5.3-2 A transmitter with a real impedance of R, is connected to a lossless transmission 
line of real characteristic impedance R, and then to an antenna of real input impedance 
a5 

(a) Derive an expression for the transmit efficiency, that is, power delivered to 
antenna/total power dissipated. Neglect any mismatch effects. 

(b) Find the percent efficiency for Ry = R,, Rr =0.5R,, and Ry = 0.1R,. 
5.4-1 Use array theory to analyze the array of Fig. 5-27a where the pattern of each 
element is that of a half-wave dipole. 


—— 
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(a) Plot the H-plane pattern and compare to Fig. 5-27b. 

(b) Plot the E-plane pattern. 
The program ARRPAT can be used. 
5.4-2 Numerical methods reveal that the currents on the elements of the two-element 
parasitic array of Fig. 5-27a are nearly sinusoidal and the current amplitudes and phases 
at each element center are 1.0 2 — 88° for the driver and 0.994 2 81.1° for the parasite. Use 
simple array theory to obtain and plot the H-plane pattern in linear, polar form. The 
program ARRPAT can be used. 
5.4-3 Phasor diagrams are often helpful in obtaining a rough idea about how arrays 
perform. To illustrate, use phasor diagrams to obtain the relative far-zone field values in 
the endfire directions of the two-element parasitic array of Prob. 5.4-2 (i-e., find the front 
to back ratio). To do this find the total phasor at each element location including the 


spatial phase delay due to the element separation. Assume the amplitudes of each element 
are unity and the phases are — 88° for the driver and 81.1° for the parasite. 


5.4-4 Design a three-element Yagi for FM broadcast reception at 100 MHz using the 
data of Table 5-4. Give dimensions in centimeters. 

5.4-5 Design a seven-element Yagi for TV Channel 13. Space all elements 0.25 apart and 
use the values of Table 5-4. Give dimensions in centimeters. 

5.4-6 Construction project—a ten cent Yagi. This project is designed to demonstrate how 
a high-gain antenna can be built for under ten cents! Locate a channel on your (or a 
cooperating friend’s) TV receiver which has marginal reception, such as a snowy picture 
when a modest antenna (like rabbit ears) is used. If it happens to be Channel 13 you can 
use the design values from Prob. 5.4-5. If not, repeat the calculations for the channel you 
have chosen. The construction phase proceeds as follows. Find a large rigid piece of 
corrugated cardboard and trim it so that it is several centimeters longer than the total 
array length and about 5 cm narrower than the director length. Now locate several thick 
coat hangers. Straighten them as much as possible and cut them to the lengths required 
for the reflector and directors. The feed element is a folded dipole constructed from a 
piece of twin-lead transmission line. Cut it to a length that is a little longer than the driver 
dimension. Strip the ends and solder the two wires at each end together such that the 
overall length is equal to the driver dimension. Next cut one wire of the driver at the 
center of the folded dipole and solder the ends to a long piece of twin-lead which serves as 
a transmission line for the antenna. Lay out all element positions on the cardboard by 
marking appropriately. Tape the folded dipole onto the cardboard at the driver location. 
The coat hanger parasitic elements are positioned by merely inserting them into the 
corrugations in the cardboard. Now connect the transmission line to the receiver. Rotate 
the antenna and note the effect on the reception. Large performance differences should be 
observed. Note that it may be necessary to elevate the antenna by placing it in the attic, 
for example. With this construction it is very easy to change the element spacings by 
placing the coat hanger elements into difference corrugations. Very little difference will be 
observed for small distance changes. Normally the best performance is achieved for 
horizontal polarization, that is, elements parallel to the ground. 

5.4-7 Construction project—a slightly more expensive Yagi. A fairly rugged Yagi antenna 
can be constructed using the following technique. Select a TV channel with marginal 
reception and design a Yagi for that frequency. The materials required for this project are 
a 1 by 2 in. board of length slightly greater than the overall length of the array and a few 
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meters of aluminum wire (usually No. 8 AWG). Trim and straighten wires for the 
reflector and directors. Drill holes in the wooden mast at the appropriate positions for 
the reflector and the directors. The holes should be just slightly greater than the wire 
diameter. Be sure all holes are along a straight line. The driver is a folded dipole oriented 
such that the plane of the dipole is perpendicular to the line of the array. Drill one hole in 
the mast about 2 cm above the array line. At the same distance below the array line drill 
in from each side of the mast about 0.5 cm. Cut a piece of wire more than twice the length 
of the driver. Push it through the top hole and center it. Bend the wire at the required 
length at each end and fold it back to the mast. Now carefully trim away any excess wire 
such that the wire ends can just be forced into the shallow holes and still form a symme- 
tric folded dipole. Now wrap the bared ends of a twin-lead transmission line to the ends 
of the folded dipole close to the mast (at the feed point). Be sure to get a good mechanical 
contact. Also leave a tab of polyethylene where you stripped the twin lead. Small wire 
brads can be wedged between the wire ends at the feed point and the mast, and at the 
same time pinch the twin lead connection between the antenna wire and the brad. Solder 
the feed point connections. Tack the polyethylene tab to the bottom of the mast to 
provide strain relief. Insert the remaining elements into their holes, center them, and nail 
brads into the hole alongside the wires to secure their positions. The construction is now 
complete and you can connect the transmission line to the receiver and test the reception. 
Try several antenna locations and orientations. 

55-1 A resonant, half-wave, thin, vertical dipole is operated a half-wavelength above a 
perfect ground plane. Calculate the input impedance. Use the results in Section 3.6. 

55-2 Derive an expression for the directivity of an ideal (infinitesimal) dipole as a func- 
tion of its height h above a perfect ground plane. The dipole is oriented perpendicular to 
the ground plane. Make use of the results in Sections 2.3 and 3.4. 

“55-3 A short dipole is a quarter-wavelength above a perfect ground plane. Use simple 
array theory for the dipole and its image to obtain polar plot sketches of the E- and 
H-plane patterns when the dipole is oriented (a) vertically, and (b) horizontally. 

w4S.5-4 Repeat Prob. 5.5-3 for a short dipole a half-wavelength above a perfect ground 

lane. 

~~5.5-5 A horizontal short dipole is a quarter-wavelength above a planar real earth and is 
operating at 1 MHz. The conductivity of the earth is o = 12 x 10°? mho/m and the 
relative dielectric constant is ¢, = 15. For this frequency, o, and ¢,, we can approximate 
|| by 0.9 and the phase of I, by —190° for all 0. 

(a) Calculate and plot the H-plane elevation pattern in polar form in the upper 
half-space. 
(b) Compare the pattern with that of the short dipole over a perfectly conducting 

-. ground plane (i.e., the results of Prob. 5.5-3b). 

‘sa 5.5-6 A vertical short dipole is located a half-wavelength above the surface of the earth at 
100 MHz. o = 12 x 10-3 mho/m and ¢, = 15. The reflection coefficient may be approx- 
imated as 

Ppp=052—0°, 0<0@<40° 


P= 03;2—10°, 40°< 4 < 70° 
IT, =0124—90", 04 <0 = SU" 
Ty = 052-180", 80° < 8 < 90° 


ee EEE 
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(a) Calculate and plot the elevation pattern in polar form. 
(b) Compare the pattern with that of the short dipole over a perfectly conducting 
ground plane [Prob. 5.5-4(a)]. 

__~ 5.5-7 A quarter-wave resonant monopole is to be used as a transmitting antenna at 
1 MHz. A radial system of 120 radials is to be used. If 97% efficiency is to be achieved, 
how long must the radial wires be? Neglect any tower ohmic resistance. 

5.6-1 Verify that the maximum of the radiation from a traveling-wave long wire antenna 
which is 6A long occurs at an angle of 20.1° from the wire. 
5.6-2 Compare the approximate beam maximum angle formula of (5-59) for a traveling- 
wave long wire. with the values of Fig. 5-42 for L/A = 1, 3, 6, 10. 

_~ 5.6-3 Show that the power radiated from a traveling-wave long wire antenna is 


P, = 3012 2108 i in( — Ci(2BL) + a 


Use (4-8), (5-58), and (1-127). 
5.6-4 Use the radiated power expression from Prob. 5.6-3 for a traveling-wave long wire 
to: 

(a) Derive the directivity expression 


1 0.371 
2am Pa Salt PAs aries 
she 1.69 cot 7 00S ( La 
a aL sin(2BL)° 
2.108 + in(] — Ci(2BL) + DBL 


(b) Evaluate the directivity for L/A = 2, 5, 10, 20. Ci(2BL) is approximately zero for 

these values of L. 
— 5.6-5 Use the radiated power expression from Prob. 5.6-3 for a traveling-wave long wire 

to: 

(a) Find an expression for the radiation resistance. 

(b) Evaluate the radiation resistance for L/A = 2, 5, 10, 20. Ci(2BL) is approximately 
zero for these values of L. 
5.6-6 Plot the linear, polar plot of a traveling-wave long wire antenna which is eight 
wavelengths long. 
5.6-7 To be completely general, the traveling-wave long wire antenna has a current 

_ distribution given by 


L (a igenVe ale 


where a is the attenuation coefficient representing radiation and ohmic losses. B, is the 
phase constant and is related to the velocity factor p = v/c as B, = B/p. 
(a) Derive the pattern function 


_ 
sinh = HW F(E cos 6)| 
F(6) = K sin 0 al, | VOL Lae ry: 
D > \p co 


CAA’ wih es 
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(b)\ Show that this reduces to (5-58) for a= 0 and p= 1. 
(c) Plot the polar pattern for a = 0 and L = 6A, for p = 1.0, 0.75, 0.5. 
5.6-8 Traveling-wave vee antenna. 
(a) Place the zero-phase reference point at the vertex of the vee antenna of Fig. 5-43, 
and derive the radiation pattern as 


F,(6) = K,[F 1(0) — F,(8)| 
where : 
sin[(BL/2)(1 — cos(@ — «))] 
(BL/2)(1 — cos(0 — «)) 
and F,(6) is the same as F,(0) except —« is replaced by «. This pattern expression is valid 
only in the plane of the vee. 
(b) Plot the polar pattern in Fig. 5-43 for L = 6A and a = 16°. 


5.6-9 Rhombic antenna. 
(a) Show that the pattern of the rhombic in Fig. 5-44 is 


F (0) = Kr{Fi(0) — F2(0) + e '[F 3 — Fal} 


where F; = e#! s®-9F, and F, = e#" s@*+F,. F, and F, are given in Prob. 5.6-8. This 
expression is valid only in the plane of the rhombic. 
(b) Plot the polar pattern in Fig. 5-44 for L = 6A and « = 16°. 


F (0) = ek AL/201- 1+ 050-291 sin(9 — x) 


‘Kk 5.6-10 A rhombic antenna above ground is to be designed for a main beam maximum at 


an elevation angle of 20°. Determine the rhombic configuration required. 
§.7-1 The uniform circular loop antenna. A circular loop in the xy-plane with its center at 
the origin and a radius b carries a uniform amplitude, uniform phase current given by 


l=1,0’. 


(a) Due to symmetry the pattern will not be a function of @ and A will have only a 
o-component. Using these facts, show that 


s ejb 2n : ; : 
A =$5— 1,6 | cos pie cone co? dd’ 
4nr 0 


in the far field. Use symmetry to reason that ¢ =0 can be assumed and that only a 
g-component exists. 

(b) Find an expression for Ey. Hint: use (F-7). 

(c) Show that this result reduces to that for a small loop antenna in (2-53). 
Hint: J,(x)  x/2 for x <1. 
5.7-2. Show that (5-66) yields (5-67). To perform the integrations decompose the functions 
cos(Bx’) and sin(By’) into sums of exponential functions using (C-6) and (C-7). 
5.7-3 Compute the input reactance of a square loop antenna with a 0.2/ perimeter using 
small loop analysis and compare to the value from Fig. 5-47b. 
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BROADBAND ANTENNAS 


In many applications an antenna must operate effectively over a wide range of 
frequencies. An antenna with wide bandwidth is referred to as a broadband 
antenna. The term “broadband” is a relative measure of bandwidth and varies 
with the circumstances. We shall be specific in our definition of broadband. 
Bandwidth is computed in one of two ways. Let fy and f, be the upper and lower 
frequencies of operation for which satisfactory performance is obtained. The 
center (or sometimes the design frequency) is denoted as f;.. Then bandwidth as 
a percent of the center frequency is 


Ju =I x. 199, (6-1) 


Ie 


Bandwidth is also defined as a ratio by 


tu 
1, (6-2) 
The bandwidth of narrow band antennas is usually expressed as a percent using 
(6-1) whereas wide band antennas are quoted as a ratio using (6-2). 

In the previous chapter we saw that resonant antennas have small bandwidths. 
For example, the half-wave dipoles in Fig. 5-7 have bandwidths of 8 and 16% 
(fu and f, were determined by the VSWR = 2.0 points). On the other hand, 
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antennas that have traveling waves on them rather than standing waves (as in 
resonant antennas) operate over wider frequency ranges. The definition of a 
broadband antenna is somewhat arbitrary and depends on the particular 
antenna, but we shall adopt a working definition. If the impedance and the 
pattern of an antenna do not change significantly over about an octave Gi) ine) 
or more, we will classify it as a broadband antenna. 

As we will see in this chapter, broadband antennas usually require structures 
that do not emphasize abrupt changes in the physical dimensions involved, but 
instead utilize materials with smooth boundaries. Smooth physical structures 
tend to produce patterns and input impedances that also change smoothly with 
frequency. This simple concept is very prominent in broadband antennas. 


6.1 HELICAL ANTENNAS 


If a conductor is wound into a helical shape and is fed properly it is referred to 
as a helical antenna, or simply as a helix.’ The typical geometry for a helix is 
shown in Fig. 6-1. If one turn of the helix is uncoiled the relationships among the 
various helix parameters are revealed, as shown in Fig. 6-2. The symbols used to 
describe the helix are defined as follows: 


D = diameter of helix (between centers of coil material) 
C = circumference of helix = 7D 
S = spacing between turns = C tan « 


: S 
a = pitch angle = tan * a 


L = length of one turn = ./C” + S? 


N = number of turns 
A = axial length = NS 
d = diameter of helix conductor. 


Note that when S = 0 (a= 0°) the helix reduces to a loop antenna and when 
D = 0 (« = 90°) it reduces to a linear antenna. 

The helix can be operated in two modes, the normal mode and the axial mode. 
The normal mode yields radiation that is most intense normal to the axis of the 
helix. This occurs when the helix diameter is small compared to a wavelength. 
The axial mode provides a radiation maximum along the axis of the helix. When 
the helix circumference is on the order of a wavelength the axial mode will result. 


' Most of the pioneering work on the helix was performed by J. D. Kraus. See [1] and [2]. 
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Figure 6-1 Geometry and dimensions of a helical antenna. This is a 
left-hand wound helix. 


6.1.1 Normal Mode of Radiation 


In the normal mode of operation the radiated field is maximum in a direction 
normal to the helix axis and for certain geometries, in theory, will emit circularly 
polarized waves. For normal mode operation the dimensions of the helix must 
be small compared to a wavelength, that is, D <4. The normal mode helix is 
electrically small and thus its efficiency is low. 

Since the helix is small, the current is assumed to be constant in magnitude 
and phase over its length. The far-field pattern is independent of the number of 
turns and may be obtained by examining one turn. One turn can be approx- 
imated as a small loop and ideal dipole as shown in Fig. 6-3. The far-zone 
electric field of the ideal dipole from (1-71) is 

eo ibr 
E, = joulS hie 


sin 06 (6-3) 


where S, the spacing between helical turns, is the length of the ideal dipole in 
Fig. 6-3. The far-zone electric field of the small loop from (2-53) is 


en ibr 


E, = nf? 4D sin 06 (6-4) 


4nr 


Figure 6-2 One uncoiled turn of a helix. 
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Figure 6-3 One turn of anormal mode 
helix approximated as a small loop and 
an ideal dipole. 


where 2D7/4 is the area of the loop. The total radiation field for one turn, as 
modeled in Fig. 6-3, is the vector sum of the fields in (6-3) and (6-4). Note that 
both components have a sin @ pattern (see Fig. 6-4) and they are 90° out-of- 
phase. The axial ratio of the polarization ellipse is found from the ratio of (6-3) 
and (6-4) as 


featae deus 2SA 


El J (uje)o./ue (2n/A)nD? 27D?” 


Since the (perpendicular) linear components are 90° out-of-phase, circular polar- 
ization is obtained if the axial ratio is unity. This occurs for 


|AR| = (6-5) 


C=n2D =./2S4 (6-6) 
which was found by setting (6-5) equal to one. This circular polarization is 


obtained in all directions, except of course where the pattern is zero (along the 
axis of the helix). 


“ Z 
/ sin 6 
(a) (b) 


Figure 6-4 The normal mode helix and its radiation pattern. (a) 
Geometry used. (b) Radiation pattern of both | E, | and | Ey|. 
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From Fig. 6-2 it is seen that 


S 
Lsina=S or age ae (6-7) 


and 
CP ASS ae. (6-8) 


For circular polarization in the normal mode, the circumference of the helix 
given by (6-6) and used in (6-8) gives 


S? +281, —-P =0. (6-9) 
This is a quadratic equation which may be solved for S as 


sith Mee =2]-14 1+(7) | (6-10) 


vs 


Choosing the plus sign to keep the physical length S positive and substituting 
into (6-7) yields the pitch angle required for circular polarization 


INE (6-11) 


ace = sin} LA 


6.1.2 Axial Mode of Radiation 


In the axial mode of radiation the helix radiates as an endfire antenna with a 
single maximum along the axis of the helix (+z-direction in Fig. 6-1). The 
radiation is close to circular polarization near the axis. Further, the half-power 
beamwidth can be reduced by increasing the number of turns. The axial mode 
occurs when the helix circumference is on the order of one wavelength. In fact, 
the expressions presented in this section remain valid over at least a frequency 
range corresponding to 


FO Oa (6-12) 


If fy is the upper and f, the lower frequency over this band, the bandwidth ratio 
iS 


4 16 
a 5 LB (6-13) 
4 


ify clay 
My: 5 c/a, 


which is nearly the two-to-one bandwidth required to fit our definition of a 
broadband antenna. 

The axial mode helix carries nearly a pure traveling wave outward from the 
feed. The electric field vector rotates around in a circular fashion as does the 
current on the helix. The polarization is thus close to circular on axis. At the end 
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of the helix there is very little reflection of the outward traveling wave. Therefore, 
there will be very weak fields incident back onto the ground plane (except for 
very short helices with A < /2), and the effect of the ground plane may be 
neglected. The ground plane size is also not very critical, but should be made 
wider than a half-wavelength. In addition, the conductor diameter d has little 
effect on the axial mode helix antenna properties. The helix is most conveniently 
fed using a coaxial transmission line with the center conductor attached to the 
helix and the outer conductor attached to the ground plane as suggested in 
Fig. 6-1. The ground plane can be either square or circular, made from either 
solid metal or wire mesh. 

The normal mode helix supports a wave that corresponds to a current along 
the helix which is nearly uniform in amplitude and phase if the helix dimensions 
are small relative to a wavelength. However, the axial mode helix has a circum- 
ference of about a wavelength, so the transmission mode in this case leads to a 
current distribution that has opposite phase on opposite sides of a turn (since 
they are separated by about a half-wavelength of conductor). Also the helix coil 
acts to reverse the current direction for opposite points. Thus the current at 
opposite points of a turn are essentially in phase, leading to far-field reinforce- 
ment along the helix axis. The radiation pattern can be found by considering the 
helix to be an array of N identical elements (or turns). The element pattern for 
one turn is approximately that of a one-wavelength loop. An approximate ex- 
pression for this is cos 0; see Fig. 5-46b. Assuming equal amplitude of excitation 
for each turn, the array factor is that of a uniformly excited, equally spaced array 
given in (3-33). The total pattern is then 


x sin(Nw/2) 
F(60) = K cos Me AGO) (6-14) 
where 
w = BS cos 0+ (6-15) 


and K is a normalization constant. 

The traveling wave along the helix produces an endfire beam along the helix 
axis (z-axis). Suppose initially that the helix can be modeled as an ordinary 
endfire array. Then a main beam maximum occurs in the @ = 0 direction for 
w =0, which yields « = —£S from (6-15); also see (3-36). The —BS phase is 
phase delay due to axial propagation corresponding to the distance S along the 
axis for one turn. However, the current wave follows the helix. This introduces 
another —2z of phase shift since the circumference is about a wavelength. Thus 
for ordinary endfire «= —fS — 2x. Quite amazingly it turns out that the 
traveling-wave mode on the axial mode helix corresponds to nearly a naturally 
occurring Hansen—Woodyard increased directivity type endfire array. This effect 
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is accounted for with an additional —x/N phase delay over the ordinary endfire 
case; see (3-49). Thus, the element-to-element phase shift is 


oe -(65 +28 +5) (6-16) 


This phase shift leads to a value for the phase velocity of the traveling wave. To 
see this we write the phase shift of the wave in one transit around a turn of 
length L as 


a= —B,L (6-17) 


where f, is the phase constant associated with wave propagation along the 
helical conductor. Equating this to (6-16) gives 


y= (BS +2 +5 | (6-18) 


The velocity factor (phase velocity relative to the free-space velocity of light) is 
0 OCs a B 
C. we hb, 
where v is the phase velocity of the traveling wave along the helical conductor. 
Using (6-18) in (6-19) yields 


— (6-19) 


oy L/A 
~ S/A + (2N + 1)/2N° 


A typical configuration is C=A, a= 12°, and N=12. Then S=C tana= 
0.2134, L = ./C* + S* = 1.0224, and p = 0.815. Therefore, the traveling wave 
has a phase velocity less than that if it were a plane wave in free space. Such a 
wave is referred to as a slow wave. Another remarkable feature of the helix is that 
as the helix parameters vary over rather large ranges (5° <a < 20° and 
31 <C <4) the phase velocity adjusts automatically to maintain increased 
directivity. 

Returning to the pattern calculation, the main beam maximum occurs for 
6 = 0 and from (6-15) and (6-16), y = —2z — 1/N. Then (6-14) is 

sin(— Nx — 1/2) K(—1)%*? 
mT OS Ag sin(—2 —2/2N) N sin(x/2N) (ei2k 

Normalizing such that the maximum is unity yields K = (—1)**? N sin(z/2N), 
and the final pattern function is 


P (6-20) 


F(6) = (—1)%*? sin —_ cos jee) 


2N sin(W/2) (S22) 
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where 
W = BS(cos 6 — Neh (6-23) 


This pattern expression applies to both E, and Ey. 
From a large number of measurements an empirical formula for the half- 
power beamwidth has been developed. It is 


52° 
(C/A),/ N(S/A) 


This formula holds for 12° < « < 15°, 34 < C < $4, and N > 3. Notice that as N 
increases the beamwidth decreases. Also this is the beamwidth in any plane 
containing the axis of the helix since the beam is circularly symmetric. 

The directivity of the axial mode helix can be found from (8-80) as 


HP = (6-24) 


4n 41,253 


D= Sy 
Q, HP, HP, 


(6-25) 


where HP, and HP,,. are the half-power beamwidths in the E- and H-planes in 
degrees. This expression follows from the fact that 4x sr = 4n(180/z)? = 41,253 
square degrees and the beam solid angle Q, ~ HP; HP, . Substituting (6-24) 
into (6-25) for both HP; and HP,,, since the pattern is circularly symmetric, 
gives 


GINS: 
p= 15(5] ra (6-26) 
This directivity expression is a ratio (not decibels), and approximately equals the 
gain since the axial mode helix is nearly lossless. 
We have been assuming E, and E, to be equal in magnitude. This is only 
approximately true. The infinite helix has perfect circular symmetry but a finite 
helix does not, so one would expect that the fields radiated from a finite helix to 


be slightly asymmetric. It has been found that the axial ratio is given by 


(6-27) 


in the main beam maximum direction. As N becomes large | AR| approaches 
unity and the wave approaches perfect circular polarization, since the fields E, 
and E, are also in time-phase quadrature. The sense of the polarization is 
determined by the sense of the helix windings as shown in Fig. 6-5, that is, a 
right- (left-) hand wound helix is a right- (left-) hand sensed polarized antenna. 
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Figure 6-5 Left- and right-hand wound 
helices. For the axial mode helix the sense 
of the windings determines the sense of 
polarization of the antenna. (a) Left-hand 
(b) sensed helix. (b) Right-hand sensed helix. 


In general, the terminal. impedance of a helical antenna operating in the axial 
mode is nearly purely resistive since it is essentially a traveling-wave antenna. 
An empirically derived formula for input resistance is 

LG 
Ra 140— ohms (6-28) 


which is accurate to +20% for 12° <a < 15°, 34 <C < 4/, and N > 3. 


Figure 6-6 
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Figure 6-6 Radiation patterns of a 10-turn axial mode | 
helix with C = Aanda = 13° (Example6-1). (a) Measured . 
E, pattern at 8 GHz [3]. (6) Measured E, pattern at 8 GHz 
[3]. (c) Pattern computed from (6-22). | 
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Example 6-1. A 10-Turn Helix Antenna 


The helix antenna is rather easy to construct and will perform approximately as predicted 
by the simple theory presented in this section, as will be demonstrated in this example. 
Calculations are compared to experimental results for a 10-turn helix constructed for a 
center frequency of 8 GHz (A = 3.75 cm). At the center frequency the helix is designed to 
have a circumference of C = 0.924, or C = 3.45 cm. The helix was built with a pitch angle 
of « = 13°. The spacing between turns is then S = C tan « = 3.45 tan 13° = 0.796 cm. The 
measured radiation patterns for the two principal planes are shown in Figs. 6-6a and 6-6b 
[3]. Note that these patterns are nearly identical, as required for circular polarization. The 
theoretical pattern based on (6-22) is plotted in Fig. 6-6c. Note the good agreement with 
the measured patterns. The half-power beamwidth of the calculated pattern is 38.8° and 
the beamwidth of the measured patterns is 45°. The empirical formula of (6-24) with 
C = 0.92/, N = 10, and S = C tan « = / tan 13° = 0.231 gives 


He ee = 372°. (6-29) 
1,/10(0.231) 


6.2 BICONICAL ANTENNAS 


The bandwidth of a simple dipole antenna can be increased by using thicker 
wire. This concept can be extended to further increase bandwidth if the conduc- 
tors are flared to form a biconical structure. Then the fixed wire diameter is 
replaced by a smoothly varying diameter and a fixed angle (of the conical 
surfaces). In this section the idealized biconical antenna is considered first, 
followed by two practical forms—the finite bioconical antenna and the discone. 


6.2.1 The Infinite Biconical Antenna 


If the conducting halves of an antenna are two infinite conical conducting 
surfaces end-to-end, but with a finite gap at the feed point, the infinite biconical 
antenna of Fig. 6-7 results. Since the structure is infinite it can be analyzed as a 
transmission line. With a time-varying voltage applied across the gap, currents 
will flow radially out from the gap along the surface of the conductors. These 
currents in turn create an encirculating magnetic field H,. Assuming a TEM 
transmission line mode (all fields transverse to direction of propagation), the 
electric field will be perpendicular to the magnetic field and be 0-directed. When 
the potential on the top cone is positive and the bottom cone is negative, the 
electric field lines extend from the top to the bottom cone as indicated in 
Fig. 6-7. 
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Figure 6-7 Infinite biconical antenna. The 
field components and current are shown. 


In the region between the cones J=0, H= H, , and E=E,6. Then 
Ampere’s law, V x H = jweK + J, reduces to 


1 aCe : 
mA OO (sin 0H 4) => jocE, = 0 (6-30) 
for the r-component and 

1d 


aia (rH ,) = josE, (6-31) 
for the @-component. From (6-30) we see that 0/00 (sin 0H) = 0 so 
1 
H : - 
¢* Sin 0 (p22) 


Since the structure acts as a guide for spherical waves we can write (6-32) as 


rn Te | 
Ceea Anresinig,: es) 
Then, substituting this into (6-31) we obtain 

a Abe ale H. 1 e7sbr 

sang es pany = 
jme r 4x sin 0 Or we r 4x sin 0 
-jpr | 
Ai pp, (6-34) 


° Anr sin 0° 
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This equation is simply E, = nH, which confirms our statement that the wave is 
TEM. The field components vary as 1/sin 0, so the radiation pattern is 
_ sin 6, 


FO percent n= 0 <a te O (6-35) 


which is normalized to unity at its maxima on the conductor surfaces. This 
pattern is plotted in Fig. 6-8. 

In order to determine the input impedance we first find the terminal voltage 
and current. Referring to Fig. 6-7 we see the voltage is found by integrating 
along a constant radius r and it is 

t— Oh 
Vir)=| — Egr 40. (6-36) 
ee 
This can be performed for any r since the cones are equipotential surfaces. 
Substituting (6-34) into the above equation yields 


V _ nH, — jpr rem dO _ nH, — jpr 0 Ps 

foe 4n “ [ sinO 4x - ka Zee 
2 ey pr Oh ‘ 
= aa e In(cot 5 | (6 37) 


F (0) 


Figure 6-8 Radiation pattern of an infinite biconical antenna. 
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The boundary condition on H, at the conductor surface is J, = Hy. The total 
current on one cone is found by integrating the current density J, around the 
cone as shown in Fig. 6-7, so 


2n 
I(r) = | H,r sin 0 dp = 2nrH, sin 0. (6-38) 
0 
Substituting (6-33) in the above gives 
H 
I(r) = i Pe (6-39) 
The characteristic impedance at any point r, from (6-37) and (6-39), is 
Lie On 
ZL: = ——_ — ]. - 
Saat Vee In(cot 5 (6-40) 


Since this is not a function of r it must be also the impedance at the input 
(r = 0). Thus, using 7 ~ 1207 in (6-40) gives the input impedance 
Ve. 


in 


as Zed 20) In( cot 2) ohms. (6-41) 
For 6, less than 20° 
Zi Lig 2120 in(; Johms (6-42) 
h 


where 6, is in radians. The input impedance is real because there is only a pure 
traveling wave. Since the structure is infinite there are no discontinuities present 
to cause reflections setting up standing waves, which would show up as a reac- 
tive component in the impedance (except at a few resonance points). If 0, = 1°, 
Zin = 568 + jO ohms. If 6, = 50°, Z;, = 91 + j0 ohms. 

If one cone is flared all the way out to form a perfect ground plane a single 
infinite cone above a ground plane results. This monopole version of the 
infinite bicone then has an input impedance which is half that of the infinite 
bicone. 


6.2.2 The Finite Biconical Antenna 


A practical biconical antenna is made by ending the two cones of the infinite 
bicone. This finite biconical antenna is shown in Fig. 6-9. Inside an imaginary 
sphere of radius h just enclosing the antenna, TEM waves exist together with 
higher order modes created at the ends of the cones. Outside this sphere only 
higher order modes exist. The ends of the cones cause reflections that set up 
standing waves that lead to a complex input impedance. For a given voltage 
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Figure 6-9 Finite biconical antenna. 


excitation the resulting modes of H, can be obtained [4]. The boundary condi- 
tion leads to the current as in (6-38) and then the impedance expression is found. 
The values of input impedance resulting from this procedure are plotted in 
Fig. 6-10 [5]. The capacitive effect of the ends has been neglected. To use these 
curves first compute the characteristic impedance Z, from (6-41) using the 
appropriate cone half-angle 6,. Notice that the input resistance becomes very 
large and the input reactance very small for an overall antenna length 2h of 
slightly less than one-wavelength, just as with an ordinary dipole. 

The pattern of the finite biconical antenna for small cone angles is very similar 
to that of an ordinary dipole of the same length. 


6.2.3 The Discone Antenna 


If one cone of the finite biconical antenna is replaced with a disk-shaped 
ground plane, the structure becomes a disk-cone, or discone, antenna (see 
Fig. 6-11). The discone antenna was developed by Kandoian [6] in 1945, 
followed several years later by experimental design studies [7, 8]. It is used (like 
a vertical dipole) for vertical polarization and nearly uniform azimuth coverage 
(i.e., an omnidirectional pattern). But the discone offers satisfactory operation 
over a wide frequency range (several octaves) while maintaining acceptable pat- 
tern and impedance properties. 
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The discone is constructed as shown in Fig. 6-11. The outer conductor of the 
coaxial transmission line is connected to the cone and the inner conductor is 
attached to the disk ground plane. The cone and disk can be either solid metal 
or radial wires. Ideally the pattern between the ground plane and the cone is that 
of the infinite bicone. This omnidirectional pattern is well suited to broadcast 
applications. 

The discone antenna can be designed for broadband impedance performance 
(typically 50 ohms), while maintaining acceptable pattern behavior with 
frequency [8]. Typical center frequency dimensions are H = 0.74, B= 0.64, 
D=0.4A, 0, = 25°, and 6 < D. For example, the discone with the patterns of 
Fig. 6-12 has a center frequency of 1 GHz (A=30cm). So at 1 GHz, 
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Figure 6-10 Input impedance of a finite biconical antenna of half-length A. 
Z, = 120 In{cot (6,/2)]. (Reproduced, by permission, from [5]. © 1952 John Wiley.) 
(a) Input resistance. 
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Figure 6-10 (b) Input reactance. 


Figure 6-11 Discone antenna. Typical 
dimensions are H ~ 0.71, B ~ 0.6A, D ~ 0.42, 
50-ohm coax and 6 < D. 
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H = 21.3 cm = 0.71, B = 19.3 cm = 0.644, and 6, ~ sin” *[(B/2)/H] = 27°. Nail 
[7] has given optimum design formulas of D = 0.7B and 6 = 0.3C, independent 
of H and 0,. 

The pattern performance over a 3 to 1 bandwidth is revealed in Fig. 6-12. At 
low frequencies the structure is small relative to a wavelength, and the pattern is 
not too different from that of a short dipole (see Fig. 6-12a). As frequency 
increases the electrical size of the ground plane increases and the pattern is 
confined more to the lower half-space (see Fig. 6-12b). For further increases in 
frequency, the antenna behavior approaches that of an infinite structure. For 
example, at 1500 MHz, the pattern (of Fig. 6-12c) is very close to that of the 
monopole version of the infinite biconical antenna in Fig. 6-8. Measurements 
with several disk parameters, D, and spacings between the cone, 6, showed that 
the patterns are insensitive to these parameters [8]. 


6.3 SLEEVE ANTENNAS 


In Section 5.1 we saw that the dipole antenna is very frequency sensitive and its 
bandwidth is much less than the octave bandwidth provided by the antennas 
studied previously in this chapter. However, the addition of a sleeve to a dipole 
or monopole can increase the bandwidth to more than an octave. In this section 
we will briefly examine a few forms of the sleeve antenna, which incorporates a 
tubular conductor sleeve around an internal radiating element. Emphasis will be 
placed on practical configurations. 


6.3.1 Sleeve Monopoles 


Three sleeve monopole configurations are shown in Fig. 6-13 fed from a coax- 
ial transmission line. The sleeve exterior acts as a radiating element and the 
interior of the sleeve acts as the outer conductor of the feed coaxial transmission 
line. The length of the sleeve may be any portion of the total length of the 
monopole from zero (no sleeve) to that of Fig. 6-13b where the sleeve constitutes 
the entire radiating portion of the antenna. There is an endless number of sleeve 
antenna configurations. Frequently the sleeve is a large conducting structure or 
the center radiating element is conical. These are, however, complex structures 
and we will consider only the more common simple sleeve monopole of 
Fig. 6-13c. Its characteristics are a function of the dimensions shown as well as 
frequency. As for an ordinary monopole with no sleeve, the antenna dimensions: 
affect the impedance more than the pattern. 
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Figure 6-13 Sleeve monopole configurations. The arrows in (a) 
indicate polarity when 4+ L < 4/2. 


The first sleeve monopole resonance, as might be expected, occurs at a 
frequency where the monopole length 7+ L is approximately 1/4. Design 
proceeds by locating this first resonance near the lower end of the frequency 
band, thereby fixing the total physical length 7 + L. The remaining design vari- 
able is ¢/L. It has been found experimentally that a value of ¢/L = 2.25 yields 
optimum (nearly constant with requency) radiation patterns over a 4:1 band 
[9]. The value of //L has little“affect for 7+ L < 4/2 since the current on the 
outside of the sleeve will have approximately the same phase as that on the top 
portion of the monopole itself, as suggested by the arrows of Fig. 6-13a. 
However, for longer electrical lengths the ratio //L becomes very important and 
has a marked effect on the radiation pattern, since the current on the outside of 
the sleeve will not necessarily be in phase with that on the top portion of the 
monopole. Some typical specifications for optimum performance are given in 
Table 6-1. In some applications the VSWR may be too high, requiring a match- 
ing network. 


Table 6-1 Specifications for Optimum Pat- 
tern Design of a Sleeve Monopole 


Pattern bandwidth 4:1 
f4+L 4/4 at low end of band 
¢/L 7, Ds 
D/d 3.0 


VSWR less than 8:1 
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Figure 6-14 Sleeve dipole configurations. 


6.3.2 Sleeve Dipoles 


The sleeve monopole has a counterpart in the sleeve dipole antenna, two forms 
of which are shown in Fig. 6-14. The sleeve dipole of Fig. 6-14b can be approx- 
imated with an open-sleeve dipole in which the tubular sleeve is replaced by two 
conductors close to either side of the driven element as shown in Fig. 6-15. The 
length of the parasites (simulated sleeve) is approximately one-half that of the 
center-fed dipole. The open-sleeve dipole we will describe from an experimental 
viewpoint is operated in front of a flat reflector, or ground plane [10]. The results 
are also applicable to sleeve dipoles without a flat reflector present. 

The antenna was designed for the 225-400 MHz frequency band. The dipole 
to reflector spacing S, was chosen to be 0.294 at 400 MHz to avoid the deterior- 
ation of the radiation pattern which occurs for larger spacings. All of the dimen- 
sions required for design of the open-sleeve dipole are given in Table 6-2. These 


Table 6-2 Electrical Dimensions of an Open-Sleeve 
Dipole with a Reflector for Lowest VSWR 


Electrical dimension Electrical dimension 
at lowest frequency at highest frequency 
Parameter (225 MHz) (400 MHz) 

D 0.026A 0.0472 

H 0.385A 0.684, 

L 0.216A 0.385A 

S 0.0381A 0.06774 

S, 0.1634 0.292 


6.4 SPIRAL ANTENNAS 281 


| point 


Reflector 
surface 


Nobaxtal input 


Figure 6-15 The open-sleeve dipole antenna with a flat 
reflector shown in front, top, and side views. 


design values yield low VSWR over a wide bandwidth. This is illustrated in 
Fig. 6-16 by a comparison of the VSWR characteristics of a conventional (un- 
sleeved) dipole and an open-sleeve dipole with a diameter D of 2.9 cm. While 
these results do not represent exhaustive design data for the open-sleeve dipole, 
they do serve as a starting point in the design of open-sleeve dipoles with or 


without a reflector present. 


6.4 SPIRAL ANTENNAS 


Frequently it is desirable to have the pattern and impedance of an antenna 
remain constant over a very wide range of frequencies (say 10:1 or higher). An 
antenna of this type is referred to as a frequency independent antenna. The biconi- 
cal antenna forms the emergence of a frequency independent antenna. In Section 
62 we found that the input impedance and pattern of the infinite biconical 
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Figure6-16 Comparison between the VSWR response of aconventional 


(unsleeved) cylindrical dipole and an open-sleeve dipole both with a 
diameter D of 2.9 cm [10]. 


antenna were independent of frequency. This is precisely the behavior we desire! 
What then is the most distinctive feature of this antenna? It is the emphasis on 
angles and complete removal of finite lengths. In fact, when the infinite biconical 
antenna is truncated forming a finite biconical antenna most of its broadband 
behavior disappears. The concept of angle emphasis has been exploited in recent 
years and has lead to a family of wide bandwidth antennas. These antennas can 
be divided into two types: frequency independent spiral antennas which we 


discuss in this section and log periodic antennas to be discussed in the following 
section. 
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If we are to completely remove finite lengths and replace them with angles, an 
infinite structure would always be required. Hence, in practice, frequency 
independent antennas are designed to minimize finite lengths and maximize angular 
dependence. 

Before discussing specific antennas another feature of frequency independent 
antennas will be introduced. Consider a metal antenna with an input im- 
pedance Zneta;- A complementary structure can be formed which is an antenna 
with air replacing the metal and metal replacing the air (of the original metal 
antenna). Its impedance is Z,;,. Complementary antennas are similar to a posi- 
tive and negative in photography. An example would be a dipole made of 
ribbons of metal (instead of wire). Its complement is a slot in a sheet of metal. It 
can be shown (Babinet’s principle) that the impedances of complementary 
antennas are related as follows. 


23 


La Zntat (6-43) 


If an antenna and its complement are actually the same, they are called self- 
complementary, and then 


S17 21885 ohms. (6-44) 


Ze 
2 


air 
This relationship is frequency independent and is our second design principle for 
frequency independent antennas, that is, self-complementary antennas tend to be 
frequency independent. It turns out, however, that many frequency independent 
antennas are not self-complementary and still have relatively constant 
impedance. 

Now we will examine a specific case of a self-complementary antenna. First 
consider an equiangular spiral curve as shown in Fig. 6-17. In cylindrical coor- 
dinates the distance of the curve from the origin is given by 


r=r,e? (6-45) 


ES 


Figure 6-17 Equiangular spiral curve. 
r=r,e*withr, = 0.311 cmanda = 0.221. 
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Figure6-18 Planar equiangular spiral 
antenna. (Self-complementary case 
with 6 = 90°.) 


where r, is the radius for ¢ = 0 and a is a constant giving the flare rate of the 
spiral. The spiral of Fig. 6-17 is right-handed; left-handed spirals can be gen- 
erated using negative values of a. The equiangular spiral curve can be used to 
make the angular antenna shown in Fig. 6-18 which is referred to as a planar 
equiangular spiral antenna. The four edges of the metal (indicated by dots) each 
have an equation for their curves of the form in (6-45). In particular, edge no. 1 
is that of Fig. 6-17, so r,; =r,e**. Edge no. 2 has the same spiral curve but 
rotated through the angle 6, so r, = r,e“? °. The other half of the antenna has 
edges which make the structure symmetric, that is, by rotating one spiral arm 
one-half turn it would coincide with the other arm. So r;=r,e“% ” and 
rg=r,e%*-*-%. The structure of Fig. 6-18 is self-complementary so 6 = 7/2. It 
does not have to be constructed this way, but pattern symmetry is best for the 
self-complementary case. 

The impedance, pattern, and polarization remain nearly constant over a wide 
range of frequencies. The feed point at the center, the overall radius, and the flare 
rate affect the performance. The flare rate a is more conveniently represented 
through the expansion ratio 


Gan) 2 peetes2 


ia) eal ool pa ee 


é = (6-46) 


which is the increase factor of the radius for one turn of the spiral. A typical 
value of ¢ is 4. Then from (6-46) a= 0.221. The high-frequency end of the 
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operating band is set by the feed structure: the minimum radius (r, for our 
right-hand wound spiral case) is about a quarter-wavelength for an expansion 
ratio « of 4[11]. Of course, the spiral terminates at this point and is connected to 
the feed transmission line. The low-frequency limit is set by overall radius R, 
roughly about a quarter-wavelength. 

Spirals of from one-half to three turns have been found experimentally to be 
relatively insensitive to the parameters a and 6 [12]. Around one and one-half 
turns appears to be optimum. For example, consider a one and one-half turn 
spiral with a = 0.221 as shown in Fig. 6-18. Each edge curve is of the form in 
(6-45), so the maximum radius is R = r(¢ = 32) =r, e°?7'@” = 8.03r,. This 
equals A, /4, where 4, is the wavelength at the lower band edge frequency. At the 
feed point r = r(@ = 0) =r, e° = r,, and this equals Ay/4 where Ay is the wave- 
length at the upper frequency band edge. The bandwidth is then fy/f, = 
Ap lay = (A, /4)/QAu /4) = 8.03r, /r, = 8.03. This 8:1 bandwidth is_ typical, 
however bandwidths of 20:1 can be obtained. 

The self-complementary equiangular spiral, from (6-44), has a theoretical 
input impedance value of 188.5 + j0 ohms. In practice the measured impedance 
values tend to be lower than this, as a result of the presence of the coaxial feed 
line which is wound along one arm toward the feed at the center [11]. In fact, an 
input impedance of about 164 ohms has been measured over a'6:1 frequency 
range from 500 MHz to 3 GHz [13]. 

The radiation from the self-complementary planar equiangular spiral antenna 
has been shown experimentally to be a bidirectional pattern with two wide 
beams broadside to the plane of the antenna. The field pattern is appproximately 
cos 0 where the z-axis is normal to the plane of the antenna. The half-power 
beamwidth is, thus, approximately 90°. The polarization of the radiation is close 
to circular over wide angles, out to as far as 70° from broadside. The sense of the 
polarization is determined by the sense of the flare of the spiral. For example, the 
spiral of Fig. 6-18 radiates in the right-hand sense for directions out of the page 
and radiates in the left-hand sense for opposite propagation directions. 

Another form of a planar spiral is the Archimedean spiral antenna shown in 
Fig. 6-19. This antenna, as are many spiral antennas, is easily constructed using 
printed circuit techniques. The equations of the two spirals in Fig. 6-19 are 
r=r,@ and r,(@ — 2). The properties of the Archimedean spiral antenna are 
similar to those of the equiangular planar spiral antenna. A single main beam 
can be obtained by placing a circularly cylindrical cavity on one side of the 
spiral, forming a cavity-backed Archimedean spiral antenna. Commercially avail- 
able cavity-backed Archimedean spiral antennas have a 90° half-power beam- 
wicth, 2:1 VSWR, and a 1.1 axial ratio of polarization on boresight, over a 
10:1 bandwidth. 

Nonplanar forms of spiral antennas can be employed to produce a single main 
beam. For example, the planar equiangular spiral antenna can be conformed 


286 BROADBAND ANTENNAS 


Figure 6-19 The Archimedean spiral 
antenna. 


onto a conical surface, thus creating the conical equiangular spiral antenna. The 
equation for a conical equiangular spiral curve is 


r = ela sin On)d (6-47) 


The planar spiral is a special case with 0, = 90°. The equations for the edges of 
one spiral of metal are that of (6-47) for r,, and r, = e Sin 4-9. and 6 = 2/2 
for the self-complementary case. The other spiral arm is produced by a 180° 
rotation. The edges of the arms maintain a constant angle « with a radial line for 
any cone half-angle 6,, and [11] 


a= cot a. (6-48) 


The conical equiangular spiral antenna, unlike its planar counterpart, has a 
single main beam. In particular, there is more intense radiation off the cone tip 
(—z-direction) than there is in the opposite direction. The self-complementary 
Shape yields the best radiation patterns. Typical patterns for 0, < 15° and a 
about 70° have a broad main beam with a maximum in the 0 = 180° direction 
and a half-power beamwidth of about 80°. Since the structure is rotationally 
symmetric, the pattern is also nearly rotationally symmetric. The polarization of 
the radiated field is very close to circular in all directions, with the sense 
determined by the sense of the spirals. However, the ellipticity does increase with 
off-axis angle. The impedance [11] can be approximated by the relation 


Z, ~ 300 — 1.56(degrees) ohms (6-49) 


where d(degrees) is the angle 6 of Fig. 6-20 in degrees. For the self- 
complementary case 6 is 90° and from (6-49) Z, ~ 165 ohms which is close!to 
the 188.5 ohms theoretical value. The impedance is not affected significantly by 
0, OF a. 
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z Figure 6-20 The conical equiangular spiral antenna. 


Design of the conical equiangular spiral antenna is rather simple and proceeds 
as follows [14]. The upper frequency fy, of the operating band occurs when the 
truncated apex diameter is a quarter-wavelength, that is, d = 1, /4. The lower 
band edge frequency f, is determined by the base diameter B and occurs for 
B = 3/,/8. 0, is usually less than 15° and « about 70°. For 6, = 10° and « = 73° 
the front-to-back ratio is 15 dB and the axial ratio of the polarization is well 
below 2 on axis. 

In spiral antennas most radiation comes from the region of the structure 
where the circumference is about one wavelength, often called the active region. 
Thus, as frequency is changed a different part of the spiral supports the majority 
of the current. This feature is responsible for the broadband performance. To see 
this recall that the current amplitude on an infinite biconical antenna is con- 
stant with distance from the feed. Therefore, it will be altered when the structure 
is terminated to form a finite biconical antenna. On the other hand, an antenna 
with a distinct active region in which the current farther out from the feed point 
is very small essentially appears as if it were infinite. This property is exploited 
further in the next section. 


6.5 LOG-PERIODIC ANTENNAS 


The spiral antennas of the previous section illustrate the principle that emphasis 
on angles will lead to a broadband antenna. Although spiral antennas are not 
complex structures, construction would be simplified if simple geometries, in- 
volving circular or straight edges, could be utilized. Antennas of this type are 
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discussed in this section. To see how the ideas develop, first consider the bowtie 
antenna (also called the bifin antenna) of Fig. 6-21. It is the planar version of the 
finite biconical antenna (see Fig. 6-9). It has a bidirectional pattern with broad 
main beams perpendicular to the plane of the antenna. It is also linearly po- 
larized. The bowtie antenna is used as a receiving antenna for UHF TV chan- 
nels, frequently with a wire grid ground plane behind it to reduce the back lobe. 
Since currents are abruptly terminated at the ends of the fins, the antenna has 
limited bandwidth. As we shall see shortly, by modifying the simple bowtie. 
antenna as shown in Fig. 6-22, the currents will then die off more rapidly with 
distance from the feed point. The introduction of periodically positioned teeth 
distinguishes this antenna as one of a broad class of log-periodic antennas. A 
log-periodic antenna is an antenna having a structural geometry such that its 
impedance and radiation characteristics repeat periodically as the logarithm of 
frequency. In practice the variations over the frequency band of operation are 
minor, and log-periodic antennas are usually considered to be frequency 
independent antennas. | 

Most of the work on frequency independent antennas took place at the 
University of Illinois in the late 1950s and the 1960s [15]. A series of antennas 
were developed through many experiments. Several geometries were examined, 
and those that produced broadband behavior led to determination of the 
properties necessary for wide bandwidth. Frequency independent spiral antennas 
were discussed in the previous section. In this section we outline the develop- 
ment of the log-periodic antenna family. The metamorphosis of the log-periodic 
produced the log-periodic dipole antenna, which is made up of only straight wire 
segments. 

One of the first log-periodic antennas was the log-periodic toothed planar 
antenna shown in Fig. 6-22. It is similar to the bowtie antenna except for the 
teeth. The teeth act to disturb the currents which would flow if the antenna were 
of bowtie-type construction. Currents flow out along the teeth and, except at the 
frequency limits, are not significant at the ends of the antenna. The rather unusual 
shape of this antenna is explained by examining the planar equiangular spiral 


Figure 6-21 The bowtie antenna. 
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Figure 6-22 Log-periodic toothed planar antenna. (Self-com- 
plementary.) 


antenna. Along a radial line from the center of the spiral, the positions of the far 
(or near) edges of a conductor from (6-45) are 


T, =O ee or) = Tet wee (6-50) 
The ratio of the n + 1th position to the nth position is 


r ero t (nt 1)27) 
(1) 


a pig WE PAE tel . 
zy r eg tn2 7) wel 3 ene (6 51) 
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ln 


which is the expansion factor of (6-46). This is a constant, and thus the distances 
(or period) of the edges are of constant ratio for the planar spiral. For the 
structure of Fig. 6-22 the ratio of edge distances is also a constant, and is given 
by the following scale factor 


aa Fa (6-52) 
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The slot width is expressed by 


a 
= eee te 6-53 
oO R < ( ) 


n 


These relations are true for any n. The parameter t gives the period of the 
structure. We would thus expect periodic pattern and impedance behavior with 
the same period. In other words, if frequencies f,,, and f, from adjacent periods 
lead to identical performance, then 


Sn 
Sn+1 


Forming f,+1 = f,/t from this equation and taking the logarithm of both sides, 
we have 


at biter fo (6-54) 


log fr+1 = log f, + log(1/z). : (6-55) 


Thus, the performance is periodic in a logarithmic fashion, and hence the name 
log-periodic antenna. All log-periodic antennas have this property. 

If the teeth sizes of the log-periodic toothed planar antenna are adjusted 
properly, the structure can be made self-complementary. From Fig. 6-22 we see 
that in general (whether self-complementary or not) 


y + B= 180° and B+25=«. (6-56) 


If the structure is self-complementary (as shown) 
a= cand = 2B =O, (6-57) 


Substituting (6-57) into (6-56) yields a + B = 180° and B + 2B = a. Solving these 
two equations gives | 


a= 135° and B= 45° (6-58) 


for a self-complementary log-periodic toothed planar antenna. As we saw in the 
previous section, an antenna that. is self-complementary tends to be broadband 
and has an input impedance of 188.5 ohms. 

If the widths of the teeth and gaps are equalized, o = a,/R, = R,+, /a,. Using 
(6-52) and solving for o gives 


6 =./t. (6-59) 

This relationship and the self-complementary feature are popular in practice. 
The properties of the log-periodic toothed planar antenna depend upon t. It 
has been found experimentally that the half-power beamwidth increases with 
increasing values of t [11] as shown in Fig. 6-23. The pattern has two lobes with 
maxima in each normal direction to the plane of the antenna. The radiation is 
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Figure 6-23 Half-power beamwidth of the self- 
complementary toothed planar antenna (for o = Jt) 
as a function of scale factor t. 


linearly polarized parallel to the teeth edges. This is perpendicular to what it 
would be if there were no teeth (6 = 0), in which case the antenna would be a 
bowtie. The fact that transverse current flow dominates over radial current flow 
is significant. Most of the current appears on teeth that are about a quarter- 
wavelength long (the active region). This, we have seen, is key to achieving wide 
bandwidths. The frequency limits of operation are set by the frequencies where 
the largest and smallest teeth are a quarter-wavelength long. 

The log-periodic toothed planar antenna should have a performance (im- 
pedance and pattern) that repeats periodically with frequency with period t 
given by (6-52). The self-complementary version of the antenna, while not pro- 
ducing frequency independent operation, does lead to performance that does not 
vary greatly for frequencies between periods, that is, for f, <f<fj,+,. In fact, 
measurements have produced nearly identical patterns over a 10:1 bandwidth 
[11]. 

The log-periodic toothed wedge antenna of Fig. 6-24 is a unidirectional pattern 
form of its planar version in Fig. 6-22, in which the included angle w is 180°. A 
single broad main beam exists in the +z-direction. The patterns are nearly 
frequency independent for 30° < yy < 60°. The polarization is linear and y- 
directed for on-axis radiation, as indicated in Fig. 6-24. There is a small cross 
polarized component (x-directed) arising from the radial current mode, as found 
in a biconical antenna. Typically this cross-polarized component is 18 dB down 
from the copolarized (y-directed) component on-axis, indicating a strong excita- 
tion of the transverse current mode associated with frequency independent beha- 
vior. The bandwidth of the wedge version is similar to the sheet version but the 


292 BROADBAND ANTENNAS 
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Figure 6-24 Log-periodic toothed wedge an- 
tenna. 


input impedance is reduced for decreasing w. For the planar case (/ = 180°) the 
self-complementary antenna, which should have an impedance of 188.5 ohms, 
has an impedance of about 165 ohms, whereas the wedge form with y = 30° has 
a 70-ohm impedance. As yw is decreased the impedance variation over a period of 
the structure (frequency ratio of t) increases. For example, a 3:1 variation 
occurs for y = 60° relative to the geometric mean [11]. 

From a construction standpoint it would be desirable if the toothed antennas 
could be made with straight edges. This simplification of the structure turns out 
to be of little consequence in the performance of the antenna. This is another 
major step in the development of the log-periodic antenna. As an example, if the 
tooth edges of the log-periodic toothed planar antenna in Fig. 6-22 are replaced 
by straight edges the log-periodic toothed trapezoid antenna of Fig. 6-25 results. 
The performance of this antenna is similar to its curved edge version in 
Fig. 6-22. A log-periodic toothed trapezoid wedge antenna can be formed by bend- 
ing the planar version into a wedge, creating an antenna similar to that of 
Fig. 6-24. In fact, the patterns of the two wedge forms (curved edge and 
trapezoid) are similar, but the trapezoid version has better impedance perform- 
ance with only about a 1.6: 1 variation over a period for y = 60° [11]. 

The solid metal (or sheet) antennas we have described are practical for short 
wavelengths, but for low frequencies the required structures can become rather 
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impractical. It turns out that the sheet antennas can be replaced by a wire 
version in which thin wires are shaped to follow the edges of the sheet antenna. 
An example of this major structural simplification is that of Fig. 6-26, which is 
the wire version of Fig. 6-25. This log-periodic trapezoid wire antenna can also be 
bent at the apex to form a wedge that produces a unidirectional pattern. The 
log-periodic trapezoid wedge wire antenna has a performance similar to its sheet 
version. Measurements for a wedge angle ~y = 45° have yielded E- and H-plane 
half-power beamwidths of 66°, a gain of 9.2 dB, and a front-to-back ratio of 
12.3 dB. The average input impedance has been measured as 110 ohms with a 
VSWR of 1.45 over a 10:1 band [16]. As with other wedge log-periodics, the 


1 Figure 6-26 Log-periodic trapezoid wire antenna. 
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Figure 6-27 Log-periodic zig-zag wire antenna. 


main beam maximum is straight off the apex and the radiation is linearly 
polarized. ; 

Other even simpler log-periodic wire antennas exist in both planar and wedge 
shapes. The log-periodic zig-zag wire antenna of Fig. 6-27 is an example. 

The final phase in this metamorphosis of log-periodic antennas is the use of 
only parallel wire segments. This is the log-periodic dipole array of Fig. 6-28 
[17, 18]. The log-periodic dipole array (LPDA) is a series-fed array of parallel 
wire dipoles of successively increasing lengths outward from the feed point at the 
apex. Note that the interconnecting feed lines cross over between adjacent ele- 
ments. This can be explained by noting that the LPDA of Fig. 6-28 resembles 
the toothed trapezoid of Fig. 6-25 when folded on itself, making a wedge with 
zero included angle. The two center fins of metal then form a parallel transmis- 
sion line with the teeth coming out from them on alternate sides of the fins. This 
alternate arm geometry occurs for all wedge log-periodic antennas. 


Figure 6-28 Log-periodic dipole array geometry. 
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A particularly successful method of constructing an LPDA is shown in 
Fig. 6-29. A coaxial transmission line is run through the inside of one of the feed 
conductors. The outer conductor of the coax is attached to that conductor and 
the inner conductor of the coax is connected to the other conductor of the 
LPDA transmission line. 

As shown in Fig. 6-28, a wedge of enclosed angle « bounds the dipole lengths. 
The scale factor t for the LPDA is 


tT=—— <i. (6-60) 


Right triangles of enclosed angle «/2 reveal that 


a ve L,/2 lor Leas 2 


tan 5 R, Re, (6-61) 
Thus 
Te a an oo 
Ry R, Ravi Ry 
Using this result in (6-60) gives 
R L 
t= et = i (6-63) 


Thus, the ratio of successive element positions equals the ratio of successive 
dipole lengths. 


Feed point 


Array elements 


Figure 6-29 Construction details of the log- 
periodic dipole array. 
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The spacing factor for the LPDA is defined as 


d 
=a! 6-64 
Aeaisyas (6-64) 
where the element spacings as shown in Fig. 6-28 are given by 
Tepe! Rome | (6-65) 
But R,,., = TR,, so 
d, = R, —tR, = (1 —7)R,. (6-66) 
From (6-61) R, = L,,/2 tan («/2). Using this in (6-66) yields 
Is : 
d,=(l s : : 
nrell © Oana) bey 
Substituting this in (6-64) gives 
d 1—t 
=—" = 6-68 
fi 2L, 4 tan(«/2) Ce 
Or, 
1—t 
= an fees b -69 
@ =! tan | ie (6-69) 
Combining (6-68) with (6-63), we note that all dimensions are scaled by 
cS Ry+1 _ | Saree re dn+1 : (6-70) 


R L d 


n n n 


As we have seen with other log-periodic antennas, there is also an active 
region for the LPDA, where the few dipoles near the one that is a half-wavelength 
long support much more current than do the other radiating elements. It is 
convenient to view the LPDA operation as being similar to that of a Yagi-Uda 
antenna. The longer dipole behind the most active dipole (with largest current) 
behaves as a reflector and the adjacent shorter dipole in front acts as a director. 
The radiation is then off of the apex. The wedge enclosing the antenna forms an 
arrow pointing in the direction of the main beam maximum. 

As the operating frequency changes, the active region shifts to a different 
portion of the antenna. The frequency limits of the operational band are roughly 
determined by the frequencies at which the longest and shortest dipoles are 
half-wave resonant, that is, 


ange Ls <a (6-71) 
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where A, and Ay are the wavelengths corresponding to the lower and upper 
frequency limits. Since the active region is not confined completely to one dipole, 
often dipoles are added to each end of the array to ensure adequate performance 
over the band. The number of additional dipoles required is a function of t and 
o [19, 20]. But for noncritical applications (6-71) is sufficient. 

The pattern, gain, and impedance of an LPDA depend upon the design par- 
ameters t and oc. Since the LPDA is a very popular broadband antenna of simple 
construction, low cost, and light weight, we will give the design details and 
illustrate them by examples. Gain contours are plotted in Fig. 6-30 as a function 
of t and o [18]. Note that high gain requires a large value of t, which means a 
very slow expansion, that is, a LPDA of large overall length. Gain is only 
slightly affected by the dipole thickness. It increases about 0.2 dB for a doubling 
of the thickness [11]. Optimum gain is indicated in Fig. 6-30, and it gives the 
smallest scale factor for a given gain value. 

Further details on the design and calculations for the LPDA are available in 
the literature [19-23]. Also the LPDA can be constructed in a size reduced form 
or using printed circuit techniques [24-26]. 


0.22 
0.20 


0.18 


um 


a 


Spacing factor a 


1.0 0.98 096 0.94 0.92 0.90 0.88 0.86 0.84 0.82 0.80 0.78 
Scale factor 7 


Figure 6-30 Gain of a log-periodic dipole array. (From Carrel [18]. © 1961 IRE 
(now IEEE). Reprinted with permission of IEEE.) 
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Example 6-2. Optimum Design of a 54-216 MHz Log-Periodic Dipole 
Antenna 


It is desired to have an antenna that operates over the entire VHF-TV and FM broadcast 
bands, which span the 54 to 216 MHz frequency range for a 4: 1 bandwidth. Suppose the 
design gain is chosen to be 8.5 dB. The corresponding values of t and o for optimum 
design from Fig. 6-30 are 


1=0822 and o=0.149. (6-72) 
Then from (6-69) we have 
1 — 0.822 
Sil at, ° = 
a =2 tan | Fines | = 33.3°. (6-73) 


The length of the longest dipole is determined first. At the lowest frequency of operation 
(54 MHz) the dipole length from (6-71) should be near a half-wavelength, so 


L, = 0.5A, = 0.5(5.55) = 2.78 m. (6-74) 


The shortest dipole length should be on the order of Ly = 0.5Ay = 0.694 m at 216 MHz. 
The LPDA element lengths are computed until a length on the order of 0.694 m is 
reached. To be specific, element lengths are found from L, using L,,, =tL,. For 
example, 

Loe tL y= (0:822)(2. 78) 228 10 
and 

Ly = tL oe=,(0.822)(2.28) = 1.88 m. 


Completing this process leads to 


L, = 2.78 m, L, <= 2.28 m, JB a 1.54 m, I bya = Pe m, 


Ls=104m;,. Lg =0856m,. Ls =0:704m,; % L3=— 0.578 nn (6-75) 


The array was terminated with eight elements since Lg = 0.578 m is less than the 0.694-m 
length for the highest operating frequency. Elements could be added to either end to 
improve performance at the band edges. 

The element spacings for this example are found from (6-68) as 


d, = 2cL, = 2(0.149)L, = 0.298L,. (6-76) 
Using the element lengths of (6-75) gives 


d, = 0.828 m, d, = 0.679 m, d, = 0.459 m, d, = 0.378 m, 


(6-77) 
ds=0.310m, dg=0.255m, d,=0.210m. 


These dipole lengths and spacings completely specify the LPDA, as shown in Fig. 6-28. 
The total length of the array is the sum of the spacings in (6-77), which gives 3.119 m. 
The outline of the antenna fits into an angular sector of angle a = 33.3°. 
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Example 6-3. Characteristics of a 200-600 MHz LPDA 


In this example we examine the gain, pattern, impedance, and current distribution of a 
LPDA as a function of frequency. Suppose it is to be constructed for operation over the 
200 to 600 MHz band. For optimum performance and a design goal of 10 dB gain, we see 
from Fig. 6-30 that t=0.917 and o=0.169. The lowest frequency of operation 
(200 MHz) has a wavelength of 4,= 1.5m, so the first element has a length of 
L, =4,/2 =0.75 m. The length of the shortest element should be on the order of a 
half-wavelength at 600 MHz, and A,y/2 = 0.500 m/2 = 0.250 m. Using the design 
techniques illustrated in the previous example and four extra elements at the narrow end 
gives the 18 element LPDA shown in Fig. 6-31a. (The antenna geometry details are left as 
a problem.) 

The LPDA of Fig. 6-31a was modeled using the computer techniques of Section 7.9. 
The resulting current distributions at the band edges and one midway frequency are 
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Figure 6-31 An optimum log-periodic dipole antenna for operation in the 200 to 600 
MHz band (Example 6-3). (a2) The geometry. (6) Current distributions. 
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Figure6-32 Radiation patterns at several frequencies for the 
log-periodic dipole antenna of Example 6-3. The gain and 
impedance values are also given. (a) 150 MHz. (b) 200 MHz. 
(c) 300 MHz. (d) 450 MHz. (e) 600 MHz. (f) 650 MHz. 
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shown in Fig. 6-31b. These currents illustrate the active region behavior we have men- 
tioned several times. For example, at 200 MHz there are three dipoles with strong cur- 
rents on them and a total of five with significant currents. This is also true for other 
frequencies in the operating band, with the active region shifted to some other portion of 
the antenna as seen in Fig. 6-31b. At the high-frequency limit element 14 is about a 
half-wavelength long and the extra four elements provide support for the active region at 
600 MHz. ; 

The gain, pattern, and impedance behavior as a function of frequency are shown in 
Fig. 6-32. At 150 MHz the gain is considerably less than the 10-dB design value due to 
the large back lobe. Also the input impedance has a substantial imaginary part. This 
inferior performance is, of course, caused by insufficient antenna length required for proper 
support of the active region at that frequency. At the lower band edge of 200 MHz, 
however, the pattern has little back radiation, the gain is approaching the design goal, 
and the input impedance has a small imaginary part. Similarly, at 650 MHz the perform- 
ance is only slightly inferior to that at the upper band edge of 600 MHz because of the 
added elements. At intermediate frequencies between the band edges the gain, pattern, 
and impedance remain reasonably constant, indicating frequency independent behavior. 
Figures 6-32c and 6-32d are typical of intermediate frequencies. The fact that the gain 
never quite reaches the design goal of 10 dB is mostly due to the use of a characteristic 
impedance termination of the transmission line rather than a reactive termination (that is, 
open or short circuit). The use of a reactive termination can lead to unwanted resonances 
on the LPDA caused by energy being trapped between the termination and the stop 
region on the termination side of the active region. These high Q resonances can be 
eliminated by using a termination that is at least slightly resistive or by using a relatively 
high value for the LPDA transmission line impedance (e.g., Z, ~ 150 ohms) since this will 
cause the dipole elements to more heavily load the line. This makes the active region 
more efficient [27], with the result that there is relatively little energy left to propagate 
past the active region and cause a strong resonance effect on the radiation pattern. 
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/ 61-1 An unfurable helix was built with an overall length of 78.7 cm, a diameter of 
4.84 cm, and a pitch angle of 11.7°. The center frequency of operation is 1.7 GHz. Calcu- 
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late the number of turns, the directivity in decibels, the half-power beamwidth in degrees, 
and the axial ratio for the helix. 

Legos It is desired to achieve a right-hand circularly polarized wave with a pattern having 

a half-power beamwidth of 39°. One of the easiest ways to do this is with a helix antenna. 
It is to be built with a pitch angle of 12.5°, and the circumference of one turn is to be one 
wavelength at the center frequency of operation, which is 475 MHz. 

(a) Calculate the number of turns needed. 

(b) What is the directivity in decibels? 

(c) What is the axial ratio of the on-axis fields? 

(d) Over what range of frequencies will these parameters remain relatively constant? 
(c) Find the input impedance at the design frequency and at the ends of the band. 
6.1-3 A commercially available axial mode helix antenna has six turns made of 0.95-cm 
aluminum tubing supported by fiberglass insulators attached to a 3.8-cm aluminum shaft. 
The band of operation is 300 to 520 MHz. The mechanical characteristics are: length of 
helix 118 cm, diameter of helix (center to center) 22.3 cm, ground screen diameter 89 cm. 

(a) Determine the pitch angle «. . 
(b) Compute the gain in decibels at edges of the frequency band of operation. 

6.1-4 A 12-turn axial mode helix has a circumference of 0.197 m, a pitch angle of 8.53°, 
and operates at 1525 MHz. Calculate and plot the radiation pattern in linear-polar form. 
6.2-1 Calculate the input impedance for infinite biconical antennas of the following cone 
halieangles)'0,12, 1°, 10°.)20°,. 50°. 
6.2-2 A finite biconical antenna has cones that are each 0.3/ long and a half-angle 1°. 
Determine the input impedance using Fig. 6-10. 
6.3-1 Construction project. Select a frequency for which you have laboratory equipment to 
measure impedance (probably in the VHF or UHF range). Construct both an optimum 
open-sleeve dipole and its ordinary dipole version. (Alternatively, monopoles may be 
constructed.) Measure the input impedance of both antennas over a 2:1 frequency range 
about the center frequency. (Alternatively, measure the VSWR.) 

-4-1 Design an equiangular spiral antenna for operation over the entire UHF TV broad- 
cast band (use 450 to 900 MHz). 
6.4-2 Construction project. Construct the equiangular spiral antenna of the previous prob- 
lem using aluminum foil glued to cardboard. Test its performance with a receiver (per- 
haps a television). 
6.5-1 Design a self-complementary log-periodic toothed planar antenna for operation 
from 400 MHz to 2 GHz with a half-power beamwidth of 70°. 

5-2 A log-periodic dipole array is to be designed to cover the frequency range 84 to 
200 MHz and have 9-dB gain. Give the required element lengths and spacings for optimal 
design. 

6-5-3 Evaluate the dipole lengths and spacings for the LPDA of Example 6-3. 
6.5-4 Design an LPDA to operate over the UHF TV broadcast band with 10-dB gain. 
Add one extra element to each end over that required by (6-71). 


MOMENT METHODS 


Thus far we have studied a variety of antenna configurations, but for the most 
part we have assumed either that the current distribution was uniform (e.g., the 
ideal dipole) or that it was sinusoidal. It was then a relatively straight-forward 
procedure to obtain the near-zone and far-zone fields created by the current. 

In this chapter we wish to eliminate the need for assuming the form of the 
current distribution. Naturally, this greatly expands the number of antenna 
configurations which we can investigate. Indeed, we find that we are able to 
study, for example, wire antennas of almost arbitrary configuration. The 
methods we use to do this are, therefore, very general methods capable of yield- 
ing answers whose accuracy is within the limit of experimental error. The poten- 
tial price we pay for such a powerful technique lies in the effort required to write 
the necessary computer software and the time required for computer execution. 
Fortunately, for many problems efficient computer software is readily available 
and it is not necessary to write software from “scratch.” 

The general method we employ in this chapter is the method of moments. The 
method of moments is a procedure for reducing an integral equation of the form 


[U(2)K(z, 2’) dz = -E'(2) (7-1) 


to a system of simultaneous linear algebraic equations in terms of the unknown 
current I(z’). Then, as we have seen in the previous chapters, once the current is 
known, it is a fairly straightforward procedure to determine the radiation pattern 
and impedance. 
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Electromagnetic radiation problems can always be expressed as an integral 
equation of the general form in (7-1) with an inhomogeneous source term on the 
right and the unknown within the integral. However, it was not until the avail- 
ability of modern high-speed digital computers in the mid 1960s that it was feasible 
to solve most such equations. Since that time a large amount of effort has been 
expended toward the understanding of the various numerical procedures in- 
volved and the development of computer software [2-5]. 

In this chapter we will set forth the basic principles involved in solving inte- 
gral equations via the method of moments and will demonstrate the procedure 
with several examples. The serious student is encouraged to write a simple 
computer program using the basic principles described herein, such as that 
suggested by Prob. 7.2-1. 


7.1 POCKLINGTON’S INTEGRAL EQUATION 


One of the common integral equations that arises in the treatment of wire 
antennas or wire scatterers is that derived by Pocklington in 1897 which enabled 
him to show that on thin wires the current distribution is approximately sinu- 
soidal and propagates with nearly the velocity of light. To derive this equation let 
us consider the situation in Fig. 7-1 where we have a wire of conductivity o 
surrounded by free space (,, €,). Since the wire radius is taken to be much less 


lan Ga! 


/K-2a—> Figure 7-1 Wire of conductivity o in free space. 
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than the wavelength, we may assume only z-directed currents are present. From 
the Lorentz gauge condition in (1-44) we may write 


0A 
== —jwe,D 7-2 
Ae = — jot, (7-2) 


where © is the scalar potential and A, is the z-component of the magnetic vector 
potential. Using (1-39) 


E = —jop,A — V® (7-3) 


we may write for the situation in Fig. 7-1 the scalar equation 


= —jou,A,-—. 7-4 
E, = —jop,Az— 5 (7-4) 
Taking the derivative of (7-2) and substituting into (7-4) we obtain 
1 (07A ‘ 
= — : A 7- 
= a(S + 8) (7-5) 
If we consider a z-directed current element J dv’ 
aU end baa ees | 
cer Sate ! , Ta 
dE, fae lw eet + Bw (z, 2’) |J dv (7-6) 
where y(z, 2’) is the free space Green’s function given in (1-54) as 
a il 
We 2)= TS (7-7) 


where R is the distance between the observation point (x, y, z) and the source 
point (x’, y’, 2’) or 


R= J/@-x) +0-yF + e-27 (7-8) 
The total contribution to the electric field is the integral over the wire volume 
1 aw(z, z') 2 fe ! 
= Ta III Hae + Pe 2) ae (7-9) 


We only need consider a volume distribution of current density if the wire is 
not of sufficiently high conductivity. If we assume the conductivity to be infinite, 
then the current is confined to the wire surface and (7-9) reduces to 


etl 


Cie, 


L/2 


ae AEA) BW (z, “yp dz' dq’ (7-10) 
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Figure 7-2 (a) Wire with surface current density J, and observa- 
tion point on the surface. (6) Wire with surface current density 
J, and observation point on the wire axis. (c) Equivalent fila- 
mentary line source for the situation in (6). (d) Alternate repre- 
sentation of (c). 


where c is the cross-sectional curve of the wire surface as shown in Fig. 7-2a. For 
wires of good conducting material the assumption of a surface current is approx- 
imately true and leads to no complications. If one observes the surface current 
distribution from a point on the wire axis as in Fig. 7-2b, then 


R=./(z— 2’) +a’. (7-11) 


Since a <A and we have assumed the current distribution to be uniform with 
respect to $’, we may reduce (7-10) to a line integral of current. Thus, 

1 oe a7 (z, z') 2 t t ! 

E, aa Mee +B W(z, 2’) {I(z') dz’. (7-12) 


= 1b? 


We note that the equivalent filamentary line source is located a radial distance a 
from the observation point as in Fig. 7-2c and 7-2d and that we have not 
assumed the wire to be infinitely thin as was the case for dipoles studied in 
Chapters 2 and 5. 

In accordance with the surface equivalence principle [6] of Section 8.1, we can 
denote the quantity E, in (7-12) as the scattered field ES. That is ES is the field 
radiated in free space by the equivalent current I(z’). The other field present is the 
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incident or impressed field E,. At the surface of the perfectly conducting wire and 
also interior to the wire, the sum of the scattered field and the incident field must 


be zero. Hence, ES = —E’, and we may write (7-12) as 
1 ¢? 67(z, 2’) 
— I(z')|———_ ‘\|dz' = —E; 7-13 
Af |S + eve ne--2@) 09 


which is the type derived by Pocklington and is of the general form discussed at 
the beginning of this chapter in (7-1). 

Equation (7-13) is known as an integral equation of the first kind because the 
unknown I(z’) appears only under the integral. In the following section we will 
illustrate how an integral equation such as this may be solved numerically and 
point out how the procedure is analogous to Kirchhoff’s network equations as 
noted by Schelkunoff [1] many years ago. 


7.2 INTEGRAL EQUATIONS AND KIRCHHOFF’S 
NETWORK EQUATIONS 


One purpose of this section is to show the resemblance between integral equa- 
tions of the type given in (7-13) and Kirchhoff’s network equations 


N 
Mi Zien nt aes m= 1,2, See iN, (7-14) 
n=1 & 
Thus, we will solve the integral equation numerically by writing N equations in 
N unknowns just as we would do if we were solving an N mesh or N node 
circuit problem. 
For convenience, let us write (7-13) in the form 
L/2 
[ _M(z)K(z, 2) dz’ = — Ei). (7-15) 
ad byP4 

Let us assume that the current is approximated by a series of expansion functions 
F,, such that 


e)= SEF) (7-16) 


where the I,’s are complex expansion coefficients. To keep the discussion as 
simple as possible, we will assume the expansion functions are a set of ortho- 
gonal pulse functions given by 


1 for z’ in Az, 


F(Z \= 
n(2') 0 otherwise 


(7-17) 
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The expansion in terms of pulse functions is a “stairstep” approximation to the 
current distribution on the wire, where the wire is divided into N segments of 
length Az. / 
Substituting (7-16) into (7-15) we obtain Mok 
\ 


N 
Yn Fa(2'\K (2m, 2’) dz! —E’(2q) | (7-18) 
5 HP) ye 


L/2 


\ 


where the subscript m on z,, indicates the integral equation is being enforced at 
segment m. Note that the left side is only approximately equal to, the right side 
because we have approximated the actual current distribution with an approxi- 
mate distribution. Using (7-17) in (7-18) enables us to write 


N 
>i tlh K(Zm, 2’) dz’ > — Ei(Zm). S (7-19) 
n=1 Az, 
For convenience, we let 


eA | K(Zm, 2’) dz’. (7-20) 


AZh 


Then (7-16) and (7-17) in (7-15) yield 
| 12)K (Ems 2’) dz’ © Is f (Ems 2) 


bal oh (Zae Ga etoeey tds Jel Zev sta) a 
as Ty shee Zn) ~ — Ei(Zm) (7-21) 


as illustrated in Fig. 7-3. A physical interpretation of this equation is as follows. 
The wire has been divided up into N segments each of length Az}, = Az’ with the 
current being an unknown constant over each segment. At the center of the m™ 


Actual 
distribution 7, 


( Figure 7-3 “ Staircase’’ approximation to an actual current distribution. 
; 4 ( a7 ae l a 
wot CEN woo =~ Ct Vista (We +; oa Crem bAN ly 
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segment, the sum of the scattered fields from all N segments is set equal to the 

negative of the incident field at the point z,,. The incident field is a known field 

arising from either a source located on the wire (transmitting case) or from a 

source located at a large distance (receiving case or radar scattering case). As we 

might surmize, if we need a more accurate representation of J(z’), then shorter 

segments (and a larger N) may be used. More will be said about this later. 
Equation (7-21) leads to 


N 
Za =e (7-22) 
n=1 
where in this example situation 
Zmn =F (Zm> 2n) (7-23) 
and 
Vin = — Ez (2m): | (7-24) 


Note that we have achieved our goal of reducing the electromagnetic problem to 
(7-22) which is identical to the network formulation of (7-14). It should be 
mentioned, however, that in network problems we know Z,,, at the start, 
whereas in electromagnetic problems it is necessary to calculate Z,,,, as we have 
shown in this elementary example. 

So far we have only generated one equation in N unknowns. We need N —1 
additional independent equations so that we can solve for the N unknowns. To 
obtain these additional equations, we choose a different z,, for each equation. 
That is, we enforce the integral equation at N points on the axis of the wire. The 
process of doing this is called point-matching. It is a special case of the more 
general method of moments. 

Point-matching at N points results in the following system of equations 


Ty f (21, 24) + Inf (215 22) +2°+ + Inf (1 2n) = — Ez(21) 
I, f (22 24) + I,f (22; a Na range Iyf (22, zy) = — E;(22) (7-25) 
I, f (Zn, 24) + Die 25) +++: + Inf (Zn, Zw) = — Ez (zn) 
which can be written in matrix form as 
Le Zo fe 22) 2>. Ff (21, 2) I, —E;(z;) 
f (22; z) f(Z2, Co ae ce) I, Qe — E;(22) (7-26) 
f (ZwsiZidia flea za) cbae, PENS Ze) Cl alee ees 
or in the compact notation as 


[Zona] = [Vin (7-27) 
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where Z,,, and V,, are given by (7-23) and (7-24), respectively. We refer to the 
first index (m) as the match point index because it is associated with the observa- 
tion point at which the m' equation is valid. We refer to the second index as the 
source point index since it is associated with the field from the n'"" segment or n™ 
source. Because of the analogy to the network equations, the matrices [Z,,,,], In], 
and [V,,] are referred to as generalized impedance, current and voltage matrices, 
respectively. But this is only an analogy and thus the units of [Z,,,], [I,], and [Vin] 
need not necessarily be ohms, amperes, and volts, respectively. The analogy is 
not restricted to collinear segments as in the example treated here, but applies to 
arbitrary configurations of wires as well. 
We can write the solution to (7-27) symbolically as 


[Tn] = [Zoon)” “Vn: (7-28) 


In practice, we will usually not explicitly generate [Z,,,] *, but instead solve the 
system of equations by one of several fairly standard matrix algorithms. Once we 
have found [I,], we know the current distribution in discrete form and can then 
proceed to determine impedance and radiation patterns or the radar cross 
section. 


Example 7-1. Point matching on a short dipole 


Let us illustrate the application of (7-26) with a simple example. Suppose we wish to 
calculate the input impedance of a dipole that has a length of 0.14. For convenience we 
choose N = 5. We then obtain for [Zinn] 


679.22 —90.01° 292.4290.03°  33.01290.27° 9.742 90.01° 4.24 292.08° 

292.42.90.03° 679.22 —90.01° 292.4290.03°  33.01290.27° 9.74 2.90.91° 

[Zinn] = 107 - | 33.01290.27°  292.4290.03° 679.22 —90.01° 292.4290.03° 33.01 £90.27° 
9.742.90.91°  33.01290.27°  292.4290.03° 679.22 —90.01° 292.4290.03° 

4.24 2. 92.08° 9.742.90.91°  33.01290.27° 292.4290.03° 679.2290.01° 


For a 1-V excitation at the center of the short dipole, the following voltage matrix [V,,] 
would be obtained using the frill source discussed in Section 7.7, 


0.502 L —179.69° 
3.248 L —179.95° 
[Vp] = | 70.55 Z —179.99° 
3.248 L —179.95° 
0.502 L — 179.69° 


Solving (7-28) for [I,] yields 


0.81 2.89.54° 
1.54.89.64° 
[In] = 1073 | 2.442.89.75° 
1.54 .89.64° 
0.81 2.89.54° 
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We note that the current distribution decreases from the center toward the ends as expected. 
The input impedance may be found from Z,, = Viq/Iin = 1.0/(2.44 x 10° 3 ZL 8975s 
409.74 L —89.75° = 1.788 — j409.74 ohms. Comparing with the thinner dipole in Figs. 5-5 
and 5-6, we see that the input impedance of a 0.14 long dipole also has a very small 
real part and a large negative reactive part. Further, the real part of 1.788 ohms compares 
fairly well with the approximate formula 2027(L/A)” = 1.974 ohms even though only five 
segments were used here. These results can be verified with the computer program in 
Appendix G.7. 


To summarize this section, we have obtained an elementary numerical solu- 
tion to an integral equation of the form given in (7-15). This was done by 
successively enforcing the integral equation at N different points, as illustrated in 
(7-25). For mathematical convenience and simplicity, the locations of the points 
were chosen to be at the center of the N equal length segments into which the 
wire was divided. Strictly speaking, in order for the equations in (7-25) to be 


0.014 


L=0.47X% 
a= 0.005 


Current (mA) 


0.0 
[t+ +++ — {++ 
=O 2oe 0.0 0.235 
LIX 


Figure 7-4 Current distributions on a half-wave dipole for 


various numbers of pulse expansion functions and a unit voltage 
excitation. 
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exact equalities, N must approach infinity. However, in practice we can obtain 
accurate solutions for the current distribution by allowing N to be sufficiently 
large. This is illustrated in Fig. 7-4 which shows the current distribution on a 
half-wave dipole for several values of N, and in Fig. 7-5 which shows the cor- 
responding input impedance for various values of N. In both instances, it is 
apparent that for N sufficiently large, but finite, the solution has converged to a 
final or stable result. It should be emphasized that N cannot be made arbitrarily 
large without encountering a numerically unstable result in many instances. Thus, 
a curve such as those in Fig. 7-5 is well worth the effort since it clearly shows 
the convergence behavior of the solution. A comparison with experimental data 
is shown in Fig. 7-6. 

As mentioned earlier, the point-matching procedure demonstrated in this sec- 
tion is a special case of the more general method of moments. In the next section 
we will develop a general moment method procedure. 


7.3 WEIGHTED RESIDUALS AND THE MOMENT METHOD 


Our objective in this section is to derive a moment method procedure more 
general than the point-matching method of the previous section. We will accom- 
plish this by using an approach known as the method of weighted residuals [7]. 

Consider the straight wire example of the previous section. Let us define the 
residual R to be the sum of the tangential components of the scattered and 
incident fields 


RoE ee (7-29) 


Clearly we wish the residual to be zero and thereby satisfy the boundary condi- 
tion. In our example with pulse expansion functions the residual is found from 
(7-19) to be 


N 
R(z) =") Lf (2, 2) EZ): (7-30) 
n=1 
Stated in terms of the electric field boundary condition, the residual is the sum of 
the tangential components of the scattered and incident fields at the wire surface. 
Equation (7-30) when evaluated for z = z,, gives the residual at the mth match 
point where, of course, the residual must be zero since the solution for the I,’s 
was obtained subject to the electric field boundary condition at the N matching 
points. However, at points other than the match points, the total tangential 
electric field will not generally be zero as Fig. 7-7 indicates. Therefore the resi- 
dual for z+ z,, m= 1, 2, 3, ..., N, will not be zero either. Physically we can 
view the point-matching procedure as a relaxation of the boundary condition 
such that it is only satisfied at specified points. In between those points we can 
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Figure 7-5 Curve showing convergence of input impedance as the 
number of pulse functions is increased. (a) Input resistance. 
(b) Input reactance. 
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Figure 7-6 Comparison of measured dipole admittance 
with data calculated using pulse functions (N = 100). 


only hope that the boundary condition is not so badly violated that the solution 
is rendered useless. Thus, it is not surprising that as N is increased (within limits) 
the solution tends to improve as we saw in Figs. 7-4 and 7-5. 

In the method of weighted residuals the I,,’s are found such that the residual is 
forced to zero in an average sense. So, in the wire problem of Fig. 7-1 the 
weighted integrals of the residual are set to zero as follows. 


| Wa(2)R(2) dz = Osta i2e3.ccry N (7-31) 
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Figure 7-7 Normalized tangential electric field along one-half of a center-fed 
dipole with pulse expansion functions and delta weighting. functions (courtesy of 
E. K. Miller). Dots indicate match point locations. 


where W,,(z) is called a weighting or testing function. Substituting (7-30) into 
(7-31) gives 
N L/2 : 
W,(z) > 1, (2, 2a) d+ | W,,(z)E:(z) dz = 0, (7-32) 
n=1 = Lip. 
Mma? Seine 
If the weighting functions are Dirac delta functions 

W,(2) = 5(z — 2) (7-33) 

then (7-32) reduces to (7-21). If the weighting functions are the pulse functions 


1 for z in Az 
ue m -34 
Wz) R otherwise cee 
then (7-32) becomes 
N ° 
Yt] £ m)az+ | Eile) dz =0, (7-35) 
n=1 Azm AZm 


m = 1, 2, 3, ...5'N. 


The current obtained from solving (7-35) will not necessarily be ‘such that the 
sum of the scattered and incident fields (i.e. the residual) is zero everywhere 
along the surface of the wire, but the average over the wire will tend to be zero, 
presumably giving a more accurate current distribution for a given N than when 
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the weight functions are delta functions. Actually this may or may not be the 
case depending on the particular choice of expansion functions for the current 
and weighting (or testing) functions. 

The question of how one chooses the expansion functions and weighting 
functions is certainly a valid one. It is, however, a question without a concise 
answer. But, as rules of thumb, it is desirable to choose expansion functions that 
closely resemble the anticipated form of the current on the wire and to use the 
same functions for the weighting functions as used for the expansion functions. 
There are exceptions to these rules including the pulse point-matching solution 
of Section 7.2. When the expansion function and the weight function are the 
same, the procedure is often referred to as Galerkin’s method which is closely 
related to variational methods [7]. 


Example 7-2. Galerkin’s method on a short dipole 


We now repeat Example 7-1 but instead use pulse functions for weight functions instead 
of delta functions. The impedance matrix for this pulse-pulse Galerkin solution based on 
(7-35) is 


14.42 —90.01° 6.14290.03° 0.759290.24° 0.206290.86°  0.087292.02° 
6.14 2.90.03° 14.42 —90.01° 6.14290.03° 0.759290.24° 0.206 2. 90.86° 
[Zn] = 10? - } 0.759 2. 90.24° 6.14 2. 90.03° 14.42 —90.01° 6.14290.03° 0.759290.24° 
0.206 290.86° = 0.759 2. 90.24° 6.14 290.03° 14.42 —90.01° 6.14290.03° 
0.087 2.92.02° 0.206290.86° 0.759290.24° 6.14 290.03° 14.42 —90.01° 


The voltage matrix is 


0.0102 —179.72° 
0.087 Z — 179.97° 
Vat | 019525179 99" 
COST 179.97 
0.010 2 —179.72° 


and the resulting solution for [J,] is 


0.49 Z.89.57° 
0.91 2. 89.66° 
[In] = 1073 - | 1.38 2.89.76° 
0.91 2 89.66° 
0.49 £.89.57° 


We note that all of these three matrices are different from those in Example 7-1. Of 
course, we would expect [Z,,,| and [V,,] to be different because they are computed by a 
different process. The reason [J,] is different is solely attributable to the fact that N is only 
5. As in Example 7-1, a larger value of N is-required in order to obtain a converged result. 
The input impedance based on the above current is Z;, = 3.08 — j723 ohms, whereas the 
correct impedance is Z;, = 2.35 — j556 ohms based on N = 25. 
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Next, we wish to relate the quantities in the weighted residual integral to 
Kirchhoff’s network equations, just as was done in Section 7.2. In doing so let us 
generalize somewhat and consider a wire as shown in Fig. 7-8. In this case the 
residual may be written 


N 
R(¢) = Eian(4) + Etan(?) = Y IEN(¢) + Etan(?) (7-36) 
and the weighted residual as 
W.(Ln)  R(Z,) 42 = 0 (7-37) 


along wire 


so that we have 


[”  Wy(¢m)“E*(¢n) 40+ | Welln)“ E'(¢m) 4¢ = 0, (7-38) 


Figure 7-8 Segmented curved wire. 
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This equation can be viewed in the form of (7-14) and if we denote the scattered 
field from the n™ expansion function of the current by E;(/), then we may write 
for the general mnth element in the generalized impedance matrix 
fm|2 
Zn =| Wail) * Bilt) dé (7-39) 
— Lm/2 
and for the mth generalized voltage matrix element 
Lm/2 
Vn = —| Waal)“ E'(Cm) a2 (7-40) 
—bm/2 
where W,,(/) is the m™ testing function taken to be located interior to the wire 
as suggested in Fig. 7-8. Strictly speaking, the test function should be located at 
the wire surface (see Fig. 7-2a) in which case (7-39) and (7-40) would be double 
integrals over the surface. In placing the test function on the axis we are in a 
sense modifying the electric field boundary condition for the sake of mathemati- 
cal simplification. In doing this, experience has shown that we are restricted to 
wires for which the radius is less than about 0.011. This is sufficient for most wire 
antenna or scattering problems. For thicker, wires, a more exact formulation is 
available [8]. 

The process of expanding the unknown current I(/’) in a series of expansion 
functions and then generating N equations in N unknowns using the weighted 
residual integral of (7-37) is more commonly referred to in the electromagnetics 
literature as the method of moments [1, 3-5]. The method of moments is, as we 
have seen in this section, equivalent to the method of weighted residuals. If the 
testing or weighting functions are delta functions, then the specific moment 
method procedure is known as point-matching which is also known as colloca- 
tion. This was the procedure used to obtain the system of equations in (7-25). If 
both the test function and the expansion function are the same, then the specific 
moment method procedure is known as Galerkin’s method. A pulse-pulse Galer- 
kin formulation was used in Example 7-2. There are functions other than the 
pulse function which have been shown to be useful. One of the most useful 
functions for wire geometries in empty space is the piecewise sinusoid. In Section 
7.5 we will use the piecewise sinusoid in a Galerkin formulation for the wire. In 
the next section we wish to discuss the concept of reaction which is yet another 
way of physically interpreting the method of moments. 


7.4 REACTION INTEGRAL EQUATION 


In 1954 Rumsey introduced a physical observable (e.g., mass, length, charge, etc.) 
called reaction which permitted a general approach to boundary value problems 
in electromagnetic theory [9]. His approach resulted in the formulation of the 


322 MOMENT METHODS 


reaction integral equation. Equation (7-38) is really a special form of the reaction 
integral equation which applies to wire geometries. A rigorous derivation of the 
reaction integral equation may be done using only principles of electromagnetic 
theory. The derivation is somewhat difficult to follow and so we will obtain it by 
inductive reasoning here, having derived (7-38) in the previous section by the 
relatively straightforward weighted residual approach. 

Reaction is basically “a measure of the coupling” between one source and 
another. Thus, if we view the test function (weight function) as a test source, then 
the impedance matrix elements given by (7-39) may be taken as a calculation of 
the coupling between the m'* test source and the scattered field from the n™ 
expansion function or actual source. Similarly, the m™ voltage matrix element in 
(7-40) may be interpreted as the coupling between the m' test source and the 
incident field. In talking about (7-40) for instance, we might say that we are 
“reacting” the m' test source with the incident field, or in the case of (7-39) that 
we are “reacting” the electric field from the n actual source with the current 
on the m" test source. 

We obtained (7-38) for a wire. The method of moments or the method of 
weighted residuals applies to geometries other than just wire geometries as in- 
dicated in Fig. 7-9. Consider the equivalent situation in Fig. 7-10. Let (J,,, M,,) 
be the surface current densities of a test source and let (E,,, H,,) be the fields 
from the test source. The currents on the conducting body are both replaced by 
equivalent surface currents (J*, M‘*) radiating the fields (E*, H®) in free space. The 
generalization of (7-38) then becomes 


[[a: BE! —My- HP) ds+ [fq E'—My-Hi)ds=0 (7-41) 


Mx si), Soe. ae ING 


The minus sign associated with M,,, can be justified by referring to the recipro- 
city field theorems in Sections 1.7. The physical interpretation of (7-41) is that we 
wish to have zero reaction (i.e., zero coupling) between the test source and the 
sum of the incident and scattered fields. Clearly, this is equivalent to the condi- 
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Figure 7-9 Source current densities J' and Mi’ acting in the 
presence of a metallic scattering body bounded by surface S$ 
create fields (EK, H) exterior to S. 
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Figure 7-10 Test source interior to surface S with equivalent 
currents (J*, M®) in free space. 


tion stated by (7-31). Nevertheless, the alternative physical interpretation offered 
by (7-41) and the reaction concept is a useful one and the student will find it 
used in the literature. 

If we denote the fields from the n'" expansion function of the actual current by 
(Es, Hi), the sum of the N fields being (E*, H®), then we may write for the general 
mn" element in the generalized impedance matrix 


ae {| (J, ES — M,, > H8) ds. (7-42) 
S) ; 
Similarly, we may write the general m'" element in the voltage matrix 
v= ~|| (J,, - Ei — M,, - H') ds. (7-43) 
Ss 


The incident field (E', H'), which originates from the impressed currents J’ in 
Fig. 7-9, may be the field from a source located on S (antenna situation) or from 
a source located at a great distance from S (radar scattering situation). 

The general relationships in (7-42) and (7-43) will be useful in later sections for 
both wire and nonwire geometries. In the next section we will need to only 
consider the specialized forms of (7-42) and (7-43) which appear in (7-39) and 
(7-40), respectively. 


7.5 PIECEWISE SINUSOIDAL GALERKIN METHOD 


One of the most useful functions in moment method solutions of thin wire 
problems is the piecewise sinusoid shown in Fig. 7-11la. It may be expressed 
mathematically for z-directed segments by 


F,(z) = z- - 2p ae, (7-44a) 


pees sin B(Zn+1 we S 
FAG) ss * sin Bene 7 Zn) 


(a I, (7-44b) 
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Zn —1 Zn Zn+1 


(a) 


P, Py P3 Py Ps Ps 
(b) 
Figure 7-11 (a) Piecewise sinusoidal expansion func- 


tion. (b) Set of overlapping piecewise sinusoidal expan- 
sion functions. 


An example of a piecewise sinusoidal approximation to a current distribution is 
given in Fig. 7-11b. Note that each piecewise sinusoidal function spans two 
connected segments and that. each segment contains two piecewise sinusoidal 
functions except those that have an unconnected end point (i.e., P; and P.). 
Experience has shown that the use of piecewise sinusoidal testing (weighting) 
functions with piecewise sinusoidal expansion functions leads to a procedure 
that is numerically efficient and highly accurate. Since both the expansion func- 
tion and testing function are the same, it is a Galerkin method. It is possible to 
use the pulse function for both the testing function and the expansion function. 
However, experience has shown that the improvement of the pulse-pulse Galer- 
kin formulation over the pulse point-matching procedure is usually rather small 
and not worth the added numerical computation involved. On the other hand, 
the computational efficiency of the piecewise sinusoidal Galerkin formulation 
over the pulse Galerkin method is very substantial. This is demonstrated in 
Fig. 7-12 which shows the rate of convergence for a dipole of this same dimen- 
sion used in Fig. 7-5. We note that almost 10 times fewer segments are required 
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for the piecewise sinusoidal (PWS) expansion function as for the pulse expansion 
function. For thinner wires, the convergence of the piecewise sinusoid is even 
faster since the approximation of Fig. 7-2b is less significant [10]. 


7.5.1 Two-Segment Solution 


To illustrate both the use of the reaction integral equation and the piecewise 
sinusoidal function, let us consider first the problem of a dipole divided into two 
segments. This means there will be only one piecewise sinusoidal function in the 
expansion of the surface current density J in Fig. 7-13a and only one test source 
which will also have a piecewise sinusoidal current I,(z) given by 


oe sin B(h — |z]|) 
; sin Bh 


(7-45) 


100 


80 4 = 0.0052 


a = 0.0001 


Input resistance (ohms) 
o 
Oo 


0 5 10 15 20 25 30 35 40 45 
Number of PWS functions 


(a) 


Figure 7-12 (a) Input resistance convergence rate for the piecewise 
sinusoid for two different wire radii. 
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a = 0.0001 
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Number of PWS functions 
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Figure 7-12 (6) Input reactance convergence rate for the piecewise 
sinusoid for two different wire radii. 


where h is the dipole half-length and z is measured from the center. The current 
on the equivalent filamentary source in Fig. 7-13b is given by the classical 
formula 


sin B(h — |z|) 
I(z)= : 

is dies oe cane 
What we wish to do is to determine the terminal current I, excited by a given 


voltage generator of voltage V,;. To do this we employ (7-39) where E, is me field 
from the expansion function I(z). Thus, Z7, = V, where 


(7-46) 


* sin B(h - 12), 
Z aoe eH all, 2 pes 4 
Fe any - ES dz (7-47) 


and the solution for I, follows. We note in passing that this two-segment solu- 
tion coincides with the well-known induced emf theory. 
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(a) 


Equivalent filamentary source I = J2ma 


a 
| ©) Test source 
——<> Z 


| | 


z=—h zZ=h 
(b) 
Figure 7-13 (a) Two-segment piecewise sinu- 
soidal problem with the weighting function (test 
source) located on the wire axis. (b) Current on 
the wire surface replaced by equivalent filamentary 
source. 


The two segment solution is obviously useful only for a limited range of 
antenna lengths. Therefore, let us consider next the four-segment solution for a 
single linear antenna. The extension to the N segment solution for a single 
antenna or for coupled antennas will then be obvious. 


7.5.2 Four-Segment Solution 


Consider the symmetrical dipole of Fig. 7-14a divided into four segments. The 
complex coefficients I,, 1,, and I; represent samples of the current function J (z) 
at the junctions of the various segments. 


T, = 1(0) (7-48a) 
t= 1(3)=1(-$)= 1. (7-48b) 


The current is assumed to vanish at the ends of the antenna. 


I(h) = 0 = I(—h). (7-49) 
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| 


Test A) dipole : 


Figure 7-14 (a) Four-segment piecewise sinu- 
soidal problem with weight function (test source) 
located on the wire axis. (b) Three overlapping 
piecewise sinusoids. 


Thus, the current on the equivalent filamentary source is 


I(z) = a a O<2<; (7-50a) 
I(z) = aD : eh (7-50b) 
I(z)= ne en -% <z<0 = (7-50c) 
jek So A oT ) shez, ey 


as illustrated in Fig. 7-14b. The objective is to determine J, I>, and I,. This is 
accomplished by reacting each of the three test sources with the three filamen- 
tary sources in a manner similar to (7-47), the details of which are given in 
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Section 7.5.3. This results in three equations in three unknowns. Since I, = I, 
we need only solve for two unknowns, and thus 


L441, + (Z1. + Z13)l2 = V; (7-51a) 
Zoil, + (Zy2 + Z23)l, = 0. (7-51b) 
Z,, and Z,, represent the mutual impedance between parallel filamentary 
dipoles with sideways displacement a and no stagger (with respect to the z- 


direction). To obtain Z,, and Z,, the dipoles are in echelon with displacement a 
and stagger h/2 whereas in obtaining Z,; and Z;, the stagger is h. 


7.5.3 N-Segment Solution 


Next let us consider the situation of an arbitrary number of equal length (Az,,) 
segments which are either coincident with the z-axis or are parallel to it. Thus, 
we may consider, for example, a single dipole with N segments or an array of 
parallel dipoles. Using (7-44) we may write for the mn'" impedance matrix 
element as 


byt cam sinep (ze et) 
2mm = | sin(B Az,,) 
emt sin B(Zm+1 — 2) 
ee sin(B Az,,) 


We, of course, need an expression for the field E, from the n'® actual source in 
order to evaluate (7-52). First we note that 


Ow/(z, 2’) Ow/(z, 2’) 


Zz: ES dz 


Zm-1 


az ES dz. (7-52) 


(7-53) 


Oz Oz’ 
and 


aU(z, 2) _ d2U(2, 2’) 


ae a) 


Next integrate the first term of (7-12) by parts twice using (7-54), substitute the 
result into (7-12), and use (7-53) to obtain 


p= J fae 


we, | dz’ 


son [Gor + Pte) |e. 2) a7 (7-5) 


W(z, 2’) + I(2')———— 


dw(z, al 
Oz 


Z=24 


21 


where the limits of integration are only over one segment. 
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When the current on the segment is piecewise sinusoidal the bracketed expres- 
sion in the integrand of (7-55) vanishes. Since we are using one-half of the 
piecewise sinusoidal function depicted in Fig. 7-11a, the z-component of the field 
from the unit current on the segment extending from z, to z2, E2(p, 2), is [11] 
B cos B(z’ — 24) 
sin B(z2 — 21) 
sin B(z’ — z,) 6 |e 7” 
sin B(z. — z,)0z 


r=./p+(z—z'. (7-57) 


When we consider that portion of the source from z, to z;, we obtain E?(p, z). 
Then the total field from both halves of one piecewise sinusoid of unit amplitude is 


E, = E}(p, z) + E2(p, 2). (7-58) 


We may generalize this result for the n'" and (n + 1)* segments as 


J 
Ez(p, 2) = 4ne,w 


eS 
aia | 


(7-56) 


r 


z'=21 


where 


eukes: eR sin B(Zn+1 — 2n-1) 
E, = —j30 : a : : 
Reo sin B(z, ay Zs) R, sin B(Zn — Zn- 1) sin B(Zn+1 ie rp 
e JBRn+1 


: . (7-59 
Ri+1 sin B(Zn+1 we, Zn) ( ) 


The quantities R,_,, R,, and R,4, are shown in Fig. 7-15 and defined below. A 
similar expression for E, is obtainable but is not required here since all segments 
are z-directed [1]. 


Zn+1 Q 
7a 
Rn+4 \ 


P(r, 0, >) 


Zn 


Zn—1 


Figure 7-15 Wire segment along 
Origin: Z- axis. 
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Finally, the elements of the generalized impedance matrix are given in general 
for z-directed segments by 


Zm+1 


Zn = — | I, - ES dz 


where 


Zm—1 


aS i sin B(z — Zm—'1) ie sin B(Zn41— ] 730 
sin 


2, sin( fez.) = sin(B Az,,) (B Az,,) 
e JBRn-1 ‘s e IBRn e JBRn+1 i a 
| eae 2 cos(B Az,) R, “ Rae | z (7-60) 


Rea / ) “hes (Zea Zpeegi R, = p che Zaza dae 


(7-61) 
Reri =n/ Pp + (252,41) 
A2Zy = Z_ — Zn-1 = 2n+1 — 2n> AZ_ = 2m — 2m—1 = 2m+1 — 2m (7-62) 


Equation (7-60) may be evaluated without difficulty by numerical integration. 
However, when p = a and a is quite small (i-e., wires of very small radius) it may 
be preferable to carry out the integration in the form of sine “Si” and cosine 
“Ci” integrals of (F-13) and (F-14). When this is done, the elements of Z,,,, are 
given by Z,,,, = Rin +jXmn Where 


15 
sin(B Az,,) sin(B Az,) 


[cos B(Zn—1 — Zm—1) {Ci(vo) + Ci(uo) — Ci(u,) — Ci(v;)} 


+ sin B(Z,—1 — Zm—1) {Si(vo) — Si(uo) + Si(u,) — Si(v;)} 

+ 60S B(Zn+1 — Zm—1) {Ci(v4) + Ci(ug) — Ci(us) — Ci(vs)} 

+ sin B(Zn+1 — 2m-1) {Si(va) — Si(us) + Si(us) — Si(vs)} 

— 2 cos(f Az,)005 Zn — Zm-1) {Ci(v2) + Ci(ua) — Ci(us) — Ci(vs)} 

— 2 cos(B Az,)sin B(Z, — Zm—1) {Si(vz) — Si(uz) + Si(uz) — Si(v3)} 

+ 608 B(Z,—1 — Zm+1) {Ci(vs) — Ci(vy) + Ci(us) — Ci(us)} 

+ sin B(Z,—1 — Zm+1) {Si(v6) — Si(ug) + Si(us) — Si(v,)} 

+ 60S B(Zn4+1 — Zm+1) {Ci(vg) — Ci(vs) — Ci(us) + Cius)} 

+ sin B(Zn+1 — Zm+1) {Si(vg) — Si(ug) + Si(us) — Si(vs)} 

— 2 cos(B Az,)cos B(Z, — Zm+1) {Ci(v7) — Ci(v3) — Ci(uz) + Ci(u3)} 

—2cos(B Az,,)sin B(Z, — Zm+1) {—Si(uz) + Si(v7) + Si(us) — Si(v3)}] 
(7-63) 
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where 
Uy = Pl./p7 + (Zpaa = Zr Za + ALM een 9 3) Fa24)) (7-64a) 
uy = Ble? + Gn-1 — 2m) + (L) Em — 2-1) (7-64b) 
u2= Bl /p” (22 Ee (7-64c) 
us = BLy/p” + (en — 2m) + (L)(2m — 2] (7-644) 
U4 = BL? + (2a a Ey: t (L)(Zm—1 — 2Zy4 7») (7-64€) 
us= BL/ ot + Ener — 2m) + (DG > Zn a) (7-64f) 
us = B07 + (En — 2mi) + (L)(2m+1 ~ Zn) (7-64g) 
uz = BL /p? + (en — 2me 1) + (L)Em+1 — Zn) (7-64h) 
le = BLOT + Casa = Fear) + (LNlemes — Zeid) (6A) 

and L= +1. The v,’s are found in similar manner as (7-64) with L= —1. Xinn 


can be obtained by replacing Ci(x) by —Si(x) and Si(y) by Ci(y) in the expres- 
sion for Ryrn,- 

The piecewise sinusoidal Galerkin method is treated in detail here because it is 
the best known moment method procedure for thin wire antenna and scattering 
problems in free space. While the mathematics of (7-63) and (7-64) may be a bit 
overwhelming to the student, the methods employed are those used to write 
general purpose computer programs given in the literature [12] and the one 
listed in Appendix G.7. Actually, an understanding of (7-60) is sufficient to 
appreciate the essential features of such programs. 

The piecewise sinusoidal Galerkin method applies equally well to arbitrary 
configurations of wires. We have restricted our discussion here to z-directed 
wires for instructional convenience. The more general formulation appears in the 
literature [12]. 


7.6 CALCULATION OF ANTENNA AND 
SCATTERER CHARACTERISTICS 


Thus far in our discussion of the method of moments we have been mainly 
concerned with acquiring a knowledge of some unknown current distribution. 
Let us now consider how we can obtain other information as well. But first, we 
should make one further remark about the currents derived from the solution of 
the matrix equation. 

If pulse functions are used as the expansion functions in the point-matching 
technique, a knowledge of the current coefficients I, means that the current 
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distribution at the match points is known “ precisely,” assuming, of course, that 
the solution has converged. In between the match points we do not know the 
current but, since the distance between the match points is small in terms of a 
wavelength, one can simply fit a curve through the current values at the match 
points to obtain a good approximation to the current distribution along the 
wire. 

In the case of the piecewise-sinusoidal functions, a knowledge of the 
coefficients J,, again only means that the current is known at the junctions of the 
segments. Along the segments we can use the piecewise sinusoidal functions 
themselves to approximate the current distribution between segment junctions. 
This approximation is quite adequate except for some extremely unusual situations 
which need not concern us here. 

Having determined the current distribution, the input or terminal current can 
be found by evaluating the current distribution at the antenna terminal location. 
In turn then the input impedance may be calculated by dividing the terminal 
voltage by the terminal current. The calculation of accurate impedance data is a 
task that is somewhat sensitive to the model used for the feed point. Two such 
models are discussed in the next section. 

Distributive loading, which arises when a wire is not perfectly conducting, 
may affect the current distribution in certain situations [13]. For simplicity, 
consider a wire whose axis is parallel to the z-axis. When the wire has finite 
conductivity, we can relate the tangential electric field at the surface of the wire 
to the equivalent electric surface current density by the use of the surface im- 
pedance Z, which is defined [14] as the ratio of the tangential electric field 
strength at the surface of a conductor to the current density which flows as a 
result of that tangential electric field. Thus, 


[Ty VAR bp (7-65) 


Using M, = E x n and the relationship J, = zI(z)/2ma, we can write 


bZ,1 
M, a ZS x p= Glia) (7-66) 
2na 
Writing the reaction integral equation from (7-41) and reciprocity as 
| (En: J* — Hi, - M°) ds = Vp, (7-67) 


S 
and substituting (7-66) leads to 


| I(z)[2- En — Z,@ > Hy] dz = Vp. (7-68) 
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Note that if the wire is of perfect conductivity, the surface impedance goes to 
zero and (7-68) reduces to a form similar to (7-47). We can write for the gener- 
alized impedance matrix element Z,,,,, modified for finite conducting wires, as 


" L(2)é- Eq dz —Z,[ I,(2}- H,, dz. (7-69) 


rapa Zn-1 


Zinn = | 
From Ampere’s law a suitable approximation for H,, iS 
o F os Tn(2) (7-70) 


and thus (7-69) can be written as 


Zs 
Hin Saal be ani if nein) dz (7-71) 
where region (m, n) is the wire surface shared by testing function m and expan- 
sion function n. In the case of overlapping expansion functions such as the 
piecewise sinusoid, this region covers two intersecting segments if m and n are 
equal. When m # n, the shared region covers at most one wire segment. This 
means that distributive loading is accounted for by a modification of only the 
appropriate main diagonal elements and those elements adjacent to the modified 
main diagonal elements. 

The effect of either lumped loading (considered in Section 7.9) or distributive 
loading is to alter the current distribution on the wire antenna or scatterer. 
Knowing the current distribution, the far field can be obtained by the classical 
methods used previously in this book. To illustrate, consider again z-directed 
segments with a piecewise sinusoidal expansion of the current. Let there be N 
expansion functions. Then, from (4-1), we have 


~ if 
n=, sin(B Az,,) 
7n Saat Zn4+1 : Bet 
: If sin B(z’ — Zhu )e? 8 dz | sin B(Zn41 — 2’ )eB °°? dz’ 
1 Zn 


cae 


E,(6) = = e/Pr sin 0 


(7-72) 


The numerical evaluation of this is most easily accomplished by changing the 
sine terms to exponentials, integrating the various exponentials, and then evalu- 
ating the result with the specified limits. 

Once the far field is known in the direction of maximum radiation, the power 
gain may be determined from the general relationship 


[| El? ai | Eg|7]r 
30 | Tin Rin 


G(6, 6) = (7-73) 
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where R;, is the real part of the antenna input impedance. The directivity may be 
obtained by replacing R;,, with R,,, the radiation resistance. 
The radar cross section may be found from (1-234) as 
Es F 
= lima 
aa eal : 
where E* can be determined, for example, from (7-72). The radar cross section 
for a dipole scatterer is shown in Fig. 7-16. 
The radiation efficiency is calculated using (1-184) as 
R,; R,i 


= = 7-75 
. Rin R,; auf Roamic ( ) 


(7-74) 
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Figure 7-16 Monostatic radar cross section of a straight wire 
at normal incidence as a function of wire length. 
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R,; is the radiation resistance referred to the input terminals and Ronmic is the loss 
resistance due to dissipative loading, either distributed or lumped (see Section 
7.9.1). Alternatively, we could determine the radiated power by integrating the 
power density in the far field as we did in Chapter 1. However, the above 
method is computationally more efficient. 
From the discussion in this section we can see, among other things, that such 
a refinement as the losses due to finite conductivity can be included into a 
moment method solution in a fairly straightforward manner. In the next section | 
we will examine the lone remaining major aspect of modeling wire antennas or 
scatterers by the method of moments, namely the modeling of the source. 


7.7 SOURCE MODELING 


No doubt the most used generator model in wire antenna theory is the delta gap 
model, shown in Fig. 7-17a, which is often referred to as a slice generator. 
Although such sources do not exist in practice, they do permit surprisingly good 
calculations to be made. The source arises from the assumption that a voltage is 
placed across the gap giving rise to an impressed electric field E' = V/6 confined 
entirely to the gap (i.e., no fringing). 

Mathematically, the delta gap model enters into the method of moments in 
the following way. From (7-43) we note that one can write for the generalized 
voltage matrix element 


Vy = —|[ Gn E'— My H) ds (7-76) 


(b) 


Figure 7-17 The delta gap source model. (a) Gap 
with impressed field E' = V/0d. (6) The equivalent 
magnetic current ring generator. 
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or by reciprocity (see Fig. 7-10) 


Vn = — ||| (En ° J’ — HH, - M') do. (7-77) 


Vi 


If we replace the narrow gap region in Fig. 7-17a by the narrow strips of 
magnetic current (M' = E' x fi) as in Fig. 7-17b, then, as the gap size tends 
toward zero 


Vn = || Hn -Mid = {foe ado dz =1. (7-78) 


Consequently, only those positions in the generalized voltage matrix correspond- 
ing to segment junctions that contain generators will have nonzero values. 

A second generator model, which has practical significance, is the so-called 
frill generator. Consider Fig. 7-18a which shows a coaxial line feeding a mono- 
pole on a ground plane. Assuming a purely dominant mode distribution (TEM) 
in the coaxial aperture, we can replace the ground plane and the coaxial aperture 
with a frill of magnetic current as shown in Fig. 7-18b. Since the assumed form 
of the electric field in the aperture is 


1 


E J<o’) = 7-79 
p(p ) 2p'In(b/a) ( ) 
the corresponding magnetic current distribution is 
Mog ae! (7-80) 
# ~~ p'In(b/a) 
from which it can be shown that the electric field on the axis of the monopole is 
[5S, 14] 
1 e-iBR1 9 BR2 
E' - 7-81 
0.)- apa eR ag 
where 


Ret) Zak ae (7-82a) 
R, =.,./Z is b (7-82b) 


if the frill center is at the coordinate origin. When this field is reacted with the 
test source current as required by (7-76), each entry in the generalized voltage 
matrix will have a nonzero entry. For segments not on the axis of the monopole, 
the form of E' is more complicated than (7-81) and is available in the literature 
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Figure 7-18 Magnetic frill generator. (a) Coaxial 
line feeding a monopole through a ground plane. 
(b) Mathematical model of Fig. 7-182. 
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Table 7-1 Voltage Matrix Values for 
a Frill Generator (Z, = 50 ohms) and 
Delta Function Testing Functions, 
(L = 0.474, a= 0.005), b/a = 2.30) 


Segment no. |V,,| Vig 
1 0.005 154.1° 
2 0.007 159.5° 
3 0.009 164.4° 
4 0.013 168.8° 
5 0.020 17.255" 
6 0.034 i75S> 
V 0.067 ai 
8 0.170 179.1° 
9 0.715 L798 = 

10 10.948 180° 

11 10.948 180° 

12 0.715 179.8° 
13 0.170 179.15 
14 0.067 Way? 
15 0.034 MSS 
16 0.020 DES 
a7, 0.013 168.8° 
18 0.009 164.4° 
19 0.007 159.5° 
20 0.005 154.1° 


[5, 15]. Table 7-1 gives the values for — Ei(0, z) and V,, when the testing function 
is a delta function. Note the rapid decrease in values with increasing distance 
from the generator compared with the numerical values of zero or one that exist 
when a delta gap generator is used. 
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There are essentially two limitations to the use of the moment method. These 
are: (1) the amount of computer storage necessary for the N? elements of the 
impedance matrix and, (2) the amount of time required to compute those N? 
elements and solve the resulting system of equations. In this section we first 
examine the time requirements of moment method techniques and then examine 
ways of using symmetry advantageously to reduce those time and storage 
requirements. 
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7.8.1 Computer Time Considerations 


An impedance matrix of N? elements is said to be of order N. Let N; be the 
number of different source or incident fields (i.e., radar cross section is a function 
of incidence angle) associated with a given impedance matrix and let N, be the 
number of observation points at which the field is to be computed from 
the current solution; then the time t for execution will be approximately given 


by [8] 
t ~ AN? + B;N? + CN’*N; + DNN;N, (7-83) 
where the algorithm and computer dependent factors A, B, C, and D are: 


A = time required to compute a typical impedance 
matrix element, 

B, = time required to solve [Zmnl[[n] = [Vm] for [1] by 
matrix inversion [I,] = [Zmnn]~ *[Vm] for a system 
of order N, 

C = time required to perform the operation [Zale ied 

or its equivalent for each new [V,,], 

D = time for computing far-field from [J,]. 


It is clear from (7-83) that the dominant factor in determining the required 
time lies in the second term which is associated with the solution of the system of 
equations. The dominant effect of this term can be reduced in a number of ways. 
If instead of actually finding the inverse [Z,,,]~ 1 an algorithm such as Crout or 
Gauss-Jordan is used, then B, N° — B, N? and we have 


t ~~ AN? + B,N? + CN2N, + DNN;N, (7-84) 


which is a significant reduction in the solution time required for a given N. If the 
impedance matrix is toeplitz (see Section 7.8.2), then B;N 3 _, B, N°’? and we 
have 


t~ AN + B, N°? + CN?N; + DNN;N, (7-85) 


for which there is a significant improvement in the first term as well as the 
second. Figure 7-19 shows curves of CPU time for various values of N. The 
curve labeled Crout follows from (7-84) and that labeled toeplitz follows from 
(7-85), which is a faster approach. 

When the second term in (7-83) is on the order of N* or less, then usually the 
first term, which is associated with the time required to calculate the matrix 
elements, becomes the dominating factor. In the following subsections we exa- 
mine briefly some ways for reducing the total time required for the operations 
associated with the first two terms in (7-83). 
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Figure 7-19 Typical CPU time for several types of matrix solutions. 


7.8.2 Toeplitz Matrices 


Certain types of problems produce impedance matrices wherein there is a 
systematic repetition in the matrix elements. Often this repetition can be used to 
decrease the impact of both the first and second terms in (7-83). Consider the 
straight wire in Fig. 7-1. If the segments are of equal length, all the values of the 
N? matrix elements are contained in any one row of [Zan], say the first one. All 
other rows are merely a rearranged version of the first. The remaining elements 
can be obtained by the rearrangement algorithm 


Di Digan acide ny bai, Wey nls (7-86) 
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Such a matrix is said to be a toeplitz matrix. Computer programs exist for 
solving toeplitz matrices that are considerably more efficient than ones for solv- 
ing a non-toeplitz matrix. (See Appendix G.7.) For a toeplitz matrix the first two 
terms in (7-83) become AN and BN*’*, respectively, and the execution time is 
approximately that given in (7-85). 

Toeplitz matrices can arise in the treatment of certain wire geometries. These 
are the straight wire (see Examples 7-1 and 7-2), the circular loop, and the helix 
[16]. A toeplitz matrix can also arise in the treatment of geometries other than 
the wire, but these are outside the scope of this chapter. 


7.8.3 Block Toeplitz Matrices 


Consider the linear array in Fig. 7-20. The impedance matrix that character- 
izes the array will be toeplitz by blocks or by submatrices when the array 
elements are of the same length and are equally spaced. Thus, if the impedance 
matrix for the array [Z]aray is written in terms of submatrices [S] as 


[Slim (Slisske oEShe] rp LShseSho (ayo 
“liske. (Sho (Slr\a\iShe Sh. Sigum 
[Z] array il ee Be, 
Shee Shot LSla, Shoei oem 
(7-87) 
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Figure 7-20 Linear array of parallel dipoles. 
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where [S];; = [Z,,,], the entire impedance matrix is toeplitz by blocks. Thus, if 
one row of submatrices is known, the remaining submatrices may be filled by the 
algorithm 


[S]ij = [S]1, ej Vena Sze. (7-88) 


Consequently the first term in (7-83) is of order N?/J where J is the number of 
independent submatrices. The second term in (7-83) will be of order N?’°. 

If the submatrices are themselves toeplitz, as they would be if all segments are 
of identical length and radius, then the matrix fill time is reduced even further. 
Computer programs exist for solving block toeplitz matrices. (See Appendix G.8.) 
The potential savings in execution time for a problem that is block toeplitz over 
the same size nonblock toeplitz problem can be considerable (see Fig. 7-19). 


7.8.4 Compressed Matrces 


In certain problems there will be a repetition in the values within [J,] due to 
the symmetry of the problem. If this can be recognized in advance, it can be used 
to advantage to compress the matrix from order N to order N/L where L is the 
degree of symmetry. 

Consider the following simple but very common example of symmetry sug- 
gested by Fig. 7-18a. Here the monopole and its image will have a symmetrical 
current about the feed point. Suppose I,, = I,,4y/2, then we can write 


N/2 


3 (Zee rue Zena )tn a i VL, Byte; N/2 (7-89) 


n=1 


Solution of this compressed system of N/2 equations will yield the N/2 indepen- 
dent I,’s. From (7-84) we can see that the solution time for the system will be 
B,(N/2)’, or a reduction in time by a factor of 4 for this portion of the comput- 
ing process. For higher degrees of symmetry the savings in time would be even 
more considerable. For some large problems it may be necessary to compress 
the matrix for another reason, namely storage requirements. It is possible that an 
impedance matrix may be so large that it cannot be stored in readily available 
core memory and that through symmetry it may be compressed to a reasonable 
size [5]. 

So it is the execution time and computer storage that tend to limit the electri- 
cal size of problems that may be reasonably treated by the moment method. In 
some of the remaining sections of this chapter we will approach certain situa- 
tions in such a way that we tend to minimize the impact of these two limitations. 
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7.9 THE WIRE ANTENNA OR SCATTERER AS AN 
N-PORT NETWORK 


In Section 7.2 we saw the resemblance between the simultaneous linear equation 
approximation of an integral equation and Kirchhoff’s network equations. It 
follows that we may view the junction of two or more segments as a port in the 
usual circuit sense as indicated by Fig. 7-21a. At each port we may place either 
series or parallel elements which are either passive or active. Series connections 
are treated on an impedance basis while parallel connections are handled on an 
admittance basis. This section considers both types. 


7.9.1 Series Connections 


We already have used a single generator placed at the junction of two wire 
segments (e.g., Section 7.7). This generator was in series with the implied port 
terminals located at the ends of the two adjacent segments in question. We 


Port 1 


Port 2 


Port 3 


Port 4 


rey 


(a) (b) 


Figure 7-21 Nsegment wire (a) N — 1 port terminal 
pairs. (b) Equivalent circuit for the mth port. 
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could, of course, place as many generators on the wire as there are segment 
junctions. Thus, for an N-segment dipole there would be N — 1 ports. If there is 
no generator or passive element across the port, the port is understood to be 
short-circuited. 4 

Previously in Section 7.6 we saw how distributed loading was accounted for in 
the moment method by modifying certain elements in the impedance matrix. 
Here, let us examine how lumped loading may be handled. If a load Z,, is 
inserted into a wire antenna at segment junction m having a current I,,, the total 
voltage acting at that point is 


Vey = VE, — Ly Lm (7-90) 


where V?, represents a voltage generator that may be located at point m in series 
with Z,, as indicated in Fig. 7-21b. In many cases V2, will be zero. Considering 
the m'" equation in a system of N linear equations, we can write 


N 
i Linn ig = lm Lin (7-91) 
n=1 
or 
N 
Dipl male wales (7-92) 
n=1 
where 
Ligh UZ et Zi (7-93) 


Except for the diagonal elements, the new impedance matrix is the same as the 
original, OF Zinn = Zn, m#n. Thus, the effect of lumped loading may be ac- 
counted for by simply adding the load impedances Z,, to the corresponding 
diagonal elements in the impedance matrix. The effects of lumped loading can be 
substantial. For example, it can be used to achieve increased bandwidth, but at 
the expense of lower efficiency. 


7.9.2 Parallel Connections 


In the previous subsection we saw how circuit elements, when connected in 
series at a given port, resulted in modification of certain entries in the open- 
circuit moment method impedance [Z,,,,]. If, however, we wish to connect one 
port in parallel with another as in a log-periodic antenna, then it is necessary to 
work with the short-circuit moment method admittance matrix [Y,,,]- 

Consider Fig. 7-22 which shows a log-periodic dipole antenna (LPDA). The 
LPDA is viewed as the parallel connection of two N-port networks. One N-port 
represents the mutual coupling between N dipole antennas. The other represents 
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Figure 7-22 Single log-periodic dipole antenna. 


the transmission line that interconnects the dipoles. Therefore, there is one 
network port for each of the dipoles in the system. 

The approach is shown schematically in Fig. 7-23. The N-port labeled 
“antenna elements ” includes the self- and mutual impedances between N uncon- 
nected dipole antennas located arbitrarily in space. The “transmission line” 
N-port represents the transmission line connecting the dipole antennas. Included 
in this network is the effect of reversing the polarity between successive dipoles. 
Note that there is a current source, I;, on the LPDA. If there are N, dipole 
elements on the antenna, this means that there are voltage sources applied on - 
ports 1, 2, 3, ..., N.. Also there is a terminating admittance on the LPDA 
antenna, Y,, which exists at port 1. We do not know the numerical values of the 
applied voltage sources. Thus they must be found before we can solve for the 
currents on the LPDA. 

Let [Y,] and [Z4] be the short-circuit admittance matrix and open-circuit 
impedance matrix, respectively, for the “antenna elements” network. Note that 
[Z,] is not the moment method impedance matrix. An element of [Z4], say 
[Z4].;, represents the voltage induced on dipole i in the LPDA by a unit current 
on dipole j with all other dipoles open-circuited. Thus, 

V; 
[Zalij = if 


j 


(7-94) 


Let [Y,] be the short-circuit admittance matrix for the “transmission line” 
network. Let [I,] and [V,] be the column matrices representing the voltage and 
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Transmission 


Figure 7-23 Schematic representation of the LPDA network. 


current at each port of the “antenna elements ” network. Since the two networks 
are in parallel, the total current can be written as 


[7.] aad [[¥4] "ir [Y7]] [Vi] (7-95) 


where [J,] represents the applied current sources. The [J/,] matrix contains all 
zero elements, except at the port where there is a current source I. The current 
source, of course, represents the excitation of the LPDA antenna. Note in (7-95) 
that we know the entry in [J,] but not the entries in [V,]. These must be found so 
that the moment method column matrix. [V,,] can be constructed and the usual 
equation [J,] = [Zin)” [Vl =[%nnl[V;.] solved for the current distributions in 
the antenna dipole elements. But, before we can solve (7-95) for [V4] and con- 
struct [V,,], we must know [Y,] and [Y;]. 

To obtain the elements of [Y,] we proceed as follows. Consider an LPDA with 
N dipoles and M expansion functions on each dipole. The moment method 
impedance matrix will be of order N x M. To obtain the moment method 
admittance matrix [Y,,,] we note that [Yn] = [Zn] * and 


[7] we car sl al = ean (7-96) 
or 
ph = ¥. You, el OM aN: (7-97) 


To obtain [Y,] we note that most of the V,’s will be zero since voltages are only 
applied by the transmission line on the center ports of each dipole in the LPDA. 
Suppose we rearrange the system of equations in (7-97) such that the first N 
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entries in [V] correspond to the center ports of the dipoles in the LPDA. Then 
the currents at those ports containing a generator (i.e., antenna element ports) 
are related to the voltages at those ports by 


a Gi 0 19 Sol | (7-98) 
[J al ae RAIA (7-99) 


where all the V7s in [V,] will be nonzero. In finding [Y,] in this manner we have 
done so without making approximations other than those germain to the 
moment method itself. Indeed, all mutual couplings have been taken into 
account and we are not limited to LPDA’s of less than 2: 1 bandwidth as in the 
treatments by Carrel [17] and Kyle [18]. 

To obtain the transmission line admittance matrix [Y,] in (7-95) we first 
recognize that [Y,] is the transmission line admittance matrix for a simple ter- 
minated transmission line with a port at the position where each dipole is 
connected. Since [Y,] is the short-circuit admittance matrix, a given element 
(Y;); represents the current induced across port j (which is shorted) by a unit 
voltage at port i, with all other ports shorted. Thus, (Y;)j, is nonzero only for 
baths jt tik: 

It is possible to write the transmission line admittance matrix [ Y;] in a straight- 
forward fashion [18]. For a single LPDA it is 


(¥, — jY, cot Bd,) —jY, csc Bd, 0 ae 0 

—jY, esc Bd, —jY,(cot Bd, + cot Bd2) —jY, esc Bd, — 0 

0G) = 0 —jY, esc Bd, —jY,(cot Bd, + cot Bd3) a 0 
0 0 0 —jY, esc Bdy,, —JjY, cot Bdy,_; 
(7-100) 


where Y, is the transmission line characteristic admittance and f the propagation 
constant of the transmission line. 

With the proper elements of both [Y,] and [Y;] in hand, we can obtain the 
voltages [V,] acting at the driven port of each dipole by 


[Via] - [LY] rR [Yr] *Us) (7-101) 


where [J,] has one nonzero entry. Having these voltages at each dipole, the 
moment method voltage matrix [V,,] can be filled and the current distribution on 
each dipole in the LPDA obtained from 


Tn] = [Zon] *T¥in) (7-102) 
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where the elements of [V,] are the nonzero elements of [V,,] and the elements of 
[I,] are the complex coefficients associated with the expansion functions on the 
various dipole elements. 

It is worthwhile to summarize the above procedure for analyzing the LPDA. 
First, the open circuit impedance matrix [Z,,,,] was formed in the usual manner. 
By taking the inverse of [Z,,,,], the short circuit admittance matrix was obtained. 
Next the antenna elements admittance matrix [Y,] was formed from [Y,,,] as in 
(7-97) and (7-98). Then [Y,] was added to the transmission line admittance 
matrix [ Y;]. Then the current generator shown in Figs. 7-22 and 7-23 was used in 
(7-101) to obtain the voltage [V,] acting at each dipole port. These voltages were 
then used to obtain the moment method voltage matrix [V,,]. Solution for the 
currents [J,] on each dipole in the LPDA followed according to (7-102). Patterns 
obtained using this procedure are given in Fig. 6-32 and agree with those 
in [19]. 


7.10 ANTENNA ARRAYS 


The use of moment methods in the analysis and design of arrays of wire 
antennas (or scatterers) has significant advantages over the more classical 
methods used in treating arrays in that mutual coupling between array elements 
is taken completely into account (e.g., see the LPDA treatment in Section 7.9.2). 
Furthermore, no unrealistic assumptions need be made regarding the current 
distributions on the wires, and the array elements can be excited at any point(s) 
or be loaded at any point(s) along their lengths. Thus, the type of wire element 
array problem that can be considered is rather general. In this section we exa- 
mine several array configurations of parallel dipoles and illustrate some typical 
mutual coupling effects. 


7.10.1 The Linear Array 


Consider the linear array of parallel wire elements shown in Fig. 7-20. The 
elements need not be of the same length and radius or be equally spaced in order 
to be treated by the moment method. Clearly they could be quite arbitrarily 
configured and, in fact, need not even be parallel. However, in this subsection we 
wish to illustrate the effects of mutual coupling in a typical linear dipole array by 
comparing results obtained here by the moment method (using a voltage genera- 
tor with an internal impedance of 72 ohms) with results suggested by the 
methods of Chapter 3 (i.e., current generator excitation). For this purpose, with- 
out loss of generality, we will consider a linear array of 12 equally spaced, 
parallel, center-fed, half-wave dipoles with 4/2 spacing. If we divide each dipole 
into six segments and place a 1-V generator in series with a 72-ohm resistance at 
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Table 7-2 Normalized Terminal Currents for a 
Linear Array of 12 Half-Wavelength Spaced, 
Parallel, Half-Wave Dipoles, a = 0.0001A 


EEE EEE EEE 


Zero generator 72-ohm generator 
impedance impedance 
Element ——_———_———__—\ 
number [inl \Z,.| in| \Zin| 
BoB A a a ms ee 
1 0.689 107.1 0.746 183.9 
2 0.698 105.9 0.760 180.6 
3 0.728 101.5 0.799 171.6 
4 0.753 98.2 0.829 165.5 
5 0.768 96.3 0.847 161.9 
6 0.777 95.2 0.856 160.2 
7 0.781 94.7 0.854 160.6 
8 0.775 95.4 0.837 163.8 
9 0.753 98.2 0.806 170.1 
10 0.713 103.7 0.777 176.4 
11 0.689 107.3 0.802 170.8 
12 1.000 74.0 1.000 rye 


the center port of each dipole, the piecewise sinusoidal current amplitudes ob- 
tained using (7-28) and the methods of Section 7.5 are given in Table 7-2. We 
note that neither the feed point currents nor the input impedances (see (3-96)) 
are identical. This is due to mutual coupling. Since the main beam is at @, = 45°, 
there is no symmetry in the currents about the array center as there would be if 
the array were phased for broadside radiation. 

The normalized patterns are shown in Figs. 7-24a and 7-24b along with the 
normalized pattern for uniform current excitation. In spite of the differences 
noted in Table 7-2, there is little difference seen in the three normalized patterns 
shown in Figs. 7-24a and 7-24b. There is, of course, some small difference in the 
directivity in the two cases. It is possible to synthesize (see Chapter 10) 
the excitation voltages such that maximum gain is achieved. If this were done, 
the resulting currents at the fed ports would be of unit magnitude while 
the voltages needed to establish these unit magnitude currents would generally 
be of nonunit magnitude. 


7.10.2 The Circular Array 


Consider the circular array in Fig. 7-25 which is also known as a ring array 
[20]. Such arrays have been used in radio direction finding, radar, sonar and in 
other systems applications. Usually circular arrays are composed of identical, 
equally spaced elements. We will assume the array of Fig. 7-25 to have these 
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Figure 7-25 Circular array of dipoles. 


characteristics and, further, that each dipole is excited at its center. If we tem- 
porarily replace each dipole with a point source at the excited dipole ports, we 
can write for the array factor (see Section 3.1) 


N 
AF(6, ~) = oh b elm eibensin @ cosi(? — n)] (7-103) 
n=1 
where I, is the current excitation of the nth element located at ¢ = ¢,, &, 1S the 
associated phase excitation relative to the array center located at the coordinate 
origin, and p7, is the radial distance of each element center from the origin (all of 
which equal b for the circular array case). For the usual case of cophasal 
excitation 


a, = — Bp, sin 0, cos(P, Wy pn) (7-104) 


where (0,, #,) is the desired position of the main beam maximum. 


For the half-wave dipoles the element pattern is given approximately by (2-10). 
Thus, the complete pattern for the circular array of half-wave dipoles with an 
assumed sinusoidal current distribution can be written as 


N 
cos (5 cos 6] di I, edn ellB Pn sin 0 cos(d— ¢n)] 
= (7-105) 


N 
ee 
n=1 


where the assumption is made that (3-109) applies rather than (3-108). 


F(6, p)= 


sin 0 
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The analysis of the circular array in (7-103) to (7-105) is, of course, based on 
known currents on the array elements. In practice we usually apply voltages 
rather than currents to the array element ports. To determine the currents estab- 
lished by the voltages we can use the method of moments thereby including all 
mutual effects. 

We will consider the circular array in Fig. 7-25 to be composed of identical, 
equally spaced dipoles. Thus, certain simplifications in the moment method 
formulation are possible. With the excitation at the centers of all dipoles, it is 
clear that the current distributions will have even symmetry about the z =0 
plane. This image symmetry can be used to compress the size of the impedance 
matrix [Z,,,] of each dipole as discussed in Section 7.8.4. (This could also have 
been done for the linear array in the previous section.) In addition to this, the 
impedance matrix for the circular array will take the submatrix from 


[Shi [Siz --- [Shiv 
[Zoray = | Bh Bhs 7 Bhonn (7-106) 
(Slo (Shs -- [Shu 


where [S];; = [Z,,,], and each [Z,,,,] may be compressed as described in Section 
7.8.4, The matrix in (7-106) is not only toeplitz but goes by the name “block 
circulant.” It can be shown that the inverse of a block circulant matrix is also 
block circulant. Thus [Y],,.2y would be block circulant. 


Table 7-3 Normalized 
Terminal Currents for 
a Circular Array of 
12 Half - Wavelength 
Spaced, Parallel Half- 
Wave Dipoles (72-ohm 
loaded voltage gen- 


erators) 
Element 
number [Tin| 
1 0.735 
2 0.566 
3 0.628 
4 0.517 
5 0.547 
6 0.791 
7 1.000 
8 0.791 
9 0.547 
10 0.517 
11 0.628 


12 0.566 
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With voltage generators of 1-V magnitude in series with a 72-ohm impedance 
at the center of each dipole in a 12-element circular array with 4/2 spacing, the 
currents given in Table 7-3 resulted. The almost 2:1 variation in current magni- 
tude is the result of mutual coupling. The corresponding pattern in the azi- 
muthal plane is shown in Fig. 7-26 where a simple extension of (7-72) was used. 
For purposes of comparison, also shown is the pattern for uniform (current) 
excitation calculated using (7-105). The difference between the two types of 
patterns is more noticeable here than in Fig. 7-24 for the linear array. Although. 
the pattern with the voltage generator obtained using the moment method is the 
more realistic of the two, an advantage of the moment method is that it does 
yield the input impedance of the elements for any scan angle thereby providing 
information for the design of the feed network (see Section a) 


7.10.3 Two-Dimensional Planar Array of Dipoles 


Consider a two-dimensional array of parallel dipoles located in the xz-plane 
as shown in Fig. 7-27. Our purpose here is to use the method of moments to 
show how the input impedance of a given element in the array can vary with 
scan angle. 


¢ —— Current generator 
——= Voltage generator 


Figure 7-26 Patterns of the circular array of Fig. 7-25 with 
12 elements for uniform current excitation (solid curve) and for 
72-ohm loaded voltage generators with currents of Table 7-3 
(dashed curve). 
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E—plane (zy—plane) scan 
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Figure 7-27 Input impedance variation of a central element in a 7 by 9 dipole array 
as a function of scan angle from broadside for three planes of scan. 


Figure 7-27 shows the input impedance variation of the center element in a 7 
by 9 array (i.e., 7 collinear elements in an E-plane row by 9 parallel elements in 
an H-plane row). Three scanning conditions are illustrated: H-plane, E-plane, 
and the 45° plane between the E- and H-planes. It is clear from Fig. 7-27 that the 
input impedance does vary considerably with scan angle and that the variation is 
different for various planes of scan. Clearly this variation poses a challenging 
design problem for the engineer responsible for designing the feed and matching 
network for the array elements. 
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Note that as the array is scanned in the E-plane (zy-plane) to 90° (tee 
“endfire”), the real part of the input impedance is tending toward zero which in 
turn means the element is tending not to radiate! Indeed, although the other 
elements in the array will not have exactly the same behavior, most of them 
(except the edge elements) will behave similarly and the entire array will tend not 
to radiate! This phenomena is known as the Wood’s anomoly, or blindspot 
phenomena, and it would seem inappropriate not to mention it in a book on 
antenna principles. The Wood’s anomoly is more likely to occur in large arrays - 
than in the relatively small one considered here. Fortunately the Wood’s 
anomoly can be avoided in some arrays by suitable choices in the array design 
parameters as well as in the element design itself. 

The moment method analysis of a two-dimensional array such as that in Fig. 
7-27 is aided by the fact that such a problem is block toeplitz. Even so, the 
moment method of analysis of such an array is limited to arrays on the order of 
that analyzed here for the reasons mentioned in Section 7.8. For substantially 
larger arrays of either dipoles or slots, other methods of analysis may be used 


[21]. 
7.10.4 Summary 


In this section we have illustrated, through the use of several examples, the 
application of the moment method to antenna arrays. The examples show us 
several things. First, the moment method takes into account all mutual coup- 
lings and makes it unnecessary to assume the current distribution on the ele- 
ments in the array or to assume that each element has the same pattern. Second, 
the moment method directly provides accurate information concerning the input 
impedance of various elements under any scan condition. Third, the assumption 
of a sinusoidal current distribution on a thin half-wave dipole in an array envir- 
onment is a pretty good one and therefore the classical methods of dipole array 
analysis based on this assumption are quite accurate. It is for elements other 
than the dipole that the moment method has an obvious additional advantage. 


7.11 MODELING OF SOLID SURFACES 


There are two principal ways in which the method of moments can be used to 
model either two-dimensional or three-dimensional bodies (e.g., infinite cylinder 
or finite cylinder, respectively). The simplest way to model a solid surface body is 
with a grid of wires, the so-called wire-grid model. Examples of this approach are 
illustrated in Fig. 7-28. The other common approach is to use a magnetic field 
integral equation (see Prob. 7.11-5) in which the surface is broken up into 
patches or cells each having a continuous metallic surface. In this section we take 
a brief look at both of these approaches. 
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Figure 7-28 Examples of wire-grid modeling. 
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7.11.1 Wire-Grid Model 


In this subsection we demonstrate the application of the wire segment 
procedure to model not just a wire antenna or wire scatterer, but also to model 
the metallic environment of the antenna. We can accomplish this by using a 
wire-grid or wire mesh to simulate an actual continuous metallic surface. The 
idea of using a wire mesh to simulate a continuous metallic surface precedes, of 
course, the time when the moment method came into widespread useage. There 
are many practical situations where the effect of a continuous metallic surface is 
required but the weight and/or wind resistance offered by a continuous surface is 
too large (e.g., a reflector surface). 

The successful substitution of a wire-grid for a continuous metallic surface (in 
reality or in a model) depends upon the fact that as the grid size becomes smaller 
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Figure 7-29 Radar cross section of a MIG 19 aircraft. 
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relative to the wavelength, the grid supports a current distribution which 
approximates that on the corresponding continuous surface. The current is only 
an approximation to the actual current, however, and as such it can be expected 
to reasonably predict the far fields but possibly not the near fields. This is due to 
the fact that the grid supports an evanescent reactive field on both sides of its 
surface [22]. An actual continuous conducting surface is not capable of support- 
ing such a field. | 

The accuracy with which a wire-grid model simulates an actual surface 
depends on the computer code (i.e., expansion and weighting functions) used, the 
radius of the wire segments used, as well as the grid size. For example, with pulse 
expansion functions it has been found that a grid spacing of about 0.1/ to 0.2/ 
yields good results [23]. With the piecewise sinusoidal Galerkin method, it has 
been found that the grid size should not exceed 4/4 and that a suitable wire 
radius is a = w/25 where w denotes the width or length (whichever is greater) of 
the apertures [24]. A radar cross section result using the piecewise sinusoidal 
Galerkin method for a 20-segment aircraft model is shown in Fig. 7-29. The 
model is shown in Fig. 7-30. 

Let us now consider the situation where a monopole is axially mounted on the 
base of a cone [5] as shown in Fig. 7-31. A wire-grid representation can be used 
in which the cone or frustum is represented by a number of “ generating lines” 
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Figure 7-30 Wire-grid model for the MIG 19 with 70 segments. 
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14.05 cm to 23.44 cm 


77.47 cm 


Figure 7-31 Dimensions of experimental cone 
model. The 18:75 cm monopole is a quarter- 
wavelength at 400 MHz. 


consisting of a number of wires joined end to end, as shown in Fig. 7-32a. No 
wires need to be provided in planes normal to the z-axis because of the sym- 
metry of the structure. The length of the antenna and the dimensions for the 
cone, frustum, or frustum and spherical cap can be arbitrarily specified. 

An interesting simplification (see Section 7.8.4) can be obtained from the 
symmetry of the configuration in the case where all generating lines have the 
same number of segments, each segment being identical (except for the orienta- 
tion on the ¢-coordinate) to the corresponding one on each other generating 
line. The currents on such corresponding segments should be equal in magnitude 
and phase, since I(z) is independent of ¢. Let the segments be numbered in a 
consecutive way, starting with the line at ¢ =0 and proceeding in a counter- 
clockwise direction along the other lines. Let M be the number of segments on 
each line, and L the number of generating lines. Thus, one can write 

L-M 

Z,,;1; = —Ek, Kh Diets hE: (7-107) 

=1 


J 
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Since the currents on corresponding segments are equal, 


Tj = Tj+m) = 14am) = Lj+u-1)m) 
and (7-107) can be written as (see Sec. 7.8.4) 
M 15a ; 
¥ 1( ¥ Ziveno) =~ Eb kee 
j=1 n= 


The advantage of (7-109) is that it permits us to reduce the number 
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(7-108) 


(7-109) 


of un- 


known currents to M, while the actual number of wire segments is L - M, where 
L is arbitrary. As a result, there is no limitation other than computer running 
time to the number of generating lines (and thus to the total number of segments 
represented). The number of segments M in a generating line is, however, limited 
because of computer memory size. For the patterns calculated here L was chosen 


to be 10 and pulse basis functions were used. 
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Figure 7-32 Wire grid model of cone in Fig. 7-33. 
(a) Model of monopole and cone. (6) Cone generating 


line showing distribution of segments and boundary 
matching points. 
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The left-hand side of (7-109) represents E* for the cone problem under con- 
sideration here. It remains to determine E’. For the monopole consider the 
geometry depicted in Fig. 7-33. Starting with the vector potential, the following 
expressions for the monopole configurations of Fig. 7-33 may be derived as 


e Jbri e Jer 


nee poe 
cos BH — je!” sin BH 
ry r r 


Ei = —j29.975|1| | 


mee sin pn (7-110) 
and 
729.97 e7 ibri 
p ry r 


sD) 2 
Z : : aa: F 
zee e J sin BH + ie ;e 7” sin BH 
r Br 


2 GD 


Solving for the current on the cone makes it possible to calculate the far-field 
pattern of the cone-monopole structure by superimposing the fields of the cone 
and those of the monopole. A necessary but not sufficient check on the validity 
of the moment method solution in this problem requires that the currents at the 
junction of the monopole with the wire grid representation of the cone satisfy 
Kirchhoff’s current law. For the formulation in (7-109) and (7-110) with L = 10, 


P(p, 2) 


I(h) =|1| sin (H—h) 


Figure 7-33 Configuration used for determining the near 
field of the monopole. 
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the current on each of the 10 wire grid lines was found to be 0.1 A when the 
monopole base current |IJ| = 1.0 A. That these 11 currents satisfy Kirchhoff’s 
current law at their common junction is a direct consequence of Maxwell’s 
equations since Kirchhoff’s current law was not explicitly built into the system of 
equations [i.e., a constraining equation was not one of the equations in (7-109)]. 

To experimentally test the validity of the wire-grid representation of a metallic 
surface, an actual wire-grid cone was built around a styrofoam core in a 
configuration similar to that shown in Fig. 7-32a. A typical experimental com- 
parison of the solid cone and its wire-grid counterpart is shown in Fig. 7-34a. 
Some representative results showing both the results calculated for the wire-grid 
cone and measurements for the solid surface cone are shown in Figs. 7-34b, 
7-34c, and 7-34d. The results in all four cases are generally quite good. The 
difference between the two patterns in Fig. 7-34d for large angular values is due 
to the presence of the coaxial cable used on the experimental cone for measure- 
ment purposes. 
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Figure 7-34 Cone patterns. (a) Experimental comparison at 400 MHz with 


a 4/4 monopole. (6) Patterns at 300 MHz using a 4/4 monopole. 
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Figure 7-34 (c) Patterns at 350 MHz using a 4/4 monopole. (d) Patterns 
at 500 MHz using a 0.3124 monopole. 


Other variations of the formulation given here are possible, of course. For 
example, instead of assuming the current distribution on the monopole, it may 
be treated as an unknown as are the currents on the metallic body. This could be 
done in a number of ways. The monopole terminal current value could be 
constrained to a particular value. This would take into account the interaction 
between the cone and monopole, but would not conveniently provide for the 
calculation of impedance. Alternatively one could use a voltage generator at the 
base of the monopole such as the magnetic frill current discussed previously. 
Calculation of the currents on the cone and monopole would account for 
the cone-monopole interaction and also yield directly the monopole impedance. 
Note that in either case the previously described symmetry for the cone due to 
the symmetrical excitation could still be used to advantage. 

The accuracy of wire-grid models may be improved upon if the grid is reac- 
tively loaded with lumped loads [22]. The motiviation for doing this is to elimin- 
ate the effects of the evanescent reactive field that is in proximity to the wire grid. 
Not only does this increase the accuracy of the model but it also permits larger 
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grid sizes to be used. Nevertheless, even without this loading, the wire-grid 
model is a convenient and relatively straightforward tool for engineering 
calculations. 


eee 
7.11.2 Continuous Surface Model 5 K / 


The continuous surface model of a three-dimensional body is a complex prob- 
lem which is beyond the scope of this text. The interested reader is referred to 
the literature for a discussion of this topic. 

On the other hand, the continuous surface model of a two-dimensional body 
follows directly from the earlier sections in this chapter. We will consider two 
such examples here, that of a conducting cylinder with the incident electric field 
parallel to the axis of the cylinder (TM case) and that of a conducting cylinder 
with the incident magnetic field parallel to the axis of the cylinder (TE case). 

In Section 1.3 we found the solution (Green’s function) to the spherical wave 
equation. Here we need a solution to the cylindrical wave equation. For the TM 
case our equation is 


VE, + B2E, = jou, (72112) 


where E, = E,(x, y). A solution to this equation is 
B 
E, = —7{1H9(B |p — p'|) (7-113) 


where H{? is the Hankel function of the second kind and zero order. It repre- 
sents an outward cylindrical traveling wave just as does e /* for a spherical 
wave. The total scattered field is then the integral of (7-113) over the cross 
section of the cylinder or [4] 


B:(o) = —" || (0H (B|p — 0'|) ds (7-114) 


where the integration is over the cross section of the cylinder of currents J, as 
indicated in Fig. 7-35a. 

A simple formulation is to require that (7-29) applies or (7-31) with delta 
weighting functions. Hence, the applicable integral equation is 


Exo) ="! | JloHPUBlo — |) a” pone (7-115) 


where E:(p) is known and J, is the unknown to be determined. Note that (7-115) 
has the same form as (7-1). If pulse expansion functions are used, the impedance 
matrix elements are 


m= | HOLME Xe FOI dC (116) 
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Figure 7-35 Cylinder of arbitrary cross section for scattering calculations. (a) Geo- 
metry for solid cylinder. (6) Line source approximation for the cylinder. 


and the voltage matrix elements are 
SE On ye): (7-117) 


In order to calculate the elements of the generalized impedance matrix, it is 
necessary to evaluate (7-116). Unfortunately there is no simple analytic expres- 
sion for the integral, but it can be evaluated by one of several approximations. 
The simplest (and crudest) approximation is to view a current element J, Ac, asa 
filament of current when the field point is not on Ac,. Thus, when m #n 


Tei : B Ac, HE [BS (Xn — Xm)? + (Van — Ym)" I: (7-118) 


Note that although we are using a current filament approximation as shown in 
Fig. 7-35b, this is not a wire grid model and should not be confused with that 
approach. 

To obtain Z,,, we may recognize that the Hankel function has an integrable 
singularity and that the integral must be evaluated analytically. To do this, we 
note that the small argument formula for the Hankel function of argument Bp is 


H9\(bp) ~1 — j= t0e("5") (7-119) 


where y = 0.5772 ... is Euler’s constant and obtain 


2 A 
we <4 25 | (7-120) 
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where e = 2.718. Better formulations (e.g., faster convergence), although some- 
what more complex, are possible with the use of other expansion functions and 
other weighting functions. 

Results for the z-directed current on a cylinder are given in Fig. 7-36 for plane 
wave incidence where Ei = e7 /**. 

Next let us consider the TE case, where the incident magnetic field is parallel 
to the cylinder axis. We will, by choice, use a magnetic field integral equation 
(MFIE) which has the form 


Js(p) + V x | Jolo)W(p, p') dé’ = Hi). (7-121) 


In contrast to the electric field integral equation (EFIE) in (7-1) where the 
unknown current only appears under the integral sign, here the unknown cur- 
rent appears both under and outside the integral sign. Thus, (7-121) is referred to 
as an integral equation of the second kind. Integral equations of the second kind 
are generally preferable for large smooth conducting bodies since the contribu- 
tion by the integral part of the equation may be of second order importance. 
However, the electric field integral equation is also useful for large conducting 
bodies as we have seen in the treatment of the TM case. Magnetic field integral 
equations are not useful for treating thin wires due to the singularity in the 
integral. Recall that in Section 7.1 we avoided the singularity in the EFIE by 
using the approximation that the observation points lie on the axis of the wire 
rather than on the surface. That approach may not be employed for the MFIE. 
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Figure 7-36 Normalized current on a conducting cylinder for TM polarization. 
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To derive the magnetic field integral equation for the two-dimensional prob- 
lem of interest here, we note that there will only be a z-component of H and a 
transverse component of J, namely J,. The total magnetic field H, at any point 
on or outside the surface of the conducting body is the sum of the impressed 
field Hi’ plus the scattered field H$ on the surface of the body. Thus, 


Ho= WL (7-122) 


Since H = V x A, we can write 
H3(p) = 2° V x | Jo(o)v(p, p’) de’ (7-123) 


where W is the two-dimensional Green’s function (used for the TM case) and d¢ 
specifies the reference direction of J. The discontinuity in H, at the conducting 
surface is equal to the current density J,. So, 


J : uey ee es | (7-124) 


where c* indicates that H, is evaluated just external to cross-sectional surface 
contour c. When (7-122) is applied to the contour c*, we may use (7-123) and 
(7-124) to write 


Jy(p) = —[Hilp) + 2: V x | Joe. ') ae'-«- (7-125) 


This is the magnetic field integral equation for the two-dimensional problem of 
interest here. The current density J, is the unknown whereas the incident field 
Hi is known. The evaluation of the integral in (7-125) must be done with care 
since H, is discontinuous at c and the Green’s function is singular, precluding a 
simple interchange of differentiation and integration. 

Rewriting (7-125) as 


Jolp) + (2° V x | Jol)HP(B|p — |) deer = Hiler (7-126) 


and specifying pulse expansion functions and delta weighting functions enables 
us to write 


Lak a Orns sh H,(m, n) (7-127) 


where 6,,, is the Kronecker delta and H,(m, n) is the magnetic field at (xgeve) 
on ct due to a unit current density on Ac, at (X,, Yn), OF 


Hm, n) = [Vx PLB Ce — Xn) +O Ym)? de Tee. (7-128) 


oc _ 
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SS 


When the observation point and source segment coincide, H,(m, n) exhibits the 
singularity mentioned previously. However, Z,,, may be evaluated by noting that 


H,\,+ = =. le 7 —4 (7-129) 
since we are dealing with only a unit current. Thus, 
Lom = 1-4 =4 (7-130) 


To evaluate Z,,, for m+n we can employ the approximation that when 
Ac, < A and the field point at (x, y) is distant from the source Ac,, the fields from 
the source appear to emanate from a magnetic line source located at the center 
of Ac,,. Thus, 

H.(m, n) =" © THe (Bp)] (7-131) 
Ste ee, Ae ee f 
where the derivative is taken with respect to the normal to the surface and a 
local coordinate system is implied. If @ is the angle between and fi, then 


H.(m, n) =" Ac, cos  H? Gp) (7-132) 


where H? is the Hankel function of the first order. It is necessary to translate 
this result from its local coordinate system to one with an arbitrary origin. This 
is accomplished by replacing p by |p,, — p, | and cos ¢ by f- R where 


R= Pm = Pn (7-133) 
| Pn — Pn | 
is a unit vector from the source point (x,, yn) to the field point (x,,, Vn). Finally, 
for m # n, we have 


B Ac, (A R)H?(B | Pm — pal) (7-134) 
whereas for all m 
Vo (Xe b Ve). (7-135) 


Solution of the usual matrix equation [Z,,,][/,] = [Vn] yields the transverse 
currents on the conducting cylinder. A result for the current J » on a circular 
cylinder induced by a plane wave is shown in Fig. 7-37. The current is nor- 
malized with respect to the magnitude of the incident field. 

We have not considered the subject of internal resonances here but it should 
be pointed out that it is possible to obtain erroneous currents on the cylinder at 
those precise frequencies where the interior dimensions of the cylinder corre- 
spond to the resonant frequency of a waveguide type mode [25]. Such erratic 
behavior may be avoided if a formulation is used which combines both the EFIE 
and the MFIE. 
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Figure 7-37 Normalized current on a conducting cylinder for TE polarization. 


7.12 SUMMARY 


In this chapter we have presented a very useful and powerful technique, the 
method of moments, for the analysis of certain types of antennas (e.g., wire 
antennas) and arrays of antennas (e.g., Sections 7.9 and 7.10). While the method 
has been applied primarily to z-directed wires, we have seen that it applies 
equally well to arbitrary configurations of wires, for example, Section 7.10, as well 
as to solid surfaces, for example, Section 7.11.2. Furthermore, the method of 
moments has been used to generate some of the data presented in Chapters 5 and 6. 

The method of moments is often thought of as a low-frequency technique 
because it generally cannot be applied to bodies that are arbitrarily large in 
terms of the wavelength (e.g., Section 7.8). In contrast to this, in Chapter 9 we 
will study high-frequency techniques that apply best to bodies that are arbi- 
trarily large in terms of the wavelength. 
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PROBLEMS 
7.1-1 Show that the left-hand side of (7-13) may be expressed as 


1 L/2 —jBR 


= }) Sion j 2a 2 2,2p2 ' 
E,= jessy penll R: [(1 + jBR)(2R 3a*) + B’a*R*] dz’. 


7.1-2 Through integration by parts, show that the left-hand side of (7-13) may be written 


: WA |: ; Iendl(zyrerle" a 
ara SAC Joust joe, 02’ dz} 4nR ie 


This equation may be derived by using both the vector and scalar potentials [4]. 


7.1-3 Another equation for the treatment of wire antennas is Hallen’s integral equation, 


dz’ = = (Cs cos Bz’ + C2 sin B|z’|) 


where C, and C, are constants. The constant C, may be evaluated as V; /2 where V; is 
the terminal voltage of the antenna. Derive Hallen’s equation for the dipole by writing a 
solution to the wave equation for A, that is proportional to the right-hand side of the 
above equation and then equating this result to the integral form of the vector potential 
for A, due to a perfectly conducting thin wire dipole. 

7.2-1 In order to obtain some feeling for the method of moments, it is recommended that 
the student write a computer program to solve the following problem. Consider a straight 
dipole of length L (or monopole of length L/2) and radius a. Divide the dipole into N 
segments of equal length each containing a pulse expansion function. 

(a) Use point-matching and the equation in Prob. 7.1-1 for the scattered field to 
compute the elements in the first row of the impedance matrix [Z,,,] as given in (7-26) 
noting that these are the only independent matrix elements since the matrix is toeplitz 
(see Section 7.8.2). Note that the integrand tends toward singularity when R = a, but even 
so one may numerically integrate through this region .ef reasonable care is taken. 

(b) Use (7-81) to compute the elements of [V,,]. Obtain [J,] = [Zinn] 1TV,,] and compare 
with the results in Fig. 7-5. 

(c) Compute the far field pattern in the E-plane using (1-101) when L = 0.474. 

(d) Having successfully completed (b) and (c) use the relationship 


| 7 Reo i(z_) — eibz cos 
1% a) * Eel m) = el 


ie 


ye to compute [V,,] for 9 = 90° (ie., the broadside case) and compute the radar cross section 


Mee 


(see (7-74)) when L = 4/2. Compare your result with Fig. 7-16. 

7.2-2 What are the units of the generalized voltage, current, and impedance matrix ele- 
ments in (7-27)? 

7.3-1 Expand the computer program in Prob. 7.2-1 to use pulse weighting functions ina 
fashion similar to that in (7-35). 
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7.4-1 Show that (7-42) and (7-43) follow from (7-39) and (7-40), respectively. 

7.5-1 Derive (7-52) from (7-42). 

7.5-2 Derive (7-55). 

7.5-3 Derive (7-59) from (7-55) and (7-12). 

7.5-4 Show that the radial components associated with the electric field in (7-59) is 


=n e IBRa-1 
ha ee ee 
’  4nr sin(B Az,) (@n—1 — 20) Rees 


~JBRn e IBRn+1 


e 
—2(Z, — Zo)cos(B Az.) + (Zn4+1 — Zo) Run 
n rts 


7.6-1 Derive (7-72) from the far-field relationship E = jwpA, sin 66, as in (1-90). 
7.6-2 Derive (7-73) starting with the Poynting theorem. 
7.7-1 Derive (7-78) from (7-43). 
7.7-2 Starting with the electric vector potential and (7-80) derive (7-81). 
7.8-1 Verify (7-87) using the algorithm in (7-88). 
7.9-1 Extend the LPDA analysis in Section 7.9.2 to an array of M LPDA antennas as in 
[25] 
7.9-2 In Section 7.9.2 we obtained a solution to the LPDA. One of the important points 
in that solution is the determination of [Y,] in the manner indicated in equations (7-96) to 
(7-99). Had we wished to then find [Z 4], we could have obtained it from (Z4)=[Y4] +. 
Denote this method A. Suppose instead we find [Z,4] by considering the two dipole 
mutual impedance problem as Carrel [17] and Kyle [18] did. For example, [Z s]mn is 
obtained by temporarily removing all dipoles except m and n from the system and then 
calculating [Z 4]m,. Denote this method B. 
(a) Will [Z 4] obtained by method A be the same as that obtained by method B? Why? 
(b) The following question refers to the concepts implied by part (a). When we calcu- 
late a moment method impedance matrix [Zinn], in what way does that calculation process 
relate to method B above? 
7.10-1 Show that (7-106) is valid. 
7.11-1 Derive (7-109) from (7-107). 
7.11-2 Sketch a wire-grid model for a square plate 11 by 1A. If pulse expansion functions 
are to be used, how many unknowns will your model have? 
7.11-3 Sketch a wire-grid model for a quarter-wavelength monopole at the center of a 
circular ground plane of 4/4 radius. If pulse expansion functions are used, how many 
unknowns will your model have? If piecewise sinusoidal functions are used, how many 
unknowns will your model have? 
7.11-4 Derive (7-115) from (7-112). 
7.11-5 Derive (7-125) from (7-122). 
7.11-6 Derive (7-134) from (7-125). 
7.11-7 In Sections 7.3 and 7.11 we used pulse functions in the moment method. Expan- 
sion functions such as the pulse function (and piecewise sinusoidal function) are often 
called subdomain expansion functions because each expansion function is generally non- 
zero on only a relatively small part of the radiating body. 
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There is another type of expansion function called entire-domain expansion functions. 
In this case, the function is generally nonzero over the entire radiating body and the 
concept of segments is not used. For example, if one were to treat the dipole with an 
entire-domain expansion function (i.e., a Fourier series), one could write for the current 


N 
ey) FZ) 
n=1 
where 


F,(z’) = cos(2n — 1) —— Ls 


L” aes 


Nim 


(Note that each term in F,(z’) goes to zero at the ends of the dipole.) 

(a) Sketch the first two terms in the series for F,(z’). 

(b) If there are N terms,and N match points (i.¢., a point-matching solution), write an 
expression for Zn, using the notation in Sections 7.2 and 7.3. 

(c) Give a physical interpretation of Z25 (ie, complete a statement similar to the 
following: Z25 represents the field from —______at 


APERTURE ANTENNAS 


An antenna that has as part of its structure an aperture through which the 
electromagnetic fields pass is referred to as an aperture antenna. An obvious | 
example of an aperture antenna is an open-ended waveguide. Slotted waveguides 
and horns are other examples. Although an effective aperture value can be 
calculated for any antenna (see Section 1.10), this chapter will deal with antennas 
that possess an obvious physical aperture. In the first section general principles | 
will be developed for calculating the radiation patterns from any aperture 
antenna. Subsequent discussions will focus on rectangular and circular aperture 
shapes. The properties of specific antennas such as horns and circular parabolic 
reflectors then follow naturally. As in preceding chapters, the theoretical deriva- | 
tions lead to an accurate description of the antenna parameters, as well as to 
design techniques. Both rigorous and approximate methods of gain calculation 
are also presented in this chapter. 


8.1 RADIATION FROM APERTURES AND HUYGENS’ PRINCIPLE 
Although aperture antennas were really not widely used until the World War IT 


period, the basic concepts were available in 1690 when Huygens explained, in a 
simple way, the bending (or diffraction) of light waves around an object. This 
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Figure 8-1 Secondary waves used to construct successive 
wavefronts. (a) Plane wave. (6) Spherical wave. 


was accomplished by viewing each point of a wavefront as a secondary source of 
spherical waves. The next wavefront is the envelope of these secondary waves. 
Figure 8-1 shows how a plane wave and a spherical wave can be constructed 
from secondary waves. The envelope of secondary waves forms the new wave- 
front. Geometrical optics (ray-tracing) predicts that light shining through a slit 
in a screen will have a lit region and a completely dark shadow region with a 
sharp boundary between them. This is only approximately true, even for very 
large (relative to a wavelength) apertures. Using the secondary source concept 
beginning at the aperture, the secondary waves will lead to a spreading of the 
waves and a smooth blending of the lit and shadow regions. This diffraction 
effect is illustrated in Fig. 8-2 for a slit in an opaque screen with a plane wave 
incident on it. 

This principle has been put on a theoretical foundation and is known as 
Huygens’ principle or the equivalence principle. Let electromagnetic sources be 
contained in a volume V bounded by surface S with outward normal ni (see Fig. 
8-3a).! The fields E and H exterior to S can be found by removing the sources in 
V and placing the following surface current densities on S (see Fig. 8-3b) 


J,=n x H(S) onS (8-1) 
M, = E(S) x onS (8-2) 


where H(S) and E(S) are the fields produced by the original sources and eva- 
luated at the surface S. Thus, with a knowledge of the tangential fields over a 
surface due to the original sources, we can find the fields everywhere external to 
the surface through the use of equivalent ‘surface current densities J, and M, 
(often referred to as the Huygens’ source). 


1 In this chapter the upper case symbols V and S will be used to denote volume and surface. 
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Figure 8-2 Plane wave incident on a slit in a screen. 
The edge diffraction leads to spreading of the radiation 
from the slit. 


It is relatively easy to explain how this form of the equivalence theorem with 
zero fields inside (referred to as Love’s equivalence principle) is obtained. This 
problem, as in any electromagnetic problem, is described by Maxwell’s equa- 
tions plus the boundary conditions. From differential equation theory we know 
that a solution that satisfies a differential equation and the boundary conditions 
is the solution. The solution to Maxwell’s equations (including the sources) and 
the boundary conditions is unique. In the original problem of Fig. 8-3a, the 
fields which satisfy Maxwell’s equations in the region exterior to volume V and 
which satisfy boundary conditions along S are unique. As long as the sources 
exterior to V and the boundary conditions along S are not changed, the solution 
E, H will not change. In the equivalent problem the sources exterior to V are not 
changed, since there are none. Also, the boundary conditions are not changed, as 
will now be explained. In the original problem the fields along the boundary are 
E(S) and H(S). In the equivalent problem the fields inside V are zero and the 
surface currents are given by (8-1) and (8-2). For the boundary conditions to be 
the same, the difference between the interior and exterior fields (tangential to 
and evaluated at S) must be the same as in the original problem. The boundary 
conditions (1-22) and (1-23) yield n x (H(S) — 0) = J, and (E(S) — 0) x n= M, 
which are identical to (8-1) and (8-2). Therefore, the boundary conditions are the 
same for the original and equivalent problems. Thus, the fields exterior to V are 
the same in the original and equivalent problems. 


No sources 
Zero fields 


V 


(a) (b) 


Figure 8-3 The equivalence principle. (a2) Original problem. 
(6) Equivalent problem. 
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Figure 8-4 Equivalent current configurations for a planar aperture 
surface. (2) Both equivalent surface current densities acting in free 
space. (6) Equivalent electric current density alone. (c) Equivalent 
magnetic current density alone. 
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Since the fields inside S are zero in the equivalent problem, we may place a 
perfect conductor along part of this surface. M, will vanish over that part be- 
cause tangential E must be zero. Then J, over this part of S equals the true 
electric surface current density induced on the perfect conductor and it radiates 
in the presence of the conductor. If there is an opening (or aperture) in the 
conductor, both currents J, and M, exist over the aperture portion. 

In general it is difficult to calculate the radiation from sources over an arbi- 
trary surface, which may have conducting portions. However, if the surface S is 
an infinite plane, the problem is simplified through the use of image theory. 
Many practical antennas, such as horns and parabolic reflectors, have a planar 
aperture, so this simplification is usually not restrictive. In any case, even though 
an antenna may not have a planar physical aperture, we can still define an 
equivalent planar aperture surface S; this will be fruitful only if the tangential 
fields over S are known. We can find the fields in the half-space (say z > 0) 
which is exterior to the source half-space (z < 0) using the equivalent surface 
currents acting in free space. This equivalent system is shown in Fig. 8-4a. 

The contribution to the radiation fields from the electric surface current den- 
sity is found by evaluating the magnetic vector potential [see (1-99)] 


on ibr 


|| Sr )ei* as’ (8-3) 


4zr 
Ss 


The far-zone electric field from (1-102) is then found from the components of 
E,= —jopA (8-4) 


which are transverse to r. The subscript A indicates that this field arises from the 
magnetic vector potential A. By duality electric vector potential F, which is 
associated with the magnetic current density, is found from? 


e jbr 
F —s 


[| Mu@)e" as’ (8-5) 


S 


 Anr 


The far-zone magnetic field arising from F is the dual of (8-4), so 
H, = —joeF. (8-6) 


In both (8-4) and (8-6) we retain only those components that are transverse to fr. 
The electric field associated with H, is found from the TEM relationship 
E, = nH; x f. The total far-zone electric field of the equivalent current system of 


? The symbol F for magnetic vector potential should not be confused with the notation F for 
normalized radiation pattern. 
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Fig. 8-4a is then 
E=E,+4+ E,;= —jopA — jwenF x tf (8-7) 


where only transverse (9 and ¢) components are retained. 

The equivalent system of Fig. 8-4a involves both the electric and magnetic 
current densities. Computations would be reduced considerably if we had to deal 
with only one of the current densities. We will now show this is possible. Since 
the equivalent currents of Fig. 8-4a were obtained by using zero fields for z < 0, 
we can introduce materials in the left half-space without altering the fields 
there because they are zero. First we introduce a perfect magnetic planar con- 
ductor along surface S. The image currents shown in Fig. 8-4b are obtained by 
duality of images in a perfect electric ground plane; that is, a magnetic current 
parallel to the plane has an oppositely directed image and a parallel electric 
current has a similarly directed image. The fields for z > 0 are unchanged after 
removing the conducting plane and introducing the images, as shown in 
Fig. 8-4b. Since the currents and their images are adjacent to the plane S, we can 
add them vectorially to obtain the final equivalent system, which has a doubled 
electric surface current density and no magnetic surface. current density. The 
radiation fields for z > 0 are then found as follows. 


eg jbr 


= \olbt © St 8-8 
A= | | 2J.(r'Je (8-8) 

and 
E = —jopA,0 — jouA,d. (8-9) 


In a similar fashion a perfect electric ground plane can be introduced along S 
as shown in the left most part of Fig. 8-4c. Image theory renders the images 
shown. These images acting together yield a zero total electric surface current 
density and a magnetic surface current density of 2M,. Then radiation fields for 
z> 0 are found from 


penne [| 2M@)e"*"" as’ (8-10) 
4nr : 
and 
H = —jweF 0 — jocF 46. (8-11) 


The equivalence theorem in a form most suitable to radiation pattern calcula- 
tions will now be summarized. A coordinate system is selected such that the real 
antenna is in the half-space for z <0. If the antenna has a planar physical 
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aperture the xy-plane is often chosen to be tangent to it; in any event the 
aperture plane S is the xy-plane. Then the fields for z > 0 can be found by using 
one of three equivalent surface current configurations acting in free space: 


(a) J, and M, on plane S 
or 

(b) 2J, on plane S 
or 

(c) 2M, on plane S 


where J, and M, are given by (8-1) and (8-2). The radiation fields for each of 
these equivalent systems are obtained from the following: 


(a) A and F from (8-3) and (8-5). E from (8-7). 
or 

(b) A from (8-8). E from (8-9). 
or 

(c) F from (8-10). H from (8-11). 


So far no approximations have been introduced. Indeed, if the exact fields E(S) 
and/or H(S) are used in any of the above three procedures, exact results (within 
the limits of usual far-field approximations) will be obtained in the half-space 
z > 0. However, such exact knowledge of the fields over the entire plane S is 
rarely available. Usually at best it is possible to obtain only an approximate 
knowledge of the fields over a finite portion of the infinite aperture plane. One 
such approach is the popular physical optics approximation, in which it is 
assumed that the aperture fields E, and H, are those of the incident wave. It is 
usually assumed that these fields exist over only some finite portion S, of the 
infinite plane S and the fields elsewhere over S are zero. In most cases the 
aperture surface S, coincides with the physical aperture of the antenna. These 
approximations improve as the dimensions of the aperture relative to a 
wavelength increase. 

The three solution procedures will now be simplified. Suppose that aperture 
fields E, and H,, which exist over and are tangent to some portion S, of the 
infinite plane S, are known, perhaps by employing the physical optics approxi- 
mation. The equivalent surface current densities are then 


Jo ee (8-12) 
Mr Er, x 


=> 
— 
% 
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on S, and zero elsewhere. Using these in (8-3) and (8-5) gives 


e Jbr 


pt A jpr-r’ ! ‘s 
A= —fi x \| H,e/*' ds (8-14) 
e ibr aM 
ae ey t br-r , 3 
F= -—— Bee ds’. (8-15) 


The integral in each of the above two equations is a two-dimensional Fourier 
transform. The two-dimensional Fourier transform of an aperture field plays an 
important role in radiation calculations for aperture antennas, in a way similar 
to the Fourier transform of the current distribution for line sources (see Chapter 
4). We therefore make the following definitions for the integrals 


a ibe’ gs! ; 

P | J E, eds | (8-16) 
= jBr - e ‘ = 

Q | | H,e/*'" ds (8-17) 


The aperture surface S, is in the xy-plane, so r' = x’X + y’y. This with Ff in 
spherical coordinates from (A-4) in (8-16) and (8-17) yields 


Rie | | Egu(x’, y')eibte’ sin @ 0s 6+ y" sin sin 6) yr dy’ (8-18a) 
Sa 

pa IJ ES (oc hiya Me stm icon ime 08> deindy (8-18b) 

Q, = [f Baa(x’, yeIhe Se oom t9" tensa 9) a! dy (8-19a) 
Sa 

0, = {| Hay(x’, y'JeiBe sin 9.008 4+’ sin sin 6) dy’ dy’ (8-19b) 
Sa 


Now, (8-14) and (8-15) together with n = z reduce to 


ff e jbr { , 990 

id Riesigre (—Q,x + Q,9) ( x ) 
e Jbr 

pe EE peg) (8-21) 
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Expressing X and y in spherical coordinates as in (A-1) and (A-2), and retaining 
only the @- and ¢-components gives 


(Q, sin @ — Q, cos ) + H(Q, cos $+ Q, sin ¢)] (8-22) 
eo iBr 


F=— 
4nr 


[6 cos O(P, sin ¢ — P, cos d) + O(P, cos # + P, sin )]. (8-23) 

Using these in ea yield the final radiation field components 

(a) E, = ip aie. cos @ + P, sin @ + 4 cos O(Q, cos ¢ — Q, sin ¢)| (-24a) ) Wee 4 
ae Ce 


“7 Loos O(P, cos @ — P, sin @) — n(Q, sin @ + Q,. cos d)]. (8-24b) ) i 
a 


E,= iB; 


In a similar fashion the other two equivalent systems reduce to 
paitr 7 
(b) E = ibn =— cos 0(Q, cos ¢ — Q, sin 6) Us“S (8.25a) 


é y, Be oe 


— jpr 
Ey = —ibn— (Q, sin $ + Q, cos ¢) 3 (8-25b) 


e jbr 
(c) Ey = iB>— —(P, cos p+ P, sing) ~) usres _ (8-26a) 
iC. y= 2EKH 
e Jbr 


Es = ip =— cos 6(P, cos ¢ — P, sin ¢). (8-26b) 


If the exact aperture fields over the entire infinite aperture plane are used, the 
three formulations of (8-24), (8-25), and (8-26) each yield the same result. Use of 
the exact aperture fields leads to equal contributions arising from the electric and 
magnetic currents [1]. Therefore, the equivalent system using both current types, 
as in (8-24), gives zero total field for z <0 because 2/2 <0 <7 renders cos 0 
negative, and the contributions cancel as guaranteed by the equivalence theorem. 
However, the single current systems of (8-25) and (8-26) do not yield zero fields 
for z<0. This is an expected result since image theory was involved in the 
development of these, and identical fields are obtained only in the region z > 0. 

In practice only approximate information about the aperture fields is 
available, such as obtained from the physical optics approximation. Then the 
three formulations give different results. The accuracy of the three results 
depends on the accuracy of the aperture fields, but the differences are usually not 
significant. It is obvious that the equivalent system using both equivalent cur- 
rents involves several more calculations than those using only one equivalent 
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current. Thus (8-25) or (8-26) are often used in preference to (8-24). Further, it is 
customary to work with the aperture electric field, so the formulation of (8-26) is 
very commonly used. 

It can be shown (see Prob. 8.1-5) that the trigonometric functions appearing in 
(8-24) to (8-26) actually describe the projections of the aperture equivalent sur- 
face current densities onto the plane containing the far-field components (the 
O-plane). The element factor associated with the radiation fields from a line 
source is interpreted in a similar fashion. For aperture field expressions the 
trigonometric functions that multiply the radiation integrals are often referred to 
as obliquity factors. 


Example 8-1. Slit in an Infinite Conducting Plane 


The aperture antenna calculation procedures and the physical optics approximation can 
be illustrated rather simply for a plane wave normally incident on a slit in an infinite 
perfectly conducting plane as shown in Fig. 8-5. This is the same problem as in Fig. 4-6a, 
except for a coordinate system change. The physical optics approximation leads us to 
assume that the incident field E; = YE,e /” associated with the plane wave propagating 
in the +z-direction renders the field over the physical aperture, so 


yE, Pies z=0 


E, = (8-27) 


0) elsewhere. 


The magnetic current formulation is appropriate in this case because the aperture electric 
field is zero over the perfectly conducting portion of the aperture surface. This is essen- 
tially a one-dimensional problem because the aperture field is uniform in the x-direction; 
and then the radiation fields will not change with position along the x-direction. We are 
thus concerned only with the yz-plane (¢ = 90°), and since the aperture field is only 
y-directed, (8-18) reduces to 


i big net? MME LAO Oi sin[(BL/2)sin 0 


=) 5/3 


(8-28) 


The total radiation electric field components are then found from (8-26) with @ = 90° as 


Ms neatits sin[(BL/2)sin 0] | 
Eo Rapa Maile Dsiaiae 


E, = 0. (8-29) 
Notice that on the conducting plane (0 = 90°) E, is nonzero; but, this is acceptable 
because it is normal to the conductor. The normalized radiation pattern is 


_ sin[(BL/2)sin 6] 
A aa (shoei 


(8-30) 
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Figure 8-5 Plane wave incident on a slit in 
an infinite conducting plane. The slit is infinite 
in the x-direction and is L wide in the 
y-direction. 


8.2 RECTANGULAR APERTURES 


There are several antenna types which have a physical aperture that is rectangu- 
lar in shape. For example, many horn antennas have rectangular apertures. 
Another example is a rectangular slot in a metallic source structure such as a 
waveguide. In this section we will present some general principles about rectan- 
gular apertures that have uniform and tapered excitations. In Section 8.4 these 
principles are applied to rectangular aperture horn antennas. 


8.2.1 The Uniform Rectangular Aperture 


A general rectangular aperture is shown in Fig. 8-6. It is excited in an idealized 
fashion such that the aperture fields are confined to the L, by L, region. If the 
aperture fields are uniform in phase and amplitude across the physical aperture, 
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Figure 8-6 The rectangular aperture. 


it is referred to as a uniform rectangular aperture. Suppose the aperture electric 
field is y-polarized, then the uniform rectangular aperture electric field is 


4 i 


EE le ea lie (8-31) 
Then from (8-21b) 
Lx/2 4 c Ly/2 3 5 
Py = iE; | ejb’ sin 8 cos dx’ | eiby’ sin 0 sing dy’ 
=1,/2 =Ly[2 
sin{(BL./2)4] sin[(BL,/2) 
may ope Uk B 8-32 
(Blu (BLyI2 Cian 
where we have introduced the pattern variables 
u=sin@cos¢, v=sin Osin ¢. (8-33) 
The complete radiation fields are found from (8-26) as . 
ell __, sin[(BL,/2)u] sin[(BL,/2)v] 
Baas LE ~ - 8-34 
ol E ipgbol Ly SID. Or Tennain yi REND Gris 


enim sin{(BL,/2)u] sin{(BL,/2)o] 
E,=j Hey : PoE On (gas 
¢= JB Aap EokxLy cos 6 cos (BL,/2)u (BL,/2)0 (8-34b) 
These fields are rather complicated functions of 6 and ¢, but fortunately they 
simplify in the principal planes. In the E-plane (yz-plane) @ = 90°, and (8-34) 
reduces to 


a sin[(BL,/2)sin 0] 


e . 
ee ap ey -plane). : 
ep a we! OLN OD (BL,/2)sin 0 (E-plane) (8-35) 
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In the H-plane (xz-plane) ¢ = 0°, and (8-34) becomes 


e ie sin[(BL,/2)sin 6] 
ES: jp ——E, L : 
Sa nr oP ERIN win 


The normalized forms of these principal plane patterns are 


_ sin[(BL,/2)sin 6] 
(BL, /2)sin 0 


sin[(BL,/2)sin 6] 
(BL,/2)sin 0 


For large apertures (L,, L, > 4) the main beam is narrow and the cos @ factor 
is negligible, and the principal plane patterns are both of the form sin(x)/x which 
we have encountered several times before, as for example with the uniform line 
source. By neglecting the obliquity factors in (8-34) the normalized pattern factor 
for the uniform rectangular aperture is 


sta: vy = inl BLs/2) in| (BL 2) 
(BL./2)u — (BL,/2)v 


which is the normalized version of P, in (8-32). 
The half-power beamwidths in the principal planes follow from the line source 
result in (4-14). In xz- and yz-planes the beamwidth expressions are 
A 
HP, = 0.8867, HP, = 0.886 > (8-40) 


x y, 


(H-plane). (8-36) 


F;(9) 


(8-37) 


F,,(@) = cos 0 (8-38) 


(8-39) 


Example 8-2. A 20/1 by 101 Uniform Rectangular Aperture 


The complete pattern for a uniform rectangular aperture which has L, = 20A and 
L, = 104A is from (8-39) 

_ sin(20zu) sin(10zv) 

SHUN ee Sree RTT 


(8-41) 


The contour plot of this pattern is shown in Fig. 8-7. The principal plane patterns, which 
are profiles along the u and v axes of Fig. 8-7, are shown in Fig. 8-8. The aperture of 
Fig. 8-6 has a ratio L,/L, = 2 as in this example. Notice that the wide aperture dimen- 
sion, L,, leads to a narrow beamwidth in that direction (along the u-axis). The half- 
power beamwidth in the xz-plane from (8-40) is HP, = 0.0443 rad = 2.54°, and in the 
yz-plane HP, = 0.0886 rad = 5.08°. 


The transformation from @ and ¢ to u and v given by (8-33) is essentially a 
collapsing of the spherical surface of unit radius described by @ and ¢ onto a 
planar surface through the equator, giving a circular disk of unit radius. There is 
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ran 


Figure 8-7 Contour plot of the pattern from a uniform amplitude, uniform phase 
rectangular aperture (L, = 204, L, = 104). The solid contour levels are 0, —5, =o 

15, —20, -25, —30 dB. The dashed contour levels are —35 and —40 GB. Principal 
plane profiles are shown in Fig. 8-8. 


an ambiguity here because points on the upper hemisphere (0 < n/2) project 
onto the top of the u, v disk, and points on the lower hemisphere map onto the 
bottom of the u, v disk. This is not a problem when using our equivalent 
current/image theory formulation, because the solution is valid only over the 
upper hemisphere (z > 0). The visible region in u and v corresponding to 0 < m/2 
iS 

ur yteot =Si05) Ojo (8-42) 
which follows from (8-33). 
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Figure 8-8 Principal plane patterns for a uniform amplitude, uniform 
phase rectangular aperture (L, = 20A, L, = 104). The complete pattern 
is shown in Fig. 8-7. (a) The xz-plane pattern; u =sin@. (b) The 
yz-plane pattern; v = sin 0. 


Directivity calculations are greatly simplified when the u and v variables are 
used. The beam solid angle is 


a,=[ | |F@4)P 40 (8-43) 


0 °*O0 


where, as mentioned above, only radiation for 0 < x/2 is considered. The beam 
solid angle can be evaluated by integrating over the entire visible region in terms 
of u and v. First, consider the projection of dQ onto the u, v plane; it is given by 
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du dv = cos § dQ. From (8-42) it is seen that cos 6 = ./1 — u* — v*. Therefore, 


dQ. = du dv/./1 — u? — v? and (8-43) becomes 


oO | i du dv (8-44) 


ve 
u2+y2<1 1 =u os 


This is a general expression. For a large uniform phase aperture (L, and L, > A) 
the radiation will be concentrated in a narrow region about u = v = 0 (0 = 0). 
Then the square root in (8-44) is approximately one. Also, since the side lobes 
are very low we can extend the limits to infinity without appreciably affecting the 
value of the-integral. Using these results and (8-39) for the uniform rectangular 
aperture in (8-44) yields 
@ sin2[(BL 24], ¢® sin2[(BL,/2)o] 
w=) “ero “Sela ee 


The following change of variables 


1. B = “ws = sin 0 cos d (8-46a) 
y = ay =F sin 6 sin (8-46b) 
leads to 
2002p asin ar, sin 1) 
Q,=——— ; dv’. 8-47 
‘ BL, BL, I (oe) (u'? i li fe 9) (oy : ( ) 
Each integral above, see (F-12), equals 1; so 
4 2 
Q, “= 2 z (8-48) 


(2a [AVIA hls 


The directivity of the rectangular aperture with uniform amplitude and phase 
is then 
4n 4n 
D=— =-,1,L,. 8-49 
Q, j2 x*“y ( ) 
From this expression the physical area of the aperture can be identified as 
A, = L, L,. Comparing this to D = 427A. /A? from (1-213) we see that the maxi- 
mum effective aperture A.,, equals the physical aperture A, for the uniform 
rectangular aperture. This is true for any shape aperture with uniform excitation. 
Also note that for ideal apertures there are no ohmic losses (radiation efficiency 
e = 1), so gain equals directivity and A, = Aen. 
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8.2.2 Tapered Rectangular Apertures 


In the previous section we saw that the uniform rectangular aperture has an 
effective aperture equal to its physical aperture. In other words, uniform illumin- 
ation leads to the most efficient use of the aperture area. It will be shown in 
Section 8.3 that uniform excitation amplitude for an aperture gives the highest 
directivity possible for all constant phase excitations of that aperture. In the 
antenna design problem high directivity is not the only parameter to be con- 
sidered. Frequently low side lobes are very important. As we saw in Chapter 4, 
the side lobes can be reduced by tapering the excitation amplitude toward the 
edges of a line source. This is also true for two-dimensional apertures. In fact, 
many of the line source results can be directly applied to aperture problems. 

To simplify our general discussion of rectangular aperture distributions, we 
shall omit the polarization of the aperture electric field, so that E, can represent 
either the x- or y-component of the aperture field. Then (8-18) becomes 


= | | E,(x’, y' )ei*'elP¥' dx’ dy’. (8-50) 
Sa 


Most practical aperture distributions are separable and can be expressed as a 
product of functions of each aperture variable alone: 


E\xsy) Ex ED) (8-51) 
Then (8-50) reduces to 
Lal? Ly/2 
P= | x'Jeibux’ gy! ie E,o(y')ei*™ dy’. (8-52) 
a Eh2 


Each of these integrals is recognized as the pattern factor of a line source along 
the respective aperture directions. The normalized pattern factor for the rectan- 
gular aperture is then 


Us %Y)=fu) A’) (8-53) 


where f,(u’) and f,(v’) arise from the first and second integrals in (8-52), which 
are essentially pattern factors of line source distributions along the x- and y- 
directions. Again here we have neglected any obliquity factors. The uniform 
rectangular aperture result corresponding to (8-53) is (8-39). It is obtained 
directly from sin(u)/u of (4-9) by using u’ of (8-46a) in place ‘of u for f,(u’) and v’ 
of (8-46b) in place of u for f,(v’). Note the different definition of u in Chapter 4 
and this chapter. 

Thus, the pattern expression for a rectangular aperture distribution which is 
separable as in (8-51) is obtained by finding the patterns f, and f, corresponding 
to the distributions E,, and E,,, and then employing (8-53). 
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Example 8-3. The Open-Ended Rectangular Waveguide 


Suppose the aperture electric field is cosine tapered in the x-direction, similar to (4-23), 
and is uniform in the y-direction. This particular example is similar to an open-ended 
rectangular waveguide operating in the dominant TE;9 mode, which has a cosine distrib- 
ution in the broad dimension and a uniform distribution in the narrow dimension [2]. fi is 
obtained from (4-27) by replacing u by wu’ and f is obtained from sin(u)/u by replacing u 
by v’. Thus 

cos u’ sin v’ 


ft.) = Toa (8-54a) 


or 


cos[(BL,/2)u] _ sin[(BL,/2)v] 
u, v) = : 8-54b 
Fm )= T= [afm \BLI26P (BLI20 owe 
The half-power beamwidths in the principal planes are controlled by the aperture distrib- 
utions in the same planes, so from Table 4-2 
A A 
HP 119 HP, = 0.886 —. (8-55) 
Bs LS 
The directivity (see Example 8-4 in Section 8.3) is 0.81 of a uniform aperture of the same 
size, Or 
4nL Eb, - 32 LL, 
Ao eG OR 


D=081 (8-56) 


8.3 GAIN CALCULATIONS FOR APERTURE ANTENNAS 


During the discussions of specific aperture antennas which follow, we shall have 
need for the gain calculation techniques presented in this section. The gain of 
aperture antennas can, in most cases, be estimated rather simply. Gain estima- 
tion methods will be presented after a discussion of more formal methods. 
Maximum power gain (or simply gain) is found from directivity using (1-153) 
as 
G=eD (8-57) 


where e is the radiation efficiency arising from ohmic losses on the antenna 
structure. Directivity from (1-143) is 

iL een An 
rt P, e Q, 


D (8-58) 
where U,, is the maximum of the radiation intensity defined by 


U0, 8) = 5 [IE + |EoP}? = Unl FO. OF (8-59) 
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Q, is the beam solid angle given by (8-43), and P, is the total radiated power 
evaluated by integrating (8-59) over all radiation space. 

If the tangential electric and magnetic aperture fields nearly form a plane 
wave, the radiation intensity expression simplifies. This assumption provides a 
good approximation if the aperture fields vary slowly relative to a wavelength 
and if the aperture phase is nearly uniform. The plane wave assumption for the 
aperture fields leads to ) 


E 
Hee een sai en (8-60) 
Y| 1 
These applied to (8-18) and (8-19) yield 
P Jie 
Q,=-— and Q,=—. (8-61) 
1 1 


Using these and the general aperture radiation field expressions of (8-24) in 
(8-59) gives 


p (1 + cos 0P[|P..|? + | P,|7]. (8-62) 


U(9, é) = 32177 


The maximum value of this function, which corresponds to the main beam peak, 
for a uniform phase aperture occurs in the broadside direction (6 = 0); so from 


(8-16) 
| | E, ds’ 


since rf - r’ = 0 in the broadside case, because rf = z and r’ is in the xy-plane. 

Integration of (8-62) to obtain P, is, in general, rather difficult. This can be 
avoided by observing that the total power reaching the far field must have 
passed through the aperture. Under the assumptions of (8-60) the power density 
in the aperture is |E,|*/2n, and we can determine the radiated power from 


2 


wr 


U,, = 8-63 
m 817 ( ) 


P,= ° | [Ea)? as’ (8-64) 


Sa 


Substituting (8-63) and (8-64) in (8-58) gives a simplified, but powerful, directi- 
vity relationship 


2 
be p E, ds 


O= 72 [E,F dS” 
Sa 


(8-65) 
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Note the similarity of this result and that of (3-93) for a half-wavelength spaced 
linear array. 

If the aperture distribution is of uniform amplitude (E, = E,), then (8-65) 
reduces to 


4n 
m7: 


where A, is the physical aperture area. This was shown to be true for the 
rectangular aperture by direct evaluation; see (8-49). Further, (8-66) is a general 
result. The directivity of a uniform amplitude aperture is the highest obtainable 
from a uniform phase aperture. This is true because the maximum of (8-65) occurs 
for a uniform illumination, which yields (8-66); see Prob. 8.3-2. 


D ni (8-66) 


Example 8-4. The Open-Ended Rectangular Waveguide 


To illustrate the aperture field integration method of determining directivity, we return to 
the open-ended waveguide operating in the TE; mode as described in Example 8-3. The 
aperture field distribution is 


E, = yE, cos a —~ <x <= (8-67) 


where the waveguide (and, thus, the aperture) has wide and narrow dimensions of a and b 
(L, =a and L, = b in Fig. 8-6). Then 


2 a/2 ' b/2 2 
\[E. dS'| = (E. [ cos dx’ ay) = = #3 (72) b? (8-68) 
s “=a/2 a “=b/2 us 
and 
a/2 , b/2 
E,? ds’= 2 [{ cos? ™ dx’ |. dy’ = E25b. 8-69 
lI |E.| lane a * Ws y 2 ( ) 


Substituting these into (8-65) gives 


D= (8-70) 


Ne |] on a 


(= |= 32 ab 


Gain is easily obtained from directivity using G = eD. For most aperture 
antennas the ohmic losses are very small, so 


e~1 (8-71) 
and therefore 
G ~D. (8-72) 
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Many gain calculations, though, can be performed without first computing direc- 
tivity by using (1-222) 


G=— A, (8-73) 


where A, is the effective aperture. It is convenient for aperture antennas to relate 
effective aperture directly to the physical aperture area A, of the antenna as 


Ares A im Ose 1 (8-74) 
where the aperture efficiency &,, is a measure of how efficiently the antenna 
physical area A, is utilized. Once ¢,, is calculated or estimated, it is a simple 
matter to calculate gain from (8-73) and (8-74). 

The aperture efficiency factor ¢,, represents many sources of efficiency reduc- 
tion. In particular, it can be factored as 


Eap = CE, 16283 °°". (8-75) 


As mentioned above e is approximately unity. Exceptions to this are: if the 
antenna size is on the order of a wavelength or less, if a lossy transmission line is 
considered to be part of the antenna, and if lossy materials are an integral part of 
the antenna (such as in a dielectric lens antenna). The factor ¢, is the aperture 
taper efficiency, which represents intentional gain loss due strictly to the design 
aperture distribution. If an antenna is designed to have a directivity D,, then «, 
gives the fractional loss in directivity, and gain, relative to the maximum attain- 
able, that is, from the uniformly illuminated case; thus 
Dj 

acs na (8-76) 
Values of ¢, were given in Section 4.2 for line sources. 

The remaining factors €, €,¢3 --- are referred to as achievement factors. They 
represent the fractional deviation from design directivity caused by the many 
changes from the design aperture illumination which occur when the antenna is 
constructed. They are a measure of how the directivity D of the actual antenna 
differs from the design directivity: 


£,81 6&6 °° =—. (8-77) 


Hence, the gain loss given by ¢,, in (8-75) is composed of an ohmic loss factor e 
and directivity loss factors ¢,, &, &2, &3,.-.. For simple directly radiating 
antennas such as horns, slots, and so forth, the achievement factors are usually 
taken to be unity. Antennas involving more complex configurations usually have 
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achievement factor values less than unity. For example, reflector systems have 
several sources of gain loss, such as spillover, random surface errors, aperture 
blockage, and so forth. These will be discussed in Section 8.6.3. 
Any of the efficiency factors in (8-75) can be expressed as a gain factor in 
decibels as 
€(dB) = 10 log ¢;. (8-78) 


The gain “loss” would be the negative of this. For example, the aperture ia 
efficiency for Example 8-4 is ¢, = D,/D, = [(32/x)(ab/A*)|/[(4n/A*)ab] = 8/72 = 
0.81, so ¢(dB) = —0.91 dB. Gain in decibels is then computed as G(dB) = 
10 log(4n.A,,/42) + e(dB) + ¢,dB) + ¢,(dB) +--:. Recall that polarization mis- 
match factor p and impedance mismatch factor q are not included in aperture 
efficiency nor gain, but they play a role similar to the efficiency factors (as 
discussed in Section 1.11). 

If the aperture efficiency is known, the gain can be calculated very simply, 
from (8-73) and (8-74), which give 


G= bap A, = &,D,. (8-79) 
The range of ¢,, for aperture antennas is about 30 to 90. Horn antennas have 
values of é,, from about 40°% to 80%. Optimum gain horn antennas typically 
have an apenute efficiency of 50°%. The aperture efficiency of circular parabolic 
reflector antennas is about 55%. 

The gain of an aperture antenna can be estimated very quickly using (8-79). If 
the aperture efficiency in unknown, a value of 50% is usually a good estimate. 
For a 20-dB gain antenna, if the aperture efficiency were really 60% instead of 
50°%, the error is only 0.8 dB. 

Directivity, and thus gain, can also be estimated from a knowledge of the 
principal plane half-power beamwidths, HP, and HP,,. If the main beam of the 
radiation pattern is relatively narrow and the side lobes are negligibly small, 
then all power in the main beam can be imagined to be redistributed such that it 
is uniform inside the half-power points and zero outside. Then the beam solid 
angle (see Fig. 1-13b) is approximated by a rectangular solid angle HP; by HP,, 
so Q, ~ HP,;HP,. The directivity is approximated as 

p= 4n ie An its: 41,253 (8-80) 
Q, HP;HP, HP;-HP,- 
where HP,. and HP, are the principal plane half-power beamwidths in degrees. 
Most pattern main beams have a smoothly varying cross section which is nearly 
elliptical, rather than rectangular. The area is then (z/4)HP,;HP, instead of 
HP;HP,, so . 
a 41,253 seinen. 
~ (x/4)HP;-HP,  HP;-HPy- 


(8-81) 
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Actual antenna patterns will, of course, have side lobes which are not negli- 
gible. Comparisons with several horn and circular parabolic antennas in practice 
today reveal that the gain is fairly well approximated by 50% of the directivity in 
(8-81), so 

ony 26,000 
~~ AP-HP ye 


This is an extremely simple yet very useful result. 


(8-82) 


Example 8-5. Pyramidal Horn Antenna 


A pyramidal horn antenna (see Fig. 8-16c), with a rectangular aperture of width A and 
height B, designed for optimum gain has an aperture efficiency of 50%; so from (8-79) 


G =0.5-, AB. (8-83) 


As a specific example, a “standard gain horn” operating from 33 to 50 GHz has a 
measured gain of 24.7 dB (G = 295.1) at 40 GHz (A = 0.75 cm). The aperture dimensions 
of this horn are A = 5.54 cm and B = 4.55 cm. Using these values of 4, A, and B in (8-83) 
gives G = 281.6 = 24.5 dB. The gain can also be estimated from the principal plane 
half-power beamwidths, measured at 40 GHz to be HP;,- = 9° and HP,- = 10°. Then 
(8-82) yields G = 288.9 = 24.6 dB. The gain values from both of these methods agree very 
well with the measured gain of 24.7 dB. 


Example 8-6. Circular Parabolic Reflector Antenna 


The aperture efficiency of a typical circular parabolic reflector antenna with diameter d is 
55%, so (8-79) becomes 


G =0.55=5 A,p=90555|2 Wl hia DA Ses (8-84) 


4n 4n[( d? a 
A? A? We 


For a specific example, a 3.66-m (12-ft) circular reflector operating at 11.7 GHz 
(A = 2.564 cm) has a measured value of G = 50.4 dB and HP; = HP, = 0.5°. Again we 
will check our estimation formulas. First, (8-84) gives G = 5.43(366/2.564)* = 110,644 = 
50.4 dB. Next, (8-82) yields G = 26,000/(0.5)? = 104,000 = 50.2 dB. Both of these estimates 
are in good agreement with the measured gain. 
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Horn antennas are extremely popular antennas in the microwave region above 
about 1 GHz. Horns provide high gain, low VSWR, relatively wide bandwidth, 
low weight, and they are rather easy to construct. As an additional benefit the 
theoretical calculations for horn antennas are achieved very closely in practice. 
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(a) 


(c) 


(b) 


Figure 8-9 Rectangular horn antennas. (a2) H-plane sectoral horn. 
(b) E-plane sectoral horn. (c) Pyramidal horn. 


The three basic types of horn antennas which utilize rectangular geometry are 
illustrated in Fig. 8-9. These horns are fed by a rectangular waveguide which is 
oriented with its broad wall horizontal. For dominant waveguide mode excita- 
tion the E-plane is then vertical and the H-plane horizontal. If the horn serves to 
flare the broad wall dimension and leave the narrow wall of the waveguide 
unchanged, it is called an H-plane sectoral horn antenna as shown in Fig. 8-9a. 
On the other hand, if the horn serves to flare only the E-plane dimension it is 
called an E-plane sectoral horn antenna and is shown in Fig. 8-9b. When both 
waveguide dimensions are flared it is referred to as a pyramidal horn antenna, 
which is shown in Fig. 8-9c. 

The operation of a horn antenna can be viewed as analogous to a megaphone, 
which is an acoustic horn radiator providing directivity for sound waves. The 
electromagnetic horn acts as a smooth transition from the waveguide mode to 
the free-space mode. This smooth transition reduces reflected waves and empha- 
sizes the traveling waves. This traveling wave behavior, as we have seen with 
other antennas, leads to low VSWR and wide bandwidth. 

Since the 1930s several horn antennas have been developed.* In addition to 
rectangular horns discussed in this section, conical shaped horn antennas are 
used when connection to circular waveguide is required. Special purpose horns 
are those loaded with dielectric material or lined with metallic corrugations. 
Corrugated horn antennas, as well as other horn types, are very popular for 
feeds in reflector antenna systems. 


3 See [3] for a collection of many papers on horn antennas. 
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8.4.1 The H-Plane Sectoral Horn Antenna 


The H-plane sectoral horn of Fig. 8-10a is fed from a rectangular waveguide of 
interior dimensions a and b, with a the broadwall dimension. The aperture is of 
width A in the H-plane and height b in the E-plane. The H-plane cross section 
of Fig. 8-10b reveals the geometrical parameters we shall use. The following 
relationships for the geometry will be of use in subsequent analysis: 


A 2 
(2, = R2 + (+) (8-85a) 
A 
= ane | 8-85b 
ay = tan (5 (8-85b) 
a | 
Ry= (4a) |(4) — 2 (8-86) 


Ry———>| 


(b) 


Figure 8-10 H-plane sectoral horn antenna. (a) Overall 
geometry. (6) Cross section through the xz-plane (H-plane). 
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It is an exercise to prove (8-86). The dimensions A and R,, (or 7, or R,) must be 
determined to allow construction of the horn. We shall investigate the principles 
of operation and then present design procedures for determining the horn 
dimensions. 

The key to solving aperture antenna problems is to find the tangential fields 
over the aperture. The aperture plane for the H-plane sectoral horn shown in 
Fig. 8-10a will be taken to be the xy-plane. The aperture fields, of course, arise 
from the attached waveguide. As is usually the case in practice, we will assume 
that the waveguide carries the dominant TE,» rectangular waveguide mode. The 
transverse fields in the waveguide are then given by 


E, = E, cos — en iat (8-87a) 
E 
H,=-3 | (8-87b) 


where Z, = n[1 — (4/2a)?]"1? is the waveguide characteristic impedance. The 
fields arriving at the aperture are essentially an expanded version of these wave- 
guide fields. However, the waves arriving at different points in the aperture are 
not in phase because of the different path lengths. We will now determine this 
phase distribution. 

The path length R from the (virtual) horn apex in the waveguide to the horn 
aperture increases toward the horn mouth edges. Thus waves arriving at aper- 
ture positions displaced from the aperture center lag in phase relative to those 
arriving at the center. The phase constant changes from that in the waveguide, 
B,, to the free-space constant, f, as waves progress down the horn. But for 
relatively large horns the phase constant for waves in the vicinity of the aperture 
is approximately that of free space. The aperture phase variation im the x- 
direction is then given by 


e7 JAR Ra). (8-88) 


The aperture phase is uniform in the y-direction. An approximate form for R 


using Fig. 8-10b is 
x Qe pay 
R=./Ri +x =, [1+ (F] | 


R, 
tix \ 
ZR = e 
+(e) | (8-89) 
for x < R, which holds if A/2 «< R,. Then 
1 2 
RoR eee (8-90) 
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The amplitude distribution is an expanded version of that in the waveguide, so it 
is a cosine taper in the x-direction. Using this fact and (8-90) in (8-88) leads to 
the aperture electric field distribution 


E,) = E, cos = oe HB/2R1)x? (8-91) 


inside the aperture and zero elsewhere. The above phase distribution is often 
referred to as a quadratic phase error, since the deviation from a uniform phase 
condition varies as the square of the distance from the aperture center. This 
result can be derived more rigorously by representing the horn as a radial 
waveguide [4]. 

The quadratic phase error complicates the radiation integral, however the 
result is worth the effort. Substituting (8-91) into (8-18b) yields 


A/2 b/2 


ede cos 7 HBI2RDx 7 pipux’ gy! | dye (8-92) 
AD: 11/72 
After considerable work this reduces to 
1 /7R, sin[(Bb/2)sin 6 sin ¢] 
ef i au pera : -93 
ae: ; B i, 6) g (Bb/2)sin 6 sin a) 


where the factors in brackets correspond to each of the integrals in (8-92). The 
second factor is that for a uniform line source. The first involves the function 


TO) ee (Cls2) 582) — Elsi) 55) 


4 ei{Ri/2DN8 sin 808 d—mIM>TC(E,) — jS(t',) — C(t) + IS()] (8-94) 
where. 
si | apa (— 7 RO) 
Mirae a oe 
2 wan, (p ~ Ritu + 2] 


and the functions C(x) and S(x) are Fresnel integrals defined in (F-17) and 
tabulated in [5]. 
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The total radiation fields can now be obtained. Using (8-61) in (8-24) gives the 
far-zone electric field components 


te 

me ite (1 + cos 6)sin oP, (8-96a) 
— jpr 

E,= iB —— (1 + cos 0)cos P,. (8-96b) 


These together with (8-93) give the complete radiated electric field 


— jbr 
E = jBE,b | . a (- = “Jo sin $ + 6 cos ) 


_ sin[(6b/2)sin @ sin ] 

(Bb/2)sin 6 sin 
where I(0, ¢) is still given by (8-94). : 
The complete radiation expression is rather cumbersome, so we will examine 


the principal plane patterns. In the E-plane ¢ = 90°, and the normalized form of 
(8-97) is 


1(0, ¢) (8-97) 


_ 1+ cos 6 sin[(6b/2)sin 6] 
Ath) (Bb/2)sin 0 
The second factor is the pattern of a uniform line source of length b along the 


y-axis, as one would expect from the aperture distribution. 
In the H-plane ¢ = 0°, and the normalized H-plane pattern is 


1+cos@ I(6,$=0°) 
F,,(0)= 
ul) 2 10=070—0 ) 
The H-plane pattern can be displayed rather simply using universal radiation 


pattern plots which are based on the maximum phase error across the aperture. 
The aperture distribution phase error as a function of position x is from (8-91) 


F;(0) 


(8-98) 


(8-99) 


Bp 
0 = ~— x’. -1 
aR, 2% (8-100) 
Since the maximum value of x is A/2 the maximum phase error is 
Bp {Ay A? 
to) = — | — = D = - 
max = >R (9 7 SOR, 2nt (8-101) 


where t is defined to be 


petri (GZ) x (8-102) 
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The function I(0, @ = 0°) in (8-94) can be expressed in terms of t as 
1(6, dp . 0°) — ed(7/ 81) (A/ Asin O+ 42 YTC(s3) — jS(s2) = C(s;) + jS(s,)] (8-103) 
+ ehe/otalarine=1/2FC(¢,) — j$(¢) — Clty) + JS(C) 


where 


(8-104) 


This function is plotted in Fig. 8-11 for various values of t. It is normalized to 
the main beam peak for a zero phase error condition, which displays the directi- 
vity loss (reduction of the main beam peak) as the maximum phase error 2zt 
increases. 

The curves in Fig. 8-11 are universal pattern plots from which antenna pat- 
terns can be derived for specific values of A, b, and A. The H-plane plots (solid 
curves) are a function of (A/A)sin 0. The E-plane plot (dashed curve) is the 
second factor of (8-98), and the abscissa for it is (b/A)sin 6. The factor 
(1 + cos 6)/2 which appears in both pattern functions (8-98) and (8-99) is not 
included in Fig. 8-11. For most situations it has a small effect on the total 
pattern and may be neglected. Its effect, however, is easily included by adding 
20 log[(1 + cos @)/2] to the corresponding pattern value for 6 from the universal 
pattern. Note the E-plane plot of Fig. 8-11 has the — 13.3-dB side lobe level of a 
uniform line source pattern, and the H-plane constant phase (t = 0) plot has the 
—23-dB side lobe level of a cosine-tapered line source pattern. As the phase 
error increases the H-plane pattern beamwidth and side lobes increase. 

The directivity for an H-plane sectoral horn is obtained from the aperture 
integration method of (8-65) as 


{[C(p1) — C(P2)}° + [S(P1) — S(p2)P} (8-105a) 


1 R,/A A/a | 1 | R,/A A/a 
Lee 


Rare eR (8-105b) 


H-plane 


— — — E-plane 


Relative pattern (dB) 


a 0.5 1.0 TES 2.0 2.5 3.0 3.5 4.0 


= sin @ (H-plane) > 


8 sin @ (E-plane) > 
Figure 8-11 Universal radiation patterns for the principal planes of an 


H-plane sectoral horn as shown in Fig. 8-10. The factor (1 + cos 6)/2 


is not included. (Reproduced, by permission, from [2]. © 1967 John 
Wiley.) 
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Dy 


X<|-s 


Figure 8-12 Universal directivity curves for an H-plane sectoral horn. For 
pyramidal horns the vertical axis values are (A/B)Dy,, . 


and py = —S, =), py = 5S, = —t, in (8-95) for u=0. A family of universal 
directivity curves is given in Fig. 8-12, where AD,,/b is plotted versus A/A for 
various values of R,//. Notice that for a given axial length R,, there is an 
optimum aperture width A corresponding to the peak of the appropriate curve. 
If values of A/A corresponding to optimum operation are plotted versus R, /A, it 
is seen that a smooth curve with the equation A/A = ./3R,/A passes through 
those points; so 


3AR, (optimum). (8-106) 


For example, the value of A/A for the Peal e ae R,/A = 30 curve of Fig. 8-12 is 
9.5, and from (8-106) A/A = ./3R,/A = 9.49. 
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Equation (8-106) can be used to find the corresponding phase error parameter 
for optimum operation. 
AP 3 


top = BIR, = (optimum). (8-107) 


The optimum behavior of the directivity curves can be explained rather simply. 
For a fixed axial length, as the aperture width A is increased from a small value 
the directivity increases by virtue of the increased aperture area. Optimum per- 
formance is reached when t = t,, = 3, which corresponds to a phase lag at the 
aperture edges (x = +A/2) Of SOmax = 2Mtop = 32/4 = 135°. As A is increased 
beyond the optimum point, the phase deviations across the aperture lead to 
cancellations in the far-field and decreased directivity, as can be seen from the 
pattern plots of Fig. 8-11. 

The half-power beamwidth relationship for optimum performance can be 
determined from the pattern plot of Fig. 8-11 for t= 2.-The 3-dB down point on 
the main beam occurs for (A/A)sin 0, = 0.68, so the H-plane beamwidth for an 
optimum H-plane sectoral horn is 20, = 2 sin” 1(0.684/A); and for A >A 


A A 
HP, ~ 1367 = 7/8 4 ° (optimum). (8-108) 


8.4.2 The E-Plane Sectoral Horn Antenna 


A rectangular horn antenna can also be formed by flaring the feed waveguide 
in the E-plane. The resulting horn is referred to as an E-plane sectoral horn 
antenna as shown in Fig. 8-13. The geometrical relationships for this horn are 


B 2 
C= R5+ (>) (8-109a) 
B 
— aaa | sete oe = 
a, = tan (| (8-109b) 
Pee 
R= moe | r 
p= (B-—)) (7 4 (8-110) 


A similar line of reasoning as employed for the H-plane horn leads to the 
following aperture electric field distribution for the E-plane horn. 


Ey rt cos ae NES (8-111) 
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Figure 8-13 E-plane sectoral horn antenna. (a) Overall 
geometry. (b) Cross section through the yz-plane (E-plane). 


fi 


(b) 


The same steps as used with the H-plane sectoral horn yields the radiation field 
Ro4a¢e /* at. A 
Epis nee elPR2/2)”° sin & + @ cos ¢) 


_1+cos@ cos[(Ba/2)u] 
2 1 [(Ba/n)u] 


2 [C(r2) — IS(r2) — C(r1) + IS(71))] (8-112a) 
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B B B (B 
= MB PRB _ |_?_(? R39 eee 
"1 AR, \ 2 Rou pM Rte oe ( ) 


The normalized H-plane pattern follows from (8-112) with @ = 0° as 


1+ cos @ cos[(Ba/2)sin 0] 

2  1-—[(Ba/x)sin 6]? 
The second factor in this expression is the pattern of a uniform phase, cosine 
amplitude tapered line source of length a. 

The phase distribution in (8-111) is 6 = (8/2R,)y*. The maximum phase error 


occurs for y= +B/2, and there the phase error is Smax = (8/2R2)(B/2) = 
2n(B?/8AR 2) = 27s, where we define the phase error parameter 


B2 1/BY 1 
2 = ve 8-114 
ns (7) R/A Sol lgy) 


where 


F,(0) = (8-113) 


The E-plane pattern (magnitude) from (8-112) with ¢ = 90° can be expressed in 
terms of s as 


1+ cos 6 


| F (9) | a D) 


[C(r4) — C(rs)]? + [S(ra) — S(rs)]? 1°? 
41C20,/s) + 20/9) J tts) 


where 


r= 2Vi|- 1-2 (F sino) rea 281 - 7 (sin). (8-115b) 


The universal patterns for the E-plane sectoral horn are plotted in Fig. 8-14. 
The E-plane patterns (solid curves) for various values of s are not normalized to 
0 dB at the maximum point, but rather are given relative to the no phase error 
case (i.e., the s=0 uniform line source pattern). The H-plane pattern (dashed 
curve) is that of a cosine tapered line source—the second factor of (8-113). The 
factor (1 + cos @)/2 is not included in these plots. 

The directivity of the E-plane sectoral horn is given by 


32 aB C?(q) + S?(q) 

Eat Ae q? 
where g = B/,./2AR,. A family of universal directivity curves, AD;/a, for various 
values of R, /A is given in Fig. 8-15 as a function of B/A. Again optimal perfor- 


mance is observed from these curves. A curve fit to pairs of values of A/A and 
R,/A for optimum conditions yields 


2A4R, (optimum). (8-117) 


(8-116) 


E—plane 
——-— H-—plane 
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Figure 8-14 Universal radiation patterns for the principal planes of an 
E-plane sectoral horn antenna as shown in Fig. 8-13. The factor 
(1 + cos @)/2 is not included. (Reproduced, by permission, from [2]. 
© 1967 John Wiley.) 
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Figure 8-15 Universal directivity curves for an E-plane sectoral horn. For pyramidal 
horns the vertical axis values are (A/A)Dz . 


The corresponding value of s is 


B? v 


TUE THE! (optimum). (8-118) 


So 


The half-power beamwidth relationship follows from the s = 4 plot in Fig. 8-14 
and is 
0.47 A 


A 
HEF 251 & Ba ~ 0.94 ie 54 a ° (optimum). (8-119) 


Gain for horn antennas nearly equals directivity, so D; (and D,,) are taken as 
G, (and G,,). The gain of an E-plane sectoral horn has been shown to be more 
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accurately given by [6] 


16aB C*(q) + S?(q) maja = af 
A a Aq) 8-120 
Gr A*(1 + A,/d) ap c ( ) 


where A, = A/./1 — (A/2a)? is the wavelength of the dominant mode in the 
waveguide feeding the antenna. This expression yields values that agree quite 
well with experimental results. The values from (8-116) are about 20% or less 
under those of (8-120). 


8.4.3 The Pyramidal Horn Antenna 


Probably the most popular form of the rectangular horn antenna is the pyra- 
midal horn antenna. As shown in Fig. 8-16, it is flared in both the E- and 
H-planes. This configuration will lead to narrow beamwidths in both principal 
planes, thus forming a pencil beam. The aperture electric field is obtained by 
combining the results for H- and E-plane sectoral horns from (8-91) and (8-111), 
giving 


Joe ad Dp cos( jaan asi (8-121) 


Following a procedure similar to that used for the sectoral horns will yield a 
general radiation field expression. It turns out, though, that the principal plane 
patterns are the same as those obtained from the sectoral horn calculations. To 
be precise, the E- and H-plane patterns of the pyramidal horn equal the E-plane 
pattern of the E-plane sectoral horn and the H-plane pattern of the H-plane 
sectoral horn. Therefore, the E-plane pattern of the pyramidal horn can be found 
from the universal pattern plots (solid curves) of Fig. 8-14, and the H-plane 
pattern can be found from the solid curves of Fig. 8-11. 
The directivity of the pyramidal horn is found rather simply from 


D, = a3 d¢|(5 Pu} (8-122) 


The terms in parentheses are obtained directly from the directivity curves for 
sectoral horns. To do this the ordinates of Figs. 8-12 and 8-15 are interpreted as 
AD, /B and AD,,/A, respectively. Gain values computed from (8-122) agree very 
well with experiment. It includes the geometrical optics fields and simply dif- 
fracted fields from the horn edges. Inclusion of multiple diffraction and diffrac- 
tion at the edges arising from reflections from the horn interior leads to small 
oscillations in the gain about that predicted by (8-122) as a function of fre- 
quency, and even better agreement with experimental results is obtained [7]. 


Figure 8-16 Pyramidal horn antenna. (a) Overall geometry. 
(b) Cross section through the xz-plane (H-plane). (c) Cross 
section through the yz-plane (E-plane). 
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A pyramidal horn must be designed such that when it is constructed it fits 
together with the feed waveguide. In order to have a realizable structure it is 
obvious from Fig. 8-16 that 


Rp=Ry,=R, (8-123) 


Pyramidal horns are frequently designed for optimum gain. We shall now give 
a simple design procedure for optimum performance. Since the sectoral horn 
results apply, we can borrow them. For large horns where R, ~ 7, and R, ~ ¢y, 


(8-106) and (8-117) give 
A =r OARG ~./3Aby (8-124a) 
B= \/2AR, ~/ 2425, (8-124b) 


Typically a gain G is specified, and the problem is to determine A, B, and R,. The 
effective aperture of an optimum horn is nearly 50% of its physical aperture area 
[8], so from (8-79) 


A, = ~—5 (AB) (8-125) 


which provides a relationship between gain and A and B. Combining this with 
(8-124) and enforcing the realizability condition Rz = Ry, through (8-86) and 
(8-110), gives the design equation 


b |? Gia a\?{ G? 1 
./ 26 — = —l)= — —-1 8-126 
| a A CIS Fecawe 4] (eo. ( ) 
where o = /;//. The waveguide dimensions a and b are known, as well as the 
gain G, so this equation can be solved by trial and error for o to find ¢;. Then B 
follows from (8-124b), A from (8-125), 7, from (8-124a), and R, = Ry = Re from 
(8-86) or (8-110). As a first trial for the solution of (8-126) one should use 


G 
On eee aR 
; 2n,/6 
A very simple horn design procedure available in the literature [9] claims 


0.1-dB gain accuracy. The results from it are in good agreement with the above 
procedure. 


(8-127) 


Example 8-7. Design of an Optimum Gain Pyramidal Horn Antenna 


A “standard gain” pyramidal horn antenna operates from 8.2 to 12.4 GHz (X-band). It is 
fed from WR90 waveguide with a = 0.9 in. = 2.286 cm and b = 0.4 in. = 1.016 cm, and is 
to have a gain of 22.1 dB at 9.3 GHz (A = 3.226 cm). For optimum gain (8-126) must be 
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E-plane pattern 


H-plane pattern 


Figure 8-17 Principal plane patterns for the optimum 
pyramidal horn antenna of Example 8-7 at 9.3 GHz. 
The patterns include the (1 + cos @)/2 factor. HP. = 12.0° 
and iP; 1316" 


solved using known values of G = 107-7! = 162.18, a/A = 0.7087, and b/A = 0.315. The 
first trial for ¢ = o, = 10.54 from (8-127), followed by successive trials on o leads to the 
solution o = ¢;/A = 10.17. Then from (8-124b), (8-125), (8-124a), and (8-110) we find 


A = 18.46 cm, B= 14.55 cm 
fe =32.81cm,° ¢y = 35.21 cm (8-128) 
Re = Ry os 29.75 cm. 
As a check of our entire procedure we can locate the operating points on the gain curves. 
From (8-85a) and the computed data in (8-128) we find R, = 33.98 cm. Then R,/A = 
10.53 and A/A = 5.73 locate a point on the directivity plot of Fig. 8-12 which falls in the 


optimum region. Similarly from (8-109a) we find R» = 31.98 cm and R2/A = 9.91. Using 
this and B/A= 4.51 in Fig. 8-15 again reveals optimum behavior. Reading from these 
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curves gives AD,/B=44 and AD;/A = 37.5, and from (8-122) D, = 162.0 = 22.1 dB, 
which is exactly the design gain value and is also the measured gain. The half-power beam- 
widths from (8-108) and (8-119) are HP, = 13.6° and HP»: = 12.0°, which are in good 
agreement with measured values of 13° and 12°. We can also check the gain estimation 
formula of (8-82) as G ~26,000/(HP:-HP,-) = 26,000/(12.0 - 13.6) = 159.3 = 22.0 dB, 
which is indeed a good result for such a simple formula. 

The complete radiation patterns from (8-99) and (8-115) are plotted in Fig. 8-17. They 
include the (1+ cos @)/2 factor. The half-power beamwidths are HP, = 13.6° and 
HP; = 12.0°, which are exactly the same as obtained from (8-108) and (8-119) even 
though they do not include the effect of the (1 + cos 0)/2. So we see that for narrow beam 
patterns, (8-108) and (8-119) give very good results. The first side lobe of the H-plane 
pattern in Fig. 8-17 is located at 6 = 42° and has a value of — 32.0 dB, and the E-plane 
pattern has a first side lobe at 6 = 16° with a value of —9.2 dB there. These compare to 
—31 and —94dB from the patterns in Figs. 8-11 and 8-14, and we see that the 
(1 + cos @)/2 factor has a minor effect on the first side lobe. 


8.5 CIRCULAR APERTURES 


An antenna that has a physical aperture opening with a circular shape is said to 
have a circular aperture. Various forms of circular aperture antennas are en- 
countered in practice. In this section we will discuss ideal circular aperture 
distributions with uniform and tapered amplitudes. This is followed in the next 
section by a study of parabolic reflector antennas which are the most popular 
circular aperture antennas. 


8.5.1 The Uniform Circular Aperture 


A general circular aperture is shown in Fig. 8-18. If the aperture distribution 
amplitude is constant, it is referred to as a uniform circular aperture. This is 
approximated by a circular hole in a conducting sheet with a uniform plane 
wave incident from behind. Suppose the aperture electric field is x-directed, or 


Ej2RE, fea (8-129) 
Then (8-16) gives 
P = XE, | POLS, (8-130) 
Sa 


From Fig. 8-18 it is seen that 


r=r' cos ¢x +r sin @’. (8-131) 
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Far-field point ~ 
(r, 6, ¢) 


Figure 8-18 The circular aperture. 


This with (A-4) yields 


f-r’=r' sin O(cos ¢ cos ¢’ + sin ¢ sin ¢') 
=r’ sin 0 cos(p — ¢’). (8-132) 


Hence (8-130) becomes 


a 2n 
[| eibr’ sind cob dy |p! dy! 


= XH 20 


 'Jo(Br’ sin 6) dr’ (8-133) 
“0 

where (F-6) was used for the ¢’ integration. J o(x) is a Bessel function of the first 
kind and zero order, which is one at x = 0 and is a decaying oscillatory function 
for increasing x. The r’ integration can be performed using 


| Xl al) doe = od (20) (8-134) 


which follows from (F-9). J,(x) is a Bessel function of the first kind and first 
order, which is zero for x = 0 and is a decaying oscillatory function for increas- 
ing x. Transforming variables as x = fr’ sin 0 and using (8-134) in (8-133) yields 


a 


B= <b 
‘ “7 8 sin 0 


J,(Ba sin 0) = &P,. (8-135) 
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The equivalent magnetic current formulation of (8-26) renders the radiation field 


~ jbr 


E = (0 cos ¢ — 6 sin ¢ cos BS 


(8-136) 


This together with (8-135) comprises the radiated electric field expression for a 
uniform circular aperture with an x-directed aperture electric field. 

For large circular apertures the main beam will be narrow and for a uniform 
phase aperture (as we have assumed here) the main beam maximum will be in 
the 6 = 0° direction. Then cos @ ~ 1 near the z-axis (0= 0°) and the polarization 
of radiation, from (8-136), will be p = 6 cos ¢ — 6 sin ep. Also the projection of x 
onto a far-field sphere, from (A-1), is X — f sin 0 cos d = 0 cos 0 cos @ — o sin @ = 
6 cos ¢ — > sin ¢ for 6 small, which equals p. Therefore, the polarization of the 
radiated electric field equals that of the aperture electric field, or more accurately, 
the projection of it onto the far-field sphere. 

The relative intensity of the radiation, from (8-135), is 


2J ,(Ba sin 0) 
Ba sin 6 


HO) = (8-137) 


which is normalized for a maximum of unity when 6 = 0°. This function is, of 
course, circularly symmetric since the aperture field amplitude is. It is plotted in 
Fig. 8-19 in the uv-plane for a=5/ out to the limit of the visible region 
(6 = 90°). A plot of the pattern through any plane passing through the center of 
Fig. 8-19 is shown in Fig. 8-20. Note the similarity of the 2J ,(u)/u function to the 
sin(u)/u function. 

The half-power point of (8-137) occurs at fa sin @ = 1.6, so the half-power 
beamwidth is 

1.6 1.6 A 


HP SU BSI ore Sys 


HP #002 vs rad (8-138) 
2a 


for a>. For the 10A diameter example HP = 0.102 rad = 5.84°. The side lobe 
level of any uniform circular aperture pattern is — 17.6 dB. This can be seen in 
Fig. 8-20. Since the uniform circular aperture has uniform excitation amplitude, 
it has unity aperture efficiency and the directivity, from (8-66), is 


dn 4 
Dy =53 Ap= = 5 (na?) (8-139) 
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Figure 8-19 Radiation pattern of a uniform amplitude, uniform phase, 10-wave- 
length diameter circular aperture. 


8.5.2 Tapered Circular Apertures 


Many circular aperture antennas can be approximated as a circular aperture 
with an aperture field amplitude distribution which is tapered from the center of 
the aperture toward the edge. In practice many circular aperture distributions 
are close to radially symmetric; that is, not a function of ¢’ (see Fig. 8-18). We 
shall assume this is the case, and again we will confine our attention to a 
broadside circular aperture which is large in terms of a wavelength. Then the 
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Figure 8-20 Pattern of a 10A diameter uniform circular aperture. It 
equals the pattern in any plane passing through the center of Fig. 8-19. 


pattern is well approximated by the unnormalized radiation integral 


Pye Cd 


ful0)= | | B,(r’)elt sin e0st0— 8% dr’ dg. (8-140) 


AE) 
Performing the integration over ¢’ with the aid of (F-6) leads to 


a 


el (Wes Dc | E,(r')r'Jo(Br’ sin 0) dr’. (8-141) 


This integral can be performed for various aperture tapers and normalized to 
obtain f (0). 

The results of several common circular aperture tapers are given in Table 8-1.* 
This table is very similar to Table 4-2 for line sources. Note that the aperture 
taper efficiency ¢, is the directivity of the pattern relative to that of the same 
circular aperture uniformly illuminated (see Prob. 8.5-4). The parabolic taper 
(n = 1) is a smooth taper from the aperture center to zero at the aperture edge. 
The parabolic-squared taper (n = 2) gives an even more severe taper. Parabolic 
tapers on a pedestal provide for a nonzero edge illumination as might be en- 
countered with a circular reflector antenna. The pedestal represents the fact that 
the reflector intercepts the feed illumination only out to the reflector rim. Notice 
that in all cases as the taper becomes more severe (n increases or C decreases) 
the beamwidth increases, the side lobe level decreases, and the directivity 
decreases. 


“ Extensive data are available in the literature for various aperture tapers [10, 11]. 
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Table 8-1 Characteristics of Tapered Circular Aperture Distributions 


(a) Parabolic taper 


Er) = [ - (‘) 


2"*1(n + 1)!J,,4 1(Ba sin 0) 


O. iNe 
FO”) (Ba sin 6y'*? 
Side lobe Normalized 
HP level pattern 
n (rad) (dB) ey f (6, n) 
A : 
Oy egg thn) ety 6 al Atiuoo iar eee ee 
a9 Ba sin 0 
A : 
i omits Maasai hare yee eee 
a (Ba sin 0)? 
K } 
oat el We RG ent as Aer eee ae 
ag (Ba sin 6)° 


Ne EEE EEE 


(b) Parabolic taper on a pedestal 


Table 8-1 (continued) 
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w—al eo 
Edge 
illumination Side lobe Side lobe 
HP level HP level 
C(dB) G (rad) _ (dB) & (rad) (dB) E 
eee ee ee ee ee ee ee ee 

A A 

—8 0.398 1.12— —21.5 0.942 1.14 — —24.7 0.918 
2a 2a 
A A 

—10 0.316 1.14— —22.3 0.917 1.17 = —27.0 0.877 
2a 2a 
A /) 

—12 0.251 1.16— —22.9 0.893 1.20 — —29.5 0.834 
2a 2a 
A A 

—14 0.200 1.17 — —23.4 0.871 1.23 — —31.7 0.792 
2a 2a 
A A 

—16 0.158 1.19 — —23.8 0.850 1.26 — — 33.5 0.754 
2a 2a 
A A 

—18 0.126 1:20 — —24.1 0.833 1.29 — — 34.5 0.719 
2a 2a 
A A 

—20 0.100 1.21 — —24.3 0.817 1.32 — —34.7 0.690 
2a 2a 


To illustrate the circular aperture pattern computations consider the circular 
aperture with a parabolic taper. From (8-141) and the aperture field function in 


Table 8-1(a), 


fugl@) = 20 [ r ~ (“J [rsutbr sin 0) dr’. 


“0 
The integral can be evaluated using 
1 ‘ ann 
| (1 — x7)"xJ (bx) dx = pret In+1(5) 
0 


by letting x = r'/a and b = Ba sin 6. Then (8-142) reduces to 


ma’ 


foal) =" (0, ) 
where 
2"*1(n + 1)! J,41(Ba sin 0) 


(Ba sin 0y'** 


f(8, n)= 


(8-142) 


(8-143) 


(8-144) 


(8-145) 


is the normalized pattern function. The patterns given in Table 8-1(a) follow 


from (8-145). 
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8.6 REFLECTOR ANTENNAS 


In long-distance radio communication and high-resolution radar applications, 
antennas with high gain are required. Reflector systems are perhaps the most 
widely used high gain antennas. Reflecting antennas routinely achieve gains far 
in excess of 30 dB in the microwave region. Such gains would be difficult to 
obtain with any single antenna we have discussed thus far. In this section we will 
consider a few of the more important forms of reflector antennas, with emphasis 
on those that have circular apertures. 


8.6.1 Prime-Focus Parabolic Reflector Systems 


The simplest reflector antenna consists of two components: a large (relative toa 
wavelength) reflecting surface and a much smaller feed antenna. The most pro- 
minent example is the parabolic reflector antenna as shown in Fig. 8-21a. The 
reflector (or “dish”) has a paraboloid of revolution shape. The intersection with 
the reflector of any plane containing the reflector axis (z-axis) forms a curve of 
the parabolic type. The cross section in Fig. 8-21b is typical. The equation 
describing the parabolic reflector surface shape in the coordinates used is 


(‘P=4f(f-z) psa (8-146) 


For a given displacement r’ from the axis of the reflector the point P on the 
reflector surface is a distance p away from the focal point F. For example, at the 
apex of the dish r’ = 0 and z’ = f, and at the edge of the dish r = aand z =f— 
a’/4f. The parabolic curve can also be expressed in polar coordinate form as 


yae SEG, 
a aa 8-147 
rag + cos 0’ Hee 2 ( ) 
or 
2f sin 0’ 0 
‘= A een, se 8-148 
r’ =p sin 0 Tee f tan 5 ( ) 


At the apex (6'=0°), p=f, and r’=0. At the reflector edge (6 =6@,) 
p = 2f/(1 + cos 8,). 

The parabolic shaped reflector has a very unique feature: All path lengths from 
the focal point to the reflector and on to the aperture plane are the same. This can 
be shown using (8-147) as follows 


FP + PA=p+p cos & = p(1 + cos &) = 2 (8-149) 


The implications of this constant path length property will be examined by 
considering the reflector system to be a transmitting antenna. Suppose a feed 


Far-field point 
(r, 0, ¢) 


F—focal point 


Aperture plane 


Figure 8-21 The parabolic reflector antenna. (a) Parabolic reflector 
and coordinate system. (6) Typical cross section. 
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Figure 8-22 Prime-focus parabolic reflector an- 
tenna in cross section. 


antenna is placed at the focal point; such a configuration is referred to as a 
prime-focus reflector antenna. For large reflectors (a > A) geometrical optics 
principles can be applied and radiation from the feed antenna is analyzed by ray 
tracing as shown in Fig. 8-22. Since all rays from the feed travel the same 
physical distance to the aperture plane, the excitation is of uniform phase. 

The field amplitude distribution over the aperture plane, of course, depends 
upon the radiation properties of the feed antenna. First assume the feed antenna 
is an isotropic point source at the focal point, so we can examine the effects of 
the reflector alone. The power density leaving the feed falls off as 1/p? since the 
wave is spherical. After reflection there is no spreading loss since the wave is 
then planar. Hence, power density in the aperture varies as 1/p*, and the field 
intensity varies as 1/p. 

The power density variation in the aperture can also be determined using 
geometrical optics ideas (see Section 9.1), which apply to structures large relative 
to a wavelength. The assumption of geometrical optics is that power density in 
free space follows straight line paths. Applied to this case, the power in a conical 
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wedge of sold angle dQ with cross-sectional angle d6 (as shown in Fig. 8-22) will 
remain confined to that conical wedge as it progresses out from the feed. After 
reflection the power associated with the increment dé@ arrives at the aperture 
plane in a thin ring of thickness dr’ and area dA. The power leaving the feed in 
this direction is proportional to P, dQ where P, is the transmit power. This 
power is distributed over area dA in the aperture plane. Thus, the power density 
in the aperture plane varies as © 


TE a) 
Sz(%)s06 Ve (8-150) 
since P, is a constant. Now dQ = 2z sin 6 d@ and dA = 2nr’ dr’, so 
Pe ot au sin Odo. 
S,(r ) OC nr’ dr’ Fy ry’ dr’ : (8-151) 
From (8-148) 
eG) 6 ales 
— = ~-— —_ j= —- «= = 
70 a (tan | f sec ait? (8-152) 
where (8-147) was used for the last equality. Then 
aupes.t 
=_, 8-153 
— (8-153) 
Hence, (8-151) with (8-148) and (8-153) becomes 
iets wh 
MS Cett fell. (8-154) 


ok Pisin pF mp 
which we already noted from the spherical wave nature of the feed. The field 
variation then follows from S, = E2/Z,. 

1 

E,(@’) oc—. (8-155) 

p 
Thus, there is a natural amplitude taper in the aperture plane caused by the 
reflector. 

If the primary (or feed) antenna is not isotropic the effect of its normalized 
radiation pattern F,(0’, ¢’), using the coordinate system of Fig. 8-21, can be 
included as 

F 6’ / P 
E,(6, $’)= pA #) s (8-156) 
where 4, is the unit vector of the aperture electric field. The coordinates r’ and ¢’ 
are appropriate for describing the aperture electric field. Thus 0’ and p must be 
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expressed in those coordinates. From (8-148) 


/ 


6’ =2 tan”! 5 (8-157) 
and it may be shown from (8-147) and (8-148) that 
4f? +r? 
Sh 8-158 
p yf (8-158) 


Thus far we have derived the amplitude and phase of the aperture field distrib- 
ution. It remains to determine the direction t,, which is the unit vector for E, in 
the aperture plane, after the feed radiation is reflected from the reflector. The 
reflection process for large reflectors is well approximated by Snell’s law for 
planar reflection surfaces. Thus the angle of incidence and angle of reflection are 
equal; as shown in Fig. 8-216 this angle is 0’/2 relative to the reflector surface 
unit normal fi. If E, and E, are the incident and reflected electric fields at the 
surface of the reflector, the tangential component of the total field E; + E, must 
be zero to satisfy the boundary condition on a perfect conductor. Due to the 
symmetry about fi the normal components double. So E; + E, = 2(f - E;)n, or 


E, = 2(n 5 E,)n ia E; . (8-159) 


Since the amplitude of the incident and reflected waves are equal, |E,| = |E;|, 


the above equation can be divided by this amplitude giving 
i, => 2(n i ai, )n a TF (8-160) 


where ti, = E,/|E,| and a; = E,/|E,|. 
The radiation pattern from the entire parabolic reflector antenna system, 
referred to as the secondary pattern, can now be calculated from the aperture 


field. We shall use the equivalent magnetic current formulation. From (8-16) and 
(8-132) . 


2a , 0 

pak, | [FAO acim omocoteory ar’ dp’. (B61) 
Oped p 

The complete radiation field is then obtained from (8-26). 

The approach presented here for radiation pattern calculations is referred to 
as the “aperture method.” The pattern could also be obtained by using the 
electric surface current excited on the reflector surface. The two methods are 
essentially equivalent. The aperture field is the projection of the surface current 
distribution onto the aperture plane. In both models it is usually assumed that 
the excitation does not extend beyond the reflector edge and that the direct feed 
radiation is small. We chose the aperture method to avoid integrating over the 
curved reflector surface. 
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As an example consider a short dipole at the focal point and oriented parallel 
to the y-axis. The radiation from the dipole has no p-component, and the electric 
field direction can be written from (A-2) as 


aS 6’ sin ¢’ cos 6’ + &' cos ¢’ 


i : : 8-162 
./1— sin? ¢’ sin? 0’ ( ) 
The reflector surface unit normal is 
A A 6’ as ° : 
n= —pcos — + 6’ sin —. (8-163) 


2 2 
Hence (8-160) leads to 
x X sin ! , | — 0’ a A eR ij 0’ 2 t 
= ¢’ cos ¢'(1 — cos us valet cos 0’ + cos eo, (8-164) 
./1—sin~ ¢’ sin* 0’ 


The pattern of a short dipole along the z-axis is sin 6, and when along the y-axis 
it is 


F (0, ') =./1 — sin? ¢’ sin? 6”. (8-165) 
Using (8-164) and (8-165) in (8-156) gives the aperture electric field 


1 
Eo = Paes [x sin ’ cos ¢’(1 — cos 6’) — ¥(sin? ¢’ cos 6’ + cos’ ¢’)]. (8-166) 


It is instructive to examine this aperture field. In the H-plane (¢’ = 0°) the 
bracketed factor in (8-166) reduces to —y and in the E-plane (¢’ = 90°) it 
reduces to —y cos 6’. Thus in the principal planes the aperture field is polarized 
in the same fashion as the feed dipole; the radiation from the reflector will be 
also. For nonprincipal planes the radiation will contain field components ortho- 
gonal to that of the feed (x-components), that is, cross-polarized components. 
Figure 8-23 illustrates the orientation of the electric field vector over the aper- 
ture. The largest cross-polarized components introduced by the reflector occur 
along the 45° planes. As the focal length to diameter (d = 2a) ratio f/d increases, 
0, decreases and the cross-polarized component decreases. 

The combination of the short electric dipole and a short magnetic dipole 
perpendicular to it along the x-axis at the feed point with the same phase and 
appropriate magnitude (called a Huygen’s source) yields a purely linear polarized 
(y-directed) field over the aperture and thus a purely linear far field. 

Since the radiation integral of (8-161) together with (8-157) and (8-158) is an 
involved analytical problem, it is rarely performed. To obtain the radiation 
pattern one of two approaches is commonly used: numerical evaluation of the 
radiation integral [12] or, if approximate results are satisfactory, the aperture 
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Figure 8-23 Electric field distribution in the aper- 
ture of a parabolic reflector for a y-polarized short 
dipole feed antenna. The electric field is decomposed 
into its x- and y-components. See (8-166). 


distribution can be approximated and the techniques of Section 8.5.2 employed. 
We shall discuss the latter approach. 

Most practical feed antennas have circularly symmetric patterns, that is, the 
feed pattern F, is not a function of ¢’ (if it is not symmetric, the average of the 
E- and H-plane pattern values can be used). The aperture field in (8-156) consists 
of two factors, the primary (feed) pattern F, and the 1/p spreading loss of an 
isotropic feed. Using (8-148) and (8-158) leads to the normalized aperture field 


distribution 
r’ 2 et! 
1 ae 
. (57) | 


ihe (5 ) | dB. (8-167) 


This could be used in (8-141) to obtain the pattern of the reflector system. 
However, the aperture distribution is often well approximated by a parabolic- 
squared taper (or sometimes a parabolic taper) on a pedestal. The edge illumina- 
tion is found from (8-167) with 6’ = 0, for the feed pattern and r’ = a = d/2 for 


B@)= F[r == Qftan | 


= 20 log|F,| — 20 log 
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the spreading loss term, giving 


ras 
C(dB) = 20 log| F ,(0,)| — 20 log f + ul; | (8-168) 
The secondary pattern of the reflector is then obtained from Table 8-1(b). A 
simplified method for obtaining such patterns is available in the literature [11]. 


Example 8-8. A 28-GHz Parabolic Reflector Antenna 


A prime focus parabolic reflector antenna is used at VPI&SU to receive a beacon signal 
from the COMSTAR series of satellites. The characteristics of this antenna are given in 
Table 8-2.° The characteristics listed are measured values. The reflector is an epoxy 
fiberglass structure coated with metal. The feed antenna is a circular corrugated horn, 
positioned at the focal point and supported by four thin spars. The differences in the 
beamwidths and side lobe levels of the secondary radiation pattern are caused by the 
asymmetry of the feed radiation and the presence of the feed waveguide and support 
structure. We will give the details of the E-plane pattern calculations. From (8-157), at 
the reflector rim, 


6, = 2tan“1(55)= 2 tan~*(72) = 53.1 (8-169) 


Table 8-2 Characteristics of the 28 GHz Parabolic 
Reflector Antenna of Example 8-8 


Frequency 28.56 GHz 
Reflector characteristics: 
Diameter, d 1.219 m (4 ft) 
Focal length/diameter, f/d 0.50 
Surface tolerance (rms) 0.2 mm (0.008 in.) 
Feed characteristics: 
E-plane HP 56° 
E-plane 10-dB beamwidth 104° 
H-plane HP see 
H-plane 10-dB beamwidth La 
System characteristics: 
E-plane HP 0.605° 
E-plane side lobe level —28.5 dB 
H-plane HP 0.556° 
H-plane side lobe level —17.5 dB 
Gain 47.6 dB 


° The antenna was manufactured by Alpha Industries, Inc., TRG Division. 
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Figure 8-24 Measured (solid) and computed (dashed) E-plane patterns for the 
1.22 m diameter prime-focus parabolic reflector antenna at 28.56 GHz 
(Example 8-8). 


since f/d = 0.5. The feed radiation pattern is 10 dB down for 6’ = 104°/2 = 52°; thus, at 
the edge of the dish the illumination is slightly lower than — 10 dB, or about — 11 dB. 
The total edge illumination from (8-168) is then 


C(dB) = —11 — 20 log[1 + 44(2)?] = —12.9, or C = 0.2265. (8-170) 


Using the pattern of a parabolic-squared taper on a pedestal in (8-145) and evaluating for 
C = 0.2265 gives 


HP; = 1214+ = 0.01045 rad = 0.599° (8-171) 


since 4 = 0.0105 m and d=2a=1.22 m. The computed side lobe level is —30.5 dB. 
These values agree very well with the measured values of HP; = 0.605° and SLL; = 
— 28.5 dB. In fact, the computed radiation pattern agrees amazingly well with the measured 
pattern as shown in Fig. 8-24. 


8.6.2 Cassegrain Reflector Systems 


Another very popular form of the circular parabolic reflector is the Cassegrain 
reflector antenna shown in Fig. 8-25. It consists of a feed horn, a subreflector, 


geeiaes, 
Feed = 
antenna NS 
d » 
Hyperbolic 
subreflector es 
Parabolic Va 
main 
\ reflector a 


(a) 


oe aN 
pe \ 
eee 
we 
at \ Equivalent 
cael parabolic 
ase : \ reflector 
/ 
2 / 
a , 
ea / 
Se A 
see /at 
jue ip >| 
(b) 


Figure 8-25 The Cassegrain reflector antenna. (a) The ray paths. (b) The 
parameters. 
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and a main reflector with rays from the feed experiencing reflections off of both 
the subreflector and main reflector. The antenna operates in fashion similar to 
the prime-focus parabolic reflector except for the extra reflection introduced by 
the subreflector. The subreflector is a hyperboloid of revolution. Its cross section 
as shown in Fig. 8-25 is a hyperbolic curve expressed by 


"= ——_______ 8-172 
ik 1—ecos ¢’ ( ) 
where 
1 
p= (1 -2] (8-173) 
and the eccentricity is 
sin[(9, + o)] 
C—_. ‘ 8-174 
sin, — da) ae 
The parabola is still defined by (8-147). If 
SS 
care (8-175) 


where f, f,, d, and d, are the focal lengths and diameters of the main and 
subreflectors, then the Cassegrain system is highly efficient. 

There is an equivalent single prime-focus parabolic reflector which produces 
the same aperture distribution as the Cassegrain system (see Fig. 8-25b). The 
equivalent paraboloid has a focal length f,, diameter d, and half-angle @,. 

The Cassegrain system offers several advantages over a prime-focus parabolic 
reflector of the same main reflector size. First, the primary feed antenna is near 
the apex of the main reflector facilitating access and adjustments such as feed 
rotation. Also the feed waveguide length is reduced, thus reducing attendent loss 
and noise. For reflector systems there is always a portion of the feed antenna 
pattern which is not intercepted by the main reflector in the prime focus case 
and by the subreflector in the Cassegrain case. This is referred to as spillover. For 
receiving antennas this spillover contributes to noise pickup from the environ- 
ment surrounding the antenna. For earth terminal receiving antennas the spill- 
over from a Cassegrain antenna is directed toward the relatively low noise sky, 
whereas the prime-focus antenna spillover is directed toward the more noisy 
ground. Thus, the Cassegrain system inherently has lower noise. The Cassegrain 
antenna is also capable of providing a lower cross-polarization level. This can be 
seen by the fact that the equivalent parabola for the Cassegrain antenna is of 
long focal length and, as we saw earlier, cross polarization reduces as local 
length increases for the simple focus-fed reflector. 
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On the other hand, the subreflector tends to be much larger than the feed horn 
for a prime-focus reflector. These structures in front of the main reflector block 
the final emergent rays leading to gain reduction. This aperture blockage is thus 
smaller for the prime-focus reflector. For this reason, the Cassegrain reflector 
configuration is usually only employed for situations requiring narrow half- 
power beamwidths (about a degree or less). 


8.6.3 Gain Calculations for Reflector Antennas 


In Section 8.3 gain calculations for aperture antennas were discussed. Since 
gain is perhaps the single most important parameter for a reflector antenna, we 
shall return to the topic of gain calculations for this purpose. Once we have 
determined the aperture efficiency ¢,, the gain is obtained from (8-79) as 


An nd \? 
G= fap 92 Ap => ool (8-176) 
where from (8-75) 
Egy = Cb) £4 783 2 - (8-177) 


The radiation efficiency e for reflector antennas represents the ohmic losses, 
which are usually very small, unless lossy devices are included as part of the feed 
system. Hence, usually we take e ~ 1. 

The aperture taper efficiency ¢, is the gain loss due to an aperture illumination 
that is tapered relative to uniform illumination, which produces maximum gain. 
In Example 8-8 we saw that the parabolic-squared taper on a pedestal provided 
good pattern results. The aperture taper efficiency values from Table 8-1(b) are 
plotted in Fig. 8-26. 

The remaining efficiency factors, referred to as achievement factors, represent 
many factors causing gain reduction by not achieving the aperture distribution 
assumed in the aperture efficiency factor. The most prominent of this is the 
spillover (or feed) efficiency ¢,. In the aperture taper calculation it was assumed 
that the aperture fields were confined to the circular area represented by the 
reflector aperture. However, the feed antenna illumination does not drop to zero 
beyond the reflector rim in the prime focus case and the subreflector rim in 
the Cassegrain case. That portion of the feed radiation which is not intercepted 
by the reflector (spillover) leads to gain loss, since this power is not directed in 
the main beam maximum direction. We define ¢, as that fraction of power radiated 
by the feed which is intercepted by the main reflector of prime focus systems and 
by the subreflector of Cassegrain systems. As the aperture taper increases, the 
spillover will decrease (and thus ¢, increases) [13], while the aperture taper 
efficiency factor decreases. The tradeoff between ¢, and ¢, has an optimum solution, 
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Figure 8-26 Aperture taper and spillover efficiencies 
as a function of edge illumination for a circular parabolic 
reflector antenna. 


as indicated by the combined efficiency ¢,¢, in Fig. 8-26. The maximum of ¢,&; 
occurs for an edge taper of about — 11 dB and has a value of about 0.8. A value 
of —10-dB edge taper is frequently quoted as being optimum. 

The random surface error factor &2 is the efficiency factor associated with 
far-field cancellations arising from phase errors in the aperture field. For small 
phase errors ¢, = e 2" where 6 is the rms phase front deviation from planar 
over the aperture. For reflector antennas 6 is replaced by 20’ where 0’ is the rms 
surface deviation from the true paraboloid. The factor of two comes from the 
two-way path, leading to a doubling of the phase error. Then 


by = 7 nbd? (8-178) 


In many cases ¢, is very nearly unity. Table 8-3 gives typical rms surface toler- 
ances for various reflector construction methods. For example, the best spun 
aluminum reflector has 6’ = (0.15/30)A at 10 GHz(A = 30 mm), and ¢ = 0.996. 
Equation (8-178) is based on flat reflectors (f/d = 00) and ¢, 1s reduced some- 
what as f/d is reduced; that is, it is a worst case value. The values in Table 8-3 
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Table 8-3 Typical Reflector Surface Toler- 


ances 
Reflector type RMS surface tolerance, 6’ 
Spun aluminum—good 0.64 mm (0.025 in.) 
Spun aluminum—best 0.15 mm (0.006 in.) 
Metalized plastic 0.06 mm (0.0025 in.) 
Machined aluminum 0.04 mm (0.0015 in.) 


are primarily for small reflectors. A simple formula representing current state-of- 
the-art reflector surface accuracy as a function of reflector diameter is given by 


5'=3 x 10°24 mm (8-179) 


where d is in meters. For example, a 1-m reflector has a surface error of 0.03 mm, 
whereas a 10-m diameter reflector has a 0.3-mm accuracy. 

Structures placed in front of the aperture will block the emergent radiation, 
leading to a gain loss. The aperture blockage efficiency &3 is due to the presence 
of a feed antenna or a subreflector in the Cassegrain case. Also sometimes 
prime-focus reflector systems employ a metal structure behind the feed to house 
RF signal processing hardware, giving additional blockage. Values of ¢3 are 
given in Table 8-4 as a function of the ratio of the diameter of the blocking 
structure near the focal point d, to the main reflector diameter d. Blockage can 
also arise from the spars (or struts) used to support the feed antenna or 
subreflector. The spar blockage efficiency &, values are given in Table 8-4 for 
various main reflector sizes and numbers of half-wavelength thick spars. 

If the feed antenna is not placed at the focal point of a reflector system (this is 
sometimes done intentionally when using multiple feed antennas) reduced 
efficiency results. The squint factor e; represents lateral displacement (in the 
aperture plane), which squints, or shifts, the main beam maximum off axis. If the 
beam shifts off axis by one half-power beamwidth, ¢, ~ 0.98. The astigmatism 
efficiency & represents axial displacements of the feed. It is a function of 
frequency and f/d. For example, for a 0.1/ axial displacement ¢, is 0.996, 0.98, 
and 0.93 for an f/d of 4, 4, and 4, respectively. 

Other efficiency factors are possible. If a reflector antenna employs mesh 
surface rather than continuous metal the surface leakage efficiency «, is slightly 
less than unity; that is, ¢; ~ 0.99 for a mesh with several grid wires per wave- 
length. Also an effective gain loss arises from depolarization; that is, power 
generated in a polarization state orthogonal to that desired. The depolarization 
efficiency ég is usually greater than 0.98. 

To illustrate these efficiency factors, we return to Example 8-8. If the 
parabolic-squared taper on a —12.9-dB pedestal used for the E-plane was valid 
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Table 8-4 Blockage Efficiencies for Reflector An- 
tennas 


a EEE 


(a) Aperture blockage efficiency ¢3 


d,/d 0.05 0.10 0.20 


&3 0.990 0.956 0.835 


(b) Spar blockage efficiency &4 


10A 


0.946 0.995 0.999 


0.935 0.994 0.998 


d, = diameter of blocking structure near focal point 
d = diameter of main reflector 
N = number of support spars which are 4/2 thick 


for the entire aperture, then ¢, would equal 0.81; see Prob. 8.5-4. As can be seen 
from Table 8-2, though, since the feed pattern is not symmetric, the aperture 
distribution will not be either. If an effective — 10-dB edge taper is assumed, the 
combined efficiency ¢,¢, from Fig. 8-26 is about 0.78. Now, for a 0.2-mm surface 
error and a 10.5-mm wavelength, (8-178) yields 2, = e74™°2/10-5l = 0.94. 
The feed horn diameter is about 0.05 m so d, /d = 0.05/1.22 = 0.04 ~ 0.05, and 
Table 8-4(a) yields ¢; = 0.99 for aperture blockage efficiency. The spar blockage 
efficiency follows from Table 8-4(b) as 24 = 0.994, since d = 1.22/0.01/A = 100A 
and N = 4. The remaining achievement factors are all near unity, so we have 


Cap = (1)(0.78)(0.94)(0.99)(0.994) = 0.72. (8-180) 


Typical efficiency values quoted for high efficiency feeds, such as in this case, are 
from 0.65 to 0.70. The efficiency of (8-180) would lead to a gain of 


11.22 
0.0105 


2 
G= 0.72 = 95,934 = 49.8 dB. (8-181) 


However, the antenna system of Example 8-8 had several waveguide components 
behind the feed horn to provide for adjustable dual polarization. Thus, the 
measured gain of 47.6 dB indicates losses of 49.8 — 47.6 = 2.2 dB. These feed losses 
are represented through the radiation efficiency, which is now e = 0.60. Then the 
overall aperture efficiency including these losses is €,, = 0.60(0.72) = 0.43. 
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8.6.4 Other Reflector Antennas 


The principles of reflecting surfaces for focusing have been employed in opti- 
cal telescopes for several centuries. The reflector antenna, however, did not 
appear until 1888 when Hertz used a cylindrical parabolic mirror of zinc, fed 
with a dipole along the focal line connected to a spark-gap generator. He used a 
similar antenna for receiving, at a wavelength of 66 cm. Several other scientists 
investigated reflectors shortly after Hertz’s work. But reflector antenna techno- 
logy did not really emerge until shortly before World War II, when in 1937 
Grote Reber constructed a 9.1-m-diameter prime-focus, reflector antenna for 
radio astronomy. More detailed history of reflector antennas can be found in 
[14] and [15]. 

The prime-focus and Cassegrain fed parabolic reflectors, as described so far in 
this chapter, were developed roughly from World War II through 1960. Since 
that period modifications to these basic reflector types have been introduced for 
the purpose of increasing the aperture efficiency or for special antenna pattern 
shaping applications to produce a pencil beam, a fan beam, a shaped main beam, 
low side lobes, or multiple main beams. There are several excellent reviews of the 
various reflector configurations, solution techniques, and feed design available 
in the literature [14-18]. We will give a brief accounting of a few of the promin- 
ent reflecting antennas in current use. 

If a simple feed is used, a single-reflector antenna should be of paraboloidal 
shape (unless it is small in terms of a wavelength) to achieve a uniform phase 
over the aperture. The prime-focus parabolic reflector was discussed in Section 
8.6.1. There are several variations of the paraboloidal reflectors as shown in 
Fig. 8-27. The parabolic cylinder is used for producing a narrow beamwidth in 
the plane of the axis of the reflector. The parabolic torus is, in a sense, a curved 
version of the parabolic cylinder and can be used for beam scanning with a 
rotating feed or for multiple beams with a cluster of feeds. The spherical reflector 
can be used in a similar fashion to produce a pencil beam, because, unlike the 
paraboloidal reflector, the focal region is diffuse. This allows feed displacement 
for beam scanning without severe gain loss. Reflectors do not always involve 
curved structures. The corner reflector of Fig. 8-27e is made of planar reflecting 
sheets joined together forming an angle «. It can be used in either an active or 
passive manner. In the passive case, the angle a is 90° and incoming plane waves 
will be reflected back in the same direction. Such an antenna is called retro- 
directive. The corner reflector can be used actively by placing a feed antenna 
between the reflecting sheets [19]. A rapidly advancing area of reflector techno- 
logy is that of the offset reflector, an example of which is shown in Fig. 8-27f. 
Aperture blockage is reduced by off-setting the feed. However, the design is 
complicated by the need for determining the reflector shape. 

Greater flexibility is often possible with multiple-reflector systems, some 
examples of which are shown in Fig. 8-28. The Cassegrain reflector antenna was 
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Figure 8-27 Some single-reflector antennas. (a) Paraboloid. (6) Parabolic 
cylinder. (c) Parabolic torus. (d) Spherical reflector. (e) Corner reflector (a = 90°). 
(f) Offset front-fed reflector. 
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Figure 8-28 Multiple-reflector antenna systems. (a) Symmetrical dual 
reflector antenna. (6) Offset dual reflector antenna. (c) Periscope 
system. (d) Horn-reflector antenna. 


discussed in Section 8.6.2. Increased pattern control is obtained by changing the 
paraboloidal main reflector and/or hyperboloidal subreflector shapes of the classi- 
cal Cassegrain reflector system. Galindo [20] showed that it is possible to 
achieve arbitrary aperture phase and amplitude with the shaped dual reflector 
system of Fig. 8-28a. This can be done by starting with a conventional Casse- 
grain system and deforming the subreflector to obtain a nearly uniform ampli- 
tude aperture distribution. The phase errors introduced can then be corrected 
with minor changes to the main reflector shape without significantly altering the 
aperture amplitude. This approach provides dramatic improvement in the aper- 
ture efficiency [21]. The reflectors may also be shaped to produce low side lobes 
[22]. A reduced aperture blockage version of the dual reflector antenna is that 
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employing an offset subreflector, as shown in Fig. 8-28b. In this case the main 
reflector and subreflector shapes must be determined in the design process. A 
series of several small reflectors in the so-called beam waveguide feed system has 
several variations for special purpose feeds used with a single large reflector. 

There are also several hybrid reflector systems involving different antenna 
types. The periscope antenna of Fig. 8-28c has been used extensively for micro- 
wave links. The paraboloidal antenna is located near the ground and the flat 
reflector on a tower redirects the radiation in the desired direction. Another 
hybrid antenna used very heavily in microwave links is the horn-reflector antenna 
of Fig. 8-28d. It combines a conical or pyramidal horn and a portion of a 
paraboloidal reflector. This is actually an offset feed configuration. It is excellent 
for low noise applications because of the low back lobes and far out side lobes, 
not afforded by open reflector systems. Horn-reflectors are well suited to side-by- 
side or back-to-back applications. The most notable horn-reflector antenna iS 
the one in Andover, Maine used to track the Echo balloon in 1961. It is 1S m 
long and has a 6 by 6 m aperture. 

Feeds for large reflector antennas have gradually evolved from dipoles to 
horns and finally to hybrid mode (combining both TE and TM modes) feeds, 
which are usually corrugated horns. 
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PROBLEMS 


8.1-1 An ideal dipole with an infinitesimal current centered along the z-axis has only a 
0-component of E. If this uniform current element is now rotated to line up with the 
x-axis, there will be both @- and ¢-components. Make the necessary changes to the 
far-zone E expression for the z-directed current case to obtain the far-zone E expression 
for the x-directed current case. Draw sketches in the xz- and yz-planes indicating the E 
and H field orientations for the x-directed ideal dipole. 

8.1-2 Use the principle of duality to derive (8-5) and (8-6) from (8-3) and (8-4), 
respectively. 

8.1-3 Show that (8-24) follows from (8-22) and (8-23). 

8.1-4 Show that (8-26) follows from (8-11). 

8.1-5 The trigonometric obliquity functions in the far-field expression of (8-24) actually 
represent projections of the aperture equivalent surface currents onto the plane contain- 
ing the far-field components (i.e., the 0, @-plane). Examine the relationships connecting 
the equivalent currents to the far-zone fields to show this for both the electric and 
magnetic currents. You need only examine the vector nature of the relationships. 

8.1-6 If the incident field is x-polarized in Example 8-1, write radiation field E, and the 
pattern F(6). Your answer will be that of (4-17) with a coordinate change. Is the appro- 
priate boundary condition for E, satisfied on the conducting plane? 

8.2-1 Derive (8-32). 

8.2-2 Use geometric arguments to prove that du dv = cos 0 dQ where dQ = sin 0 dé dd. 

8.3-1 Prove (8-62). 
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8.3-2 Prove that the uniform amplitude aperture excitation yields the highest directivity 
of all uniform phase excitations. Hint: Use (8-65) and the Schwartz inequality 


[las < [[rras [fo as 


Ss S 


for any functions f and g. Let g = 1 and f equal the aperture field. 

8.3-3 Show that the aperture taper efficiency is % for a rectangular aperture with a 
uniform amplitude distribution in one direction and a cosine squared distribution in the 
other. 

8.3-4 A rectangular aperture (L, by L,) has a field distribution which is cosine tapered in 
both the x- and y-directions. Derive the directivity expression. What is the aperture taper 
efficiency? 

8.3-5 Compute the directivity in decibels for a rectangular aperture with L, = 104 and 
L, = 204 for (a) a completely uniform aperture illumination and (b) a cosine amplitude 
taper in one direction and a uniform taper in the other aperture direction. 

8.3-6 Evaluate the aperture taper efficiency for a triangular tapered aperture distribution 
where 


L heals 
ee Rabe 


E,(x’, y’) = f 


8.3-7 Is the uniform aperture distribution physically realizable? Why? 
8.3-8 An antenna operating at 150 MHz has a physical aperture area of 100 m?, a gain of 
23 dB, and a directivity of 23.5 dB. Compute (a) effective aperture A., (b) maximum 
effective aperture A,,,, (c) aperture efficiency ¢,,, (d) radiation efficiency e, and (e) D/D,. 
8.3-9 Prove the last of (8-80). 
8.3-10 The approximate directivity formula of (8-81) can be derived rather simply for the 
special case where HP; = HP, = HP and HP is small. Do this by assuming all radiation is 
uniform and confined to a cone of half-angle HP/2. Then compute Q, by integration and 
utilize the fact that HP is small. 
8.3-11 A horn antenna with a 185.5 by 137.4 cm rectangular aperture has the following 
measured parameter values at 0.44 GHz: HP; = 30°, HPy = 27°, and G = 15.5 dB. 

(a) Compute the aperture efficiency. 

(b) From the measured half-power beamwidths estimate the gain. 
8.3-12 Repeat Prob. 8.3-11 for a horn with a 28.85 by 21.39 cm aperture and HP, = 12°, 
HP, = 13°, and G = 22.1 dB at 6.3 GHz. 
8.3-13 A 3.66-m (12-ft) diameter circular parabolic reflector operates at 460 MHz. The 
measured parameters of this antenna are: G = 22.2 dB and HP; = HP}: = 12.5°. Esti- 
mate the gain using both (8-84) and (8-82). 
8.3-14 Estimate the gain of a circular parabolic reflector operating at 28.56 GHz in two 
ways: 

(a) Using only its size which is 1.22 m (4 ft) in diameter. 

(b) Using only the measured half-power beamwidths which are HP; = 0.605° and 
HP ==10:5562: 
8.4-1 Derive the expression for Ry in (8-86). 
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8.4-2 Derive the H-plane sectoral horn radiation field expression in (8-93) to (8-95). 
8.4-3 In the H-plane pattern expression of (8-103) and (8-104) for an H-plane sectoral 
horn: 

(a) Show that s, follows from s‘, of (8-95). 

(b) Show that the phase term (x/8t)[(A/A)sin 0 + 4]* follows from the corresponding 
term in (8-94). 
8.4-4 Derive the directivity formula (8-105) for an H-plane sectoral horn from (8-65). The 
numerator of (8-65) can be evaluated using (8-92) to (8-94). 
8.4-5 Plot A/A versus R,/A for an optimum H-plane sectoral horn using the approximate 
formula (8-106). Then indicate the points on this graph which correspond to optimum 
performance for each curve of the family of curves in Fig. 8-12. 
8.4-6 The H-plane pattern for an H-plane sectoral horn arises from the first integral in 
(8-92). 

(a) First evaluate this integral for a no phase error condition. 

(b) Show that the on-axis value of the H-plane pattern relative to the on-axis value of 
the zero phase error case is given by 
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(c) Evaluate this for t = 4, 4, 3, and 4 and compare to the values from Fig. 8-11. 
8.4-7 An H-plane sectoral horn antenna has an axial length of 5A and a flare half-angle 
Oy Of 12.6°. 

(a) Plot the polar plot of the H-plane radiation pattern in decibels. 

(b) Compute the directivity function AD,/b using (8-105) and compare to that ob- 
tained from Fig. 8-12. 

(c) Since the aperture is not large relative to a wavelength, use the zero phase error 
directivity formula of (8-56) to compute AD, /b. 
8.4-8 Design an optimum H-plane sectoral horn antenna with 12.15 dB gain at 10 GHz. 
It is fed with WR90 waveguide. 

(a) Find the horn dimensions employing Fig. 8-12. 

(b) Draw the H-plane horn geometry to scale. 

(c) Use (8-105) to compute the directivity as a check. 
8.4-9 Repeat Prob. 8.4-8(a) except use (8-106) in (8-105) instead of Fig. 8-12. 
8.4-10 Derive the E-plane sectoral horn far-zone electric field expression of (8-112). 
8.4-11 Show how the E-plane pattern magnitude expression for an E-plane sectoral horn 
of (8-115) follows from (8-112). 
8.4-12 Find the physical length in wavelengths by which waves at the edges of a horn 
aperture trail those at the center. Do this for optimum operation and in both the H-plane 
and E-plane. 
8.4-13 Use physical reasoning to explain why the phase error parameters for optimum E- 
and H-plane sectoral horns are different. 
8.4-14 An optimum gain E-plane sectoral horn antenna is to have a half-power beam- 
width of 11° in the E-plane at 10 GHz. It is to attach to a WR90 waveguide. Determine 
the horn dimensions to achieve the required beamwidth and 14.9 dB gain. 
8.4-15 An E-plane sectoral horn antenna has an E-plane aperture height of 24.0 cm and a 
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half-flare angle of 16.5°. It is attached to a WR284 waveguide. Compute the gain at 
3.75 GHz (a) using (8-116) and (b) using (8-120). 

8.4-16 Explain why the E- and H-plane sectoral horn radiation fields do not go to zero for 
0 > 1/2 as we said they would in connection with (8-24). 

8.4-17 Derive the optimum pyramidal horn antenna design equation of (8-126). 

8.4-18 Start with the value of o = 10.17 given in Example 8-7 and verify the horn dimen- 
sions of (8-128). 

8.4-19 Design an optimum gain pyramidal horn antenna with 20 dB gain at 10 GHz. It is 
connected to a WR90 waveguide. 

8.4-20 An “ off-the-shelf” pyramidal horn antenna that operates from 18 to 26.5 GHz has 
a gain of 24.7 dB at 24 GHz. It is fed from WR42 waveguide. 

(a) Use optimum design principles to determine the horn dimensions in centimeters 
necessary for construction of the antenna. 

(b) Compute the principal plane half-power beamwidths in degrees. 

(c) Use these beamwidth values to estimate the gain. 

(d) Compute the half-power beamwidths that follow from line source theory with the 
same amplitude tapers in the principal planes as the horn. Compare to the values from (b) 
and explain any differences. 

(e) Plot the E- and H-plane patterns in polar-dB form. 

8.4-21 Derive the following relationship which must be satisfied for a physically realizable 
pyramidal horn antenna. 
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8.4-22 A square main beam horn antenna. It is often desirable to have equal principal 
plane half-power beamwidths. This problem develops a design technique for a so-called 
square main beam pyramidal horn. If optimum design techniques under the condition of 
a square main beam are used, the resulting horn dimensions will render a horn that 
cannot be constructed. To avoid this problem we can design for a square main beam and 
aim for near optimum conditions. To do this we first determine the aperture dimensions 
that give the desired beamwidths and optimum operation. Then the axial lengths are 
adjusted to provide a physically realizable structure. This will probably not move the 
operating point too far from optimum. Follow this procedure to design a square main 
beam horn at 8 GHz with 12° beamwidths and fed by WR90 waveguide. 

(a) Determine A/A and B/A. 

(b) Use the results of Prob. 8.4-21 for adjusting the axial lengths. Do this to keep the 
fractional increase or decrease of both the same, that is, use 


R, Riop R, Ro 1 
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and solve for the constant f- 

(c) Evaluate the final phase error parameters ¢ and s. 

(d) Give the horn dimensions in centimeters. 
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(ec) Evaluate the gain. 

(f) Compute the aperture efficiency. 
8.5-1 If the equivalent current formulation is used which includes both electric and mag- 
netic surface current densities, write the radiated electric field expression analogous to 
(8-136). 
8.5-2 Verify that the uniform circular aperture pattern of (8-137) is unity for 0 = 0. 
8.5-3 Derive the pattern expression f(60, n, C) in Table 8-1(b) for a parabolic taper on a 
pedestal. 
8.5-4 The directivity of a circular aperture antenna can be found from (8-65). 

(a) Show that for a parabolic taper (n = 1) on a pedestal that 
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(b) Show that for a parabolic taper squared (n = 2) on a pedestal that 
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(c) Evaluate ¢, for n = 1 and 2 for a — 10-dB edge taper. 
8.6-1 Derive (8-158). 
8.6-2 Sketch to scale the cross section of parabolic reflectors for the f/d ratios of 4, 4, and 3. 
8.6-3 Plot the edge illumination (in decibels) of a circular parabolic reflector due to 
spreading loss only (i-e., for an isotropic feed) as a function of f/d from 0 to 1. 
8.6-4 Compute the half-power beamwidth for the H-plane pattern of the parabolic 
reflector antenna of Example 8-8. Use the H-plane feed horn characteristics of Table 8-2. 
Interpolate between values given in Table 8-1 for a parabolic-squared on a pedestal taper. 
8.6-5 A commercially available parabolic reflector antenna operating at 2.1 GHz has an 
aperture diameter of 1.83 m (6 ft). Compute the gain in decibels. 
8.6-6 A commercially available parabolic reflector antenna operating at 11.2 GHz has an 
aperture diameter of 3.66 m (12 ft). Compute the gain in decibels. 


HIGH- FREQUENCY 
METHODS 


Optics is a well-understood area of physics which deals with the characteristics 
of light wave propagation. It was Maxwell who showed before 1873 that the 
propagation of light could be viewed as an electromagnetic phenomenon. Since 
the wavelength of light waves is usually small compared to objects with which it 
interacts, the analytical treatment of light wave propagation is much different 
than that employed to analyze lower frequency propagation where the size of a 
scattering surface is comparable to the wavelength. 

A very useful and easily understood method for analyzing optical problems is 
the ray concept. The relationship between ray optics and wave propagation is 
apparent from the famous works of Huygens in 1690 and Fresnel in 1818, but 
was not formally shown until the works of Luneberg in 1944 and Kline in 1951 
[1]. Since that time the well-known methods of optics have found increasing use 
in the treatment of many electromagnetic problems in the radio frequency por- 
tion of the spectrum for situations where the wavelength is small compared to 
the geometrical dimensions of the scatterer or antenna. In these cases asymptotic 
high-frequency methods must be employed since it is not practical to use 
moment methods (Chapter 7) or eigenfunction expansions. This is because the 
rate of convergence of both of these techniques is generally quite poor when 
dealing with an electrically large antenna or scatterer. 

In this chapter we will first examine the principles of geometrical optics 
followed by a brief discussion of the more general concept of physical optics. We 
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will then see that in many situations geometrical optics is inadequate to com- 
pletely describe the behavior of the electromagnetic field and that it is necessary 
to include another field called the diffracted field. The diffracted field, when 
added to the geometrical optics field, permits us to solve many practical radia- 
tion and scattering problems in a moderately straightforward manner that could 
not be solved any other way. — 


9.1 GEOMETRICAL OPTICS 


Geometrical optics, or ray optics as it is often called, was originally developed to 
analyze the propagation of light where the frequency is sufficiently high that the 
wave nature of light need not be considered. Indeed, geometrical optics can be 
developed by simply considering the transport of energy from one point to 
another without any reference to whether the transport mechanism is particle 
or wave in nature. 

Classical geometrical optics applies to isotropic lossless media which may or 
may not be homogeneous. In this chapter we will only consider homogeneous 
media where the index of refraction is assumed to be real and is given by 


(9-1) 


and is not a function of position within a given medium. Here c is approximately 
3 x 10° m/s and v is the velocity of propagation in the medium. In a homogen- 
cous medium energy moves along ray paths that are straight lines. Normal to 
these ray paths are a family of surfaces called the eikonal of the ray system. In 
applying geometrical optics it is only necessary that we know either the eikonal 
of the ray system or the ray paths, since the two are uniquely related. 

For a plane wave in homogeneous media the eikonal surfaces are planes 
perpendicular to the ray paths as shown in Fig. 9-1a. For a spherical source, the 
eikonal surfaces are spherical surfaces perpendicular to the ray paths as shown 
in Fig. 9-1b. 

The variation of the amplitude of the geometrical optics field within a ray tube 
is determined by the law of energy conservation since the rays are lines of energy 
flow. Consider two surfaces L, and L, + AL as shown in F ig. 9-2. Between the 
two surfaces we can construct a tube of constant energy flux by using the rays. 
Thus, the energy through cross section do, at P, must equal the energy flux 
through cross section do at P. If S is the rate of energy flow per unit area, the 
condition of constant energy flow through the flux tube is 


S, do, = S do. (9-2) 
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Figure 9-1 The relation of rays and eikonals for two types of 
sources. (a) Plane wave. (6) Spherical wave. 


In the case of electromagnetic waves the quantity S is the real part of the 
complex Poynting vector and we can assume that 


Mahe 5 
sa} [eter (9-3) 


Substituting (9-3) into (9-2) yields 
|E,|? do, = |E|? do. (9-4) 


ldo, 
|E| ai | E.| do’ (9-5) 


Solving for | E| we obtain 


Wavefront 
at time t 
Wavefront 
at time t + At 


Figure 9-2 The relation of rays and wave- 
L, + AL fronts. 
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Figure 9-3 An astigmatic ray tube. 


Therefore we have obtained a relationship between the amplitude of the geo- 
metrical optics field at one point in terms of the amplitude at another. 

The relationship in (9-5) would be more useful if the radii of curvature of the 
wavefront surfaces do and do, were used. Consider the astimatic ray tube picture 
in Fig. 9-3. The principle radii of curvature of do, are p, and p, while the 
principle radii of curvature of do are (9, + 7) and (9, + 7). We can write for 
the ratios 


do do 
= 9-6 
PiP2 (01+ )\(p2 +2) Gs) 
and thus 
do, = P1 P2 (9-7) 


do (p, + A)(p2 + 4) 


From (9-5) we have 


|E| = |E.| Ey (9-8) 


Note that the tube of rays converge to a line at p, = 0 and p, = 0 where the 
cross section of the ray tube goes to zero. Therefore the amplitude of the geo- 
metrical optics field description becomes infinite there although the actual field 
does not. The locus of points where the ray tube cross section exhibits such 
behavior is called a caustic. Caustics may be a point, a line, or a surface. For 
example, consider a point source as shown in Fig. 9-4. We can construct a ray 
tube from four rays and write 


0 - . (9-9) 
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Figure 9-4 A tube of rays from a point source. 


Thus 


p p 
———,; = |E,| ——.. 
(0 + 7) | Lueay, 


The caustic would be located at the point source in this case. 

In both (9-8) and (9-10) we note that as ¢ becomes large we have the usual 
inverse distance type field dependence found in the far zone of a three- 
dimensional source. Often, however, one is concerned with two-dimensional 
problems where one of the radii of curvature, say p,, becomes infinite. In such 
problems 


|E| = |E.| (9-10) 


Pi 
peared 


|E| = |£.| (9-11) 
Here, the eikonal surfaces are cylindrical and, as “> 00, we have an amplitude 
dependence of the field at large distances of the form 1/,.//. Obviously, if both p, 
and ¢, are infinite the eikonal surfaces are planes and |£E| is a constant for all 
values of /. 

The results of (9-8), (9-10) and (9-11) are extremely important for they permit 
us to easily compute the amplitude of the geometrical optics field at one point in 
terms of its known value at another. In electromagnetic field problems, however, 
we must also include the phase. Phase can be introduced into (9-8) artificially. 
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First, we take our phase reference to coincide with the amplitude reference. 
Thus, the electrical phase of the ray tube is given by e /*“ and we may write for 
the amplitude and phase of the field in the ray tube of Fig. 9-3 


P1P2 2; 
Bit Regie | mee = ine 9-12 
: Gio et/)= ( ) 


E= E,e!*A(p,, P2> Ota (9-13) 


or 


where E, is the reference amplitude at / = 0, ¢, is the reference phase at / = 0, 
A(p;, P2, 7) is the general spatial attenuation factor, and e~/*@ is the spatial 
phase delay factor. 

Note that when 7 becomes less than —p, the quantity under the radical sign 
in A(p,, P2, 7) becomes negative and a phase jump of 2/2 occurs when the 
observer passes through the caustic. While we can neither predict the amplitude 
or the phase of the geometrical optics field at the caustic, we can determine the 
fields on either side of the caustic. 

Equation (9-12) or (9-13) permits us to approximately express the field at a 
point (ie., 7) in terms of the value at a known point (ie., “ = 0). Rigorously, the 
result is only approximate, becoming more accurate as the wavelength tends 
toward zero. In practice, however, we will find the geometrical optics expression 
to be highly accurate for engineering purposes where the assumptions of geo- 
metrical optics are valid. 

To finish our initial discussion of geometrical optics, we illustrate its use by 
considering the problem of reflection at a curved surface and the subsequent 
calculation of the radar cross section of a sphere. From (9-12) it is apparent that 
we need an expression for the radii of curvature of the wavefront in terms of the 
geometrical radius of curvature of the surface. Consider Fig. 9-5 which depicts a 
line source parallel with the axis of a convex cylinder of arbitrary cross section. 
From Fig. 9-5a 


y,=n-a-—(x—-90,)=0,—«. (9-14) 
The element of arc length in Fig. 9-5b is equal to r§, Aa and 


r’ Ay, Le (Ad, z Aa)é, 


2 = : 9-15 
aoe cos 6, cos 6, ( ) 
Since Ay, = AO, + Ax we have 
Ad, +A 
it gag per a (9-16) 
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Figure 9-5 Ray geometry for reflection by a 
curved conducting surface. 


Solving both (9-15) and (9-16) for r{, Ax cos 8, we have, respectively, 


rs Aa cos 6, = ¢, Ad, — ¢, Aa (9-17) 
and 
rs, Aa cos U, = p, AO, + px Aca. (9-18) 
Solving both of these equations for Ax and equating the two results yields 
¢, AO A@ 
0 ) whe Pi 0 (9- 19) 


r,cos0,+¢, 7,.cos 0,— p; 
which after some manipulation gives us the desired result 
Lvs f 2 
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Figure 9-6 Geometrical optics scattering by a 
sphere. 


This equation! relates the principal radii of curvature of the reflected wavefront 
to the geometrical radius of curvature of the surface at the point where the ray 
strikes the surface. 

As a simple example of the application of (9-20), consider the situation shown 
in Fig. 9-6 wherein a plane wave is incident upon a sphere. We wish to find the 
field scattered back in the direction of the transmitter and from this back- 
scattered field find the radar cross section of the sphere. Thus, the only ray we 
need consider is that reflected from what is called the specular point. In this 
situation, then, 7, = 00, 0, = 0°, and r, = a in (9-20) and we have the result that 


Cine e2 (9-21) 


where p, is the radius of curvature of the reflected wavefront orthogonal to py. 
(See Prob. 9.1-1 for an expression for p2.) 

If the incident field has a value of E, at the specular point, then in the 
backscattered direction, 


Pisa Bs 
Es = —E,——~e _!*¢ 9-22 
there being the same value for p, as for p, in this example. Therefore, using 
(1-229) the radar cross section is (at high frequencies) 


» 2 
ny a ester 9-23 
*. ie igs | a ey 


1 Even though this result is based on a two-dimensional configuration, the result is somewhat more 
general than this in that it holds true in the plane of incidence (see Section 9.4) whenever the plane of 
incidence coincides with the principal planes of the surface. 
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Figure 9-7 Radar cross section, co, of a sphere versus the electrical radius of the 
sphere [2, 3, 4]. 


The exact value for o/na” is shown in Fig. 9-7. We note that as the radius of 
the sphere becomes larger, the more closely the geometric optics cross section 
approaches the exact result. That is what one would expect since geometrical 
optics assumes the wavelength is small when compared to the geometrical 
dimensions of the scattering surface. Furthermore, the result in (9-23) is 
frequency independent, which is typical of geometrical optics calculations. 


9.2 PHYSICAL OPTICS 


In the previous section we calculated the scattered field from the sphere by 
geometrical optics. Often we can calculate these same scattered fields by physical 
optics. The concept of physical optics can be considered to be somewhat more 
general than geometrical optics since the equations obtained from physical 
optics for the scattered field from a conducting body often reduce to the equa- 
tions of geometrical optics in the high-frequency limit. In fact, it is assumed in 
physical optics that the field at the surface of the scattering body is the geometri- 
cal optics surface field. This implies that, at each point on the illuminated side of 
the scatterer, the scattering takes place as if there were an infinite tangent plane 
at that point while over the shadowed regions of the scatterer the field at the 
surface is zero. 

For a perfectly conducting body the assumed physical optics surface current is 

fi X Aiotai in the illuminated region 


2 9-24 
Jo 0 in the shadowed region east 
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where ni is a unit normal vector outward from the surface of interest as shown in 
Fig. 9-8. Let us derive an expression for the scattered electric field from such a 
body. Starting with the vector potential, we have 


J Cai 


where R is the distance between the source point and observation point. 

From image theory, the tangential components of H at a perfect conductor are 
just twice those from the same source when the conducting scatterer is replaced by 
equivalent currents in free space. Thus the physical optics current is given by 

Joo = 2(fi x H') (9-26) 
if we assume the incident field phase to be zero at the phase reference plane. 
Thus, making the customary far-field assumptions we can write 

~ 4nd, 


[| 208 x He" ds (9-27) 


S 


from which the far-zone scattered field is given by E’ = —jmpA, or 


jope 1% 
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4nv, 


|| 208 x He" as (9-28) 
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Figure 9-8 Physical optics current on a conducting scatterer. 
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where / is the distance from phase reference plane in Fig. 9-8 to the scatterer and 
/, is the distance from the phase reference plane to the far-field observation 
point. It should be noted that this expression for the scattered field is frequency 
dependent in contrast to the geometrical optics expression which is frequency 
independent. It might, therefore, be intuitively inferred that physical optics pro- 
vides a more accurate approximation to the scattered field. While this may be so 
in certain cases, a general conclusion cannot be reached since necessary and 
sufficient conditions for the valid application of physical optics are not known. It 
is fortunate for the engineer that physical optics works in many practical prob- 
lems, even though in some of these problems prior justification of its application 
would be difficult to make. 

Let us make a physical optics calculation of the radar cross section of the 
sphere, and then compare the result with that obtained via geometrical optics. 
From (9-28) we can write for the magnitude of E* 


Sipe B i\,— 586 7. i 
Plo eee ds}. (9-29) 
Using the definition of the radar cross section (RCS) we obtain 
An} 1 ae z 
ee A t\o BE i 
o=5 ea ds (9-30) 


For the case of the sphere shown in Fig. 9-9, we note that the only component 
of current that will have a net contribution to the backscattered field is given by 


Figure 9-9 Physical optics scattering by a sphere. 
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2z x (fi x X)H’. Using the vector identity (A-7), this reduces to —(2- fi)XH'. 
Thus, 


4n 
SAGE 


| | — (2° file 328 dz ; (9-31) 


since ¢ = 2z due to the reference plane being the z = 0 plane. From Fig. 9-9 we 
note that 


(9-32) 


and that an element of surface area is ds = a? sin 0 dO dd. Since z= a cos 0, 
dz = —a sin 0 dé and we have 


4 2% a ; 4 2 
o= oD I fern ($—)a dz dp |. (9-33) 
Performing the integration we have 
An 1 1 — e J78a\2 
= —, | 2x — |a — —__—_]] . -34 
273 (2 9(¢= a} jee 


The exponential term arises from the artificially imposed discontinuity in the 
current at the 0 = 2/2 location of the sphere. Since this discontinuity is nonphysi- 
cal, so too is the exponential term in (9-34) and we must disregard it. Thus, 


il pa] 


We see then that the radar cross section of the sphere obtained via physical optics 
reduces to the geometrical optics result in the high-frequency limit. 

The fact that we have had to eliminate the third term in (9-34) is not a 
peculiarity of the sphere, but is common to any problem employing physical 
optics wherein a nonphysical discontinuity will give rise to an erroneous contri- 
bution to the scattered field that can be numerically significant when compared to 
the geometrical optics contribution. 

The second term in (9-35) may be taken to be the second term in a high- 
frequency asymptotic expansion of the scattered field. Such an expansion is in 
inverse powers of the frequency and is known as a Luneburg-Kline expansion 
[1]. The Luneburg—Kline expansion satisfies the wave equation and is a formal 
way of showing the correspondence between optics and electromagnetics in the 
high-frequency limit. The leading term in the Luneburg—Kline expansion is, in 
fact, the geometrical optics term which is also the first term in (9-35). 


2 
——— > 1a’. (9-35) 
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Physical optics is more useful to us than just finding radar cross sections. For 
example, if we wish to find the far-field pattern of a parabolic reflector antenna, 
physical optics is one way of doing so. In fact, it is probably the easiest way of 
finding the radiated field on the forward axis of the reflector antenna. In direc- 
tions other than on the forward axis of the reflector antenna, physical optics 
provides us with a nonzero estimate of the radiation pattern. This should be 
contrasted with geometrical optics which can only provide information in a 
specular direction, but does so in a straight-forward manner. 

In summary, physical optics is an approximate method of considerable 
usefulness that can be expected to provide an accurate representation of the 
scattered field arising from a surface where the postulated physical optics current 
is reasonably close to the true current distribution. We recall from the discussion 
at the beginning of this section that the physical optics current will be a reason- 
able representation of the true current if the field at the scatterer surface is 
correctly given by the geometrical optics surface field. Thus, we can view physi- 
cal optics as an extension of geometrical optics and as such it is a high-frequency 
method. 


9.3 WEDGE DIFFRACTION THEORY 


In the previous two sections we introduced the ray-optical concept of geometri- 
cal optics and the somewhat more general concept of physical optics. Both 
theories were applied to the calculation of the backscattered field from a sphere, 
but no attempt was made to determine the field in the forward scattering direc- 
tion, in particular the shadowed region in Figs. 9-6 or 9-8. Since physical optics 
postulates a current only on the lit side and zero current on the shadowed side, 
the physical optics current alone is incapable of correctly predicting a nonzero 
field in the shadow region even though an actual measurement would generally 
indicate the presence of a field there. By simple ray tracing it is quite apparent 
that geometrical optics is also incapable of correctly predicting a nonzero field in 
the shadow region. However, geometrical optics may be extended to include a 
class of rays, called diffracted rays [5, 6], which permit the calculation of fields in 
the shadow region of a scatterer. Diffracted rays are produced, for example, 
when a ray strikes an edge, a vertex, or is incident tangentially to a curved surface 
as illustrated in Fig. 9-10. It is these rays that account for a nonzero field in the 
shadow region. In addition, they also modify the geometrical optics field in the 
illuminated region. It is the purpose of this section to examine in some detail one 
type of diffracted ray, the wedge diffracted ray of Fig. 9-10a. 

Consider the wedge diffraction situation shown in Fig. 9-10a. Geometrical 
optics would predict a sharp discontinuity in the field at a shadow boundary as 
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Figure 9-10 Examples of diffraction: (a) wedge diffraction, (6) tip diffraction, (c) 
curved surface diffraction. 


shown in Fig. 9-11. Since physical phenomena in nature are not perfectly discon- 
tinuous, it is apparent that geometrical optics by itself constitutes an incomplete 
treatment of problems such as those in Fig. 9-10. It will be shown that the wedge 
diffracted rays will make the total electric field continuous across the shadow 
boundary in Fig. 9-10a. 

Because diffraction is a local phenomena at high frequencies, the value of the 
field of a diffracted ray is proportional to the field value of the incident ray at the 
point of diffraction multiplied by a coefficient called the diffraction coefficient. 
That is, the diffraction coefficient is determined largely by the local properties of 
the field and the boundary in the immediate neighborhood of the point of 
diffraction. Since it is oniy the local conditions near the point of diffraction that 
are important, the diffracted ray amplitude may be determined from the solution 
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Figure 9-11 Magnitude of the geometrical optics field near 
either a reflected field shadow boundary (¢ + ¢’ =z) or an 
incident field shadow boundary (¢ — ¢’ = z). 
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of the appropriate boundary value problem having these local properties. Such a 
problem is called a canonical problem and wedge diffraction is one such canoni- 
cal problem. Wedge diffraction is perhaps the most important canonical problem 
in the extension of geometrical optics as originally proposed by Joseph Keller in 
1953. Keller’s theory is known as the geometrical theory of diffraction, or GTD 
[5, 6, 7]. 

Through the use of geometrical optics and the solution to a number of canoni- 
cal problems, such as those in Fig. 9-10, we can construct solutions to more 
complex problems via the principle of superposition. Let us now consider the 
canonical problem of wedge diffraction. To start, we will consider scalar diffrac- 
tion by an infinitely conducting and infinitesimally thin half-plane sheet as 
shown in Fig. 9-12. The half-plane is a wedge of zero included angle. To calcu- 
late the field in the region z > 0, we will use Huygens principle in two dimen- 
sions. Thus, each point on the primary wavefront along z = 0 is considered to be 
a new source for a secondary cylindrical wave, the envelope of these secondary 
cylindrical waves being the secondary wavefront. Thus, 


x = 0 


B(P)=| dE (9-36) 
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Figure 9-12 Plane wave diffraction by a conducting half-plane. 
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where dE is the electric field at P due to\a magnetic line source parallel to the 
y-axis in the z = 0 plane, or 
Cy 


— JBLE+ 5) 9-37 
Je + (x). : eee, 


where C, is a constant. If (+ 6) > A and ¢ > 6, we may write for the contribu- 
tion to E(P) from those two-dimensional Huygens sources between x = a and 
x= Xx. 


dE = 


C Dy ar eae 
E(P) = a ria eo be (9-38) 
We will consider the contribution from x, to oo later. When 6 < /, we can follow 
the same reasoning as in (1-81) to show that +6 ~7¢ + x?/2/. Making the 
substitutions y* = 2/47 and u = yx gives 


Xo 
E(P)=C, fade |e He? dy (9-39) 
ya 
If the upper limit in (9-39) is allowed to go to infinity, the integral will be in the 
standard form of a Fresnel integral [7, 8]. The Fresnel integral may be easily 
evaluated on a digital computer or from a graph known as Cornv’s spiral, which 
is shown in Fig. 9-13a. A vector drawn from the origin to any point on the curve 
represents the magnitude of a Fresnel integral with lower limit zero and upper 
limit u,. As u, approaches infinity the tip of the vector will circle the point (4, 4) 
an infinite number of times which suggests that the contribution to the value of 
the integral comes primarily between the limits zero and u, provided u, > 1.26. 
For this reason, we can argue that allowing yx, > 00 in (9-39) has little effect on 
the value of the integral. Thus, 


E(B) Gp aize | eA dy, (9-40) 
ya 
The value of the integral in (9-40) can be represented by a vector drawn from 
any point on the Cornu spiral to the point (3, 4) (e.g., see Prob. 9.3-2). 
If the lower limit in (9-40) is allowed to go to minus infinity E(P) will equal 
the field strength without the half-plane present [8]. Thus, 


E(P) |e 104 2( We 2 iB, esi, (9:41) 
Solving for C, and substituting into (9-39) gives the value of E(P) in terms of the 
free space field E,, 


E, e+ in!) 


E(P) = Dit yale hoe Sa (9-42) 
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Figure 9-13 (a) Use of the Cornu spiral in evaluating the Fresnel integral as a 
function of the parameter a. (b) Relative magnitude of the diffracted field in the 
vicinity of a shadow boundary. Refer to Fig. 9-12 for values of a. 


462 


9.3 WEDGE DIFFRACTION THEORY 463 


where for this approximate analysis to hold it is necessary that / > A and that 
the point x = a not be far removed from the z-axis so that the assumption 7 > 6 
holds. A more exact (and complicated) analysis of this problem is possible but it 
has not been presented here for we wish simply to show how the Fresnel integral 
arises naturally in the study of wedge diffraction. 

Equation (9-42) and the Cornu spiral make it possible to visualize the varia- 
tion of the electric field as the point a moves along the x-axis causing the 
observation point to change from the lit region to the shadow region. The 
corresponding plot of the relative electric field in the vicinity of the shadow 
boundary is shown in Fig. 9-13b. We note that on the shadow boundary 
the value of the relative field is 4 and that in the lit region the value of the field 
oscillates about the value of unity. This oscillation can be interpreted as being 
caused by interference between the diffracted field and the direct field. Since there 
is no direct field in the shadow region, we observe that no such oscillation 
occurs. Unfortunately it is not convenient to explicitly distinguish between 
the direct and diffracted field in (9-42). In many applications of the geometrical 
theory of diffraction it is essential that we be able to mathematically distinguish 
between the direct and diffracted fields, as well as the reflected field which we 
have yet to consider. 

Referring to Fig. 9-14, we can identify two shadow boundaries, the incident or 
direct field shadow boundary and the reflected field shadow boundary. These 
two shadow boundaries serve to divide space into three regions wherein region I 
contains direct and diffracted rays as well as reflected rays; region II contains 
direct and diffracted rays but no reflected rays; region III contains only dif- 
fracted rays. 
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Figure 9-14 Diffraction by a conducting half-plane 
showing the location of shadow boundaries. 
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For a field in any one of the three regions let us write E(p, @) as consisting of 
a reflected field v'(p, @ + ¢’) and an incident field v'(o, @ — ¢’). Thus, 


Elp, o) = +v'(o, 6+ ¢) + vp, @ - (9-43) 


The choice of sign depends on the polarization of the incident field. If the electric 
field is perpendicular (parallel) to the diffracting edge, the plus (minus) sign is 
used. The field E at the point P must be a solution to the scalar wave equation 
with the appropriate boundary conditions. The boundary value problem 
depicted in Fig. 9-14 was first solved by Sommerfeld in 1896. We will first 
consider his solution. To do so we must examine (9-43) more fully. 

The first term in (9-43) gives the reflected fields while the term vir, 6 — ¢’) 
represents the incident field. If the ground plane were infinite in extent, the 
reflected field term would simply be the geometrical optics reflected field. 
However, in the case of the half-plane in Fig. 9-14, the reflected field will consist 
of two parts, namely a geometrical optics reflected field and a diffracted field. 
Both parts of the reflected field will appear to originate from an image source 
behind the half-plane. Similarly, the incident field can be thought to consist of 
two parts, a geometrical optics incident field and a diffracted field. Thus, for the 
reflected field 


tu'(p, 6+ $')= +[rA(e, > + o') + vale, > + $)) (9-44) 
and for the incident field 
vi(o, 6 — ¢') =v,(0, 6 — 6’) + vp(0, d — $’) (9-45) 


where v, denotes the geometrical optics field and vg denotes the diffracted field. 
Thus, (9-43) may be thought of as being composed of four parts. Each of the 
terms on the right-hand side of (9-44) and (9-45) satisfies the wave equation 
individually except at the reflected field and incident field shadow boundaries, 
respectively. However, the sum of v, and vs makes v" continuous across the 
reflected field shadow boundary and thus v" satisfies the wave equation there. 
(Similar comments apply to v'.) But, neither v” nor v' alone satisfy the boundary 
conditions at the wedge. However, the sum of v’ and v’ in (9-43) does satisfy 
the boundary conditions as well as the wave equation. 

From simply geometrical considerations we can see that for reflected geo- 
metrical optics rays, all points on a constant phase wavefront are given by 


v.(p, & +o!) = efecto), O< H<n—H'inregionI (9-46) 


wherein the phase reference is taken to be at the edge of the half-plane in 
Fig. 9-15 since we are using a cylindrical coordinate system whose origin is on 
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Figure 9-15 Geometry for the reflected field 
wavefront from a conducting half-plane. 


the edge of the wedge. By similar considerations for direct incident rays, points 
on a constant phase wavefront are given by 


vi(o, @ — gb’) = eibe oso 9), << 2+ @’ in regions I and II. (9-47) 

For other values of ¢ 
Ua =e (9-48) 
In other words, v, is zero in regions II and III for reflected rays and is zero in 
region III for direct or incident rays. It is the diffracted field that compensates 
for this discontinuity in the geometrical optics field as shown in Fig. 9-16. We 
see in Fig. 9-16 that for @ > 255° the total field is just the diffracted field and 
that the total field is continuous across the incident field shadow boundary at 
d = 255° where the value of the diffracted field is 0.5. For 105° < @ < 255°, the 


total field oscillates due to the interference between the incident field and the 
diffracted field. At ¢ = 105° the diffracted field again rises to 0.5 and the total field 
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Figure 9-16 Diffraction by a half-plane showing the total electric field and the total 
diffracted field separately. The incident field is polarized perpendicular to the edge 
of the half-plane. 


is continuous across the reflected field shadown boundary. For ¢ < 105°, the total 
field oscillates almost between zero and two due mainly to the standing wave 
produced in region I by the incident and reflected fields and the fact that 
the field is observed at a constant distance (p = 3A) from the edge of the half- 
plane requiring the observation point to sweep through the standing wave field. 
The field is normal to the half-plane at @ = 0 and is nonzero there. 

Mathematical expressions for the diffracted field v, have been a subject of 
considerable research in the past several decades in an effort to improve upon 
the early classical work of Sommerfeld [9]. For the half-plane problem of 
Fig. 9-14, Sommerfeld obtained an expression for the diffracted field due to an 
incident plane wave in terms of the Fresnel integral. This expression is” 


2 
asl, o*)= — et) [= 


ete OO 
ele COG Ps el? dt (9-49) 
2 

Vapi 


2 Note that in (9-49) we are really writing two equations, one for v;(r, g@*) and the other for 
v,(r, 6). The use of the notation $* is for convenience and the reader should keep in mind that 
wherever it appears there are two separate equations implied, one associated with the reflected field 
and one associated with the incident field. 
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where 
@*=o4+¢' (9-50) 
and 
a=1+cos ¢*. (9-51) 


We note that this solution is in a form somewhat similar to that of (9-42). The 
mathematical details of deriving the above are beyond the scope of this text. 

Sommerfeld’s work was more general than that of just a half-plane. He also 
considered the more general case of a plane wave illuminating a conducting 
wedge of interior angle (2 — n)x where 0 < n < 2.° For this case he obtained an 
asymptotic evaluation of a contour integral representation for the diffracted field 
which is given by 


eye Meet) (1/n)sin(n/n) 
vp(p, P°) = ./2nBp cos(n/n) — cos(*/n)’ 


Unfortunately, this asymptotic form yields infinite fields in the immediate vicin- 
ity of the shadow boundary [10]. The region near a shadow boundary is usually 
referred to as a transition region. Equation (9-52) is only valid outside a transi- 
tion region where the condition 


(9-52) 


an \ 
fp (co == cos =| Sal (9-53) 


is satisfied. This condition is always met if the quantity Bo(1 + cos $*) is large, 
which means that the observation point at P(p, , z) must be at a large electrical 
distance from the diffracting edge. Nevertheless, (9-52) is a useful one if the 
observation point is not near a shadow boundary and the above conditions are 
met. 

In 1938 Pauli [11] improved upon the work of Sommerfeld by obtaining a 
series form for Sommerfeld’s contour integral solution. Pauli’s result is given by 


eel T sin(z/n) 


vp(p, d*) = n/n cos(z/n) — cos(p*/n) 


COs 
2: 


. ibe cos b* | __e ** dt + [higher order terms]. (9-54) 
“ /aB p 


This expression is far more accurate, particularly near the shadow boundaries, 
than (9-52) while being only slightly more difficult to evaluate. It is valid for 
0 <n <2. In the case of the half-plane (n = 2), the higher order terms are 


3 Refer forward to Fig. 9-17. 
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identically zero and Pauli’s result in (9-54) reduces to that of Sommerfeld in 
(9-49). Pauli’s expression was the first practical formulation of Sommerfeld’s 
original solution which included a finite observation distance. 


Example 9-1. Sample wedge diffraction calculations 


The use of equations (9-49), (9-52), and (9-54) is best illustrated by an example. Let us 
calculate the diffracted field in Fig. 9-16 for ¢ = 250°. Using (9-49) we obtain 
va(3, & ) = (—9.146 — j9.146)(0.0436) 
- (0.997 + j0.0717)(0.359 — j0.620) 
= —0.397 + j0.0760 
va(3, &*) = (—0.418 —.j0.418)(—0.954) 
- (—0.964 + j0.264)(— 0.0237 + j0.0820) 
= 01,0345 — j0.0335 
Thus the exact Sommerfeld solution gives for the diffracted field magnitude | —0.3625 + 
j0.0435| = 0.365 which agrees with Fig. 9-16. Using (9-54) we should obtain the same 
result for the half-plane case since Pauli’s equation reduces to Sommerfeld’s. Thus, 
vg(3,  ) = (0.798 + j0.798)( — 11.46)(0.0436) 
- (0.997 + j0.0717)(0.359 — j0.620) 
= —0.397 + j0.0760 
(0.798 + j0.798)(0.524) 
- (0.954)(—0.964 + j0.264) 
- (—0.0237 + j0.0820) 
= 0.0345 — j0.0335 


vp(3, p*) 


and the diffracted field magnitude is once again 0.365. We note that since @ = 250° is near 
the incident field shadow boundary, V;(3, @ ) is the major contributor to the diffracted 
field and V,(3, ¢*), which is associated with the reflected field shadow boundary, makes 
only a minor contribution. Both (9-49) and (9-54) would go to infinity precisely at the 
shadow boundary ¢ = 255° (or ¢ = 105°). For this reason we have elected to use 
& = 250° in this example. Finally, let us use the asymptotic form in (9-52). Thus, 


vg(3, & ) = (0.065 — j0.065)(— 11.46) 
= —0.745 + j0.745 
vp(3, &*) = (0.065 — j0.065)(0.524) 
= 0.034 — j0.034 
and the magnitude of the diffracted field alone exceeds unity or that of the incident field. 
This result is in error because the condition in (9-53) has been violated. The result would 
be only 10°% in error at p = 10A if @ = 255° + 12°, at 20A if @ = 255° 4 5° aa 


@ = 255° + 4°, and at 100A if @ = 255° + 3°. However, no matter how large p is, the 
asymptotic form will be singular right at the shadow boundary. 
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Starting in 1953 it was Keller [5, 6] who systematically developed the geo- 
metrical theory of diffraction, or GTD as it is often referred to. In his work, he has 
called the quantities D(p*) and D(q¢_ ) diffraction coefficients where 


(tele, OE lp, SOS DIG) Do I (9-55) 


and used the asymptotic expression of Sommerfeld in (9-52) to calculate the 
diffracted field due to plane wave incidence. The postulates of Keller’s theory are 


1. The diffracted field propagates along ray paths that include points on the 
boundary surface. These ray paths obey the principle of Fermat, known also 
as the principle of shortest optical path. 


2. Diffraction, like reflection and transmission, is a local phenomenon at high 
frequencies. That is, it depends only on the nature of the boundary surface 
and the incident field in the immediate neighborhood of the point of 
diffraction. 


3. A diffracted wave propagates along its ray path so that 
(a) power is conserved in a tube of rays, and 
(b) phase delay equals the wave number times the distance along the ray 
path. 


A consequence of the second postulate is that the diffracted fields caused by the 
edge of the infinite wedge in Fig. 9-15, for example, appear to be cylindrical wave 
fields that originate at the wedge edge. This is consistent with the (p)~‘/? 
dependence in (9-55). 

The simple ray formulation of Keller’s geometrical theory of diffraction is 
restricted to the calculation of fields in regions of space that exclude transition 
regions adjacent to shadow boundaries, caustics, and focal points. To calculate 
the field at such points, additions and modifications to the geometrical theory of 
diffraction are required. Further, if the incident field is not a plane wave, but a 
cylindrical or spherical wave, GID must be modified to accept these incident 
fields as well. These various modifications will be considered in later sections. 


9.4 THE RAY-FIXED COORDINATE SYSTEM 


In the previous section we considered the scalar diffracted field due to a plane 
wave normally incident (i-e., traveling in the negative p-direction) upon a per- 
fectly conducting infinite wedge whose edge was along the z-axis. Such a coor- 
dinate system is said to be an edge-fixed coordinate system. On the other hand, 
the obliquely incident and obliquely diffracted rays associated with the point Q 
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Figure 9-17 Geometry for three-dimensional diffraction 
problem. 


in Fig. 9-17 are more conveniently described in terms of spherical coordinates 
centered at Q. Such a coordinate system is said to be ray-fixed [1]. Let the 
position of the source of the incident ray be defined by the spherical coordinates 
(s', yo, ¢’), and the observation point by the coordinates (s, yo, @) as indicated 
in Fig. 9-17. Note that the point Q is a unique point on the edge for a given 
source location and a given observation point. 

The plane containing the incident ray and the edge of the wedge will be 
referred to as the plane of incidence, while that plane containing the diffracted 
ray and the edge of the wedge will be referred to as the plane of diffraction. The 
unit vector §’ is in the direction of incidence and the unit vector $ is in the 
direction of diffraction. It is then apparent that the unit vectors 7 and ’ are 
parallel and perpendicular, respectively, to the plane of incidence, and that the 
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Figure 9-18 Ray-fixed coordinate system. 


unit vectors 7) and @ are parallel and perpendicular, respectively, to the plane of 
diffraction as shown in Fig. 9-18. yo and yo are angles less than 2/2 measured 
from the edge to the incident and diffracted rays, respectively, while 7) and 7 
are the implied unit vectors. Further, ¢@’ and @ are angles measured from one 
face of the wedge to the plane of incidence and diffraction, respectively, while @’ 
and @ are the implied unit vectors. Note that og’ and ¢@ are measured from the 
same face of the wedge. 
Let us write a symbolic expression for the diffracted field in matrix form as 


[E“] = [D][E]A(p)e 7” (9-56) 


where [E‘] and [E'] are column matrices consisting of the scalar components of 
the diffracted and incident fields respectively, [D] is a square matrix of the 
appropriate scalar diffraction coefficients, and p is the distance from the wedge 
edge to the observation point and A(p) is a spreading factor. Now if the edge- 
fixed coordinate system is used, it is clear that [E“] will have in general three 
scalar components E4%, E, and Ef and that [D] will be a three by three matrix. 
It can be shown that in such a situation seven of the nine terms in [D] are 
nonvanishing. However, when the ray-fixed coordinate system is used, there is 
no component of the diffracted field in the direction of the diffracted ray tube 
since the incident field is not allowed to have a component in the direction of the 
incident ray tube. It follows that there are then only two possible components of 
the diffracted field, E4 and E%,, and only two components of the incident field, E', 
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and E',,. Clearly [D] is a two by two matrix. In this case [D] has nonvanishing 
terms on the main diagonal. Thus, for plane wave incidence in the ray-fixed 
system (9-56) can be written as 


ae)-[ 2 SI EC Iae ——on 


where the scalar diffraction coefficients D, and D, are momentarily undefined 
and will be given in the following section. 

It is apparent that the use of the ray-fixed coordinate system instead of the 
edge-fixed system reduces the diffraction matrix from a three by three matrix 
with seven nonvanishing terms to a two by two matrix with but two nonvanish- 
ing terms. Thus, the ray-fixed system is the natural coordinate system to be used 
for wedge diffraction and the importance of using it can hardly be 
overemphasized. 

We have chosen to use the notation D, in association with E',(Q) and D, in 
association with E',(Q) not because E}, and Ei, are parallel and perpendicular, 
respectively, to the diffracting edge (which they are at normal incidence when 
Yo = 90°), but because E', and E’, are parallel and perpendicular, respectively, to 
the plane of incidence as shown in Fig. 9-18. 

Since E‘, and E‘, are parallel and perpendicular, respectively, to the plane of 
incidence we will let E',, be written as E'), and let E', be written as E',. Similarly, 
E4(s) and E%(s) are parallel and perpendicular respectively to the plane of diffrac- 
tion as shown in Fig. 9-18. Thus, we will let E4 be written as E%, and let E% be 
written as E4 . With these notational changes, (9-57) may be rewritten as 


motto! olla” 6 


We will use this notation throughout the remainder of the chapter keeping in 
mind that when the || and 1 symbols are primed, reference to the plane of 
incidence is implied. When the || and i symbols are unprimed, reference to the 
plane of diffraction is implied. 


9.5 A UNIFORM THEORY OF WEDGE DIFFRACTION 


The modern version of GTD can be divided into the two basic canonical prob- 
lems of wedge diffraction and curved surface diffraction plus the lesser but more 
complex problems of vertex diffraction and tip diffraction. In the application of 
wedge diffraction to antenna problems, the important features of antennas are 
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modeled by perfectly conducting wedges. For example, the pyramidal horn 
antenna can be modeled by two half-planes as shown in Fig. 9-20 for the pur- 
pose of analyzing the E-plane pattern [10]. In such a problem, however, it is 
necessary to use cylindrical wave diffraction coefficients instead of plane wave 
diffraction coefficients as in Section 9.3. The first use of cylindrical wave diffrac- 
tion in the treatment of antenna problems such as in Section 9.6 was by Rudduck 
[10] who used Pauli’s formulation together with the principle of reciprocity to 
calculate the necessary cylindrical wave diffraction. Problems involving spherical 
wave diffraction are also common. 

In Section 9.3 some early developments in the study of diffraction by a con- 
ducting wedge were presented. We saw that although some of the formulas 
presented are certainly useful for some engineering calculations, they are limited 
in their accuracy in a transition (shadow boundary) region [e.g., (9-52)], or when 
the observation point is near (r < A) the diffracting edge [e.g. (9-54)]. It would 
obviously be useful and convenient if there were available to us a theory of 
wedge diffraction having the property that it could accurately predict the dif- 
fracted field in such places as the transition regions or near the diffracting edge 
without the necessity for considering each type of incident field separately. Such 
a theory is available and is known as a uniform theory of wedge diffraction 
because it applies in all situations consistent with the postulates of the geometri- 
cal theory of diffraction given in Section 9.3. It is the purpose of this section to 
present the important results in this theory, known as the UTD, which is based 
on the numerous works of Kouyoumjian and Pathak [12, 13, 14]. 

In 1967 Kouyoumjian and co-workers obtained a generalized version of 
Pauli’s result [i.e., (9-54)] with the resultant diffraction function vg expressed as 
v,(L, @*) where L is a distance parameter more general than just the distance p 
used in Section 9.3 while @* retains the meaning used previously. In their work 
the distance parameter L is given by 


S sin? yo for plane waves 

3 ee for cylindrical waves (9-59) 
p+p 
§.Sisinayy 


ae for conical and spherical waves. 
sts 


We note immediately that L is dependent upon the type of incident wave and the 
angle of incidence yo (which equals the angle of reflection yo) as well as the 
distances involved. The distance parameter L in (9-59) can be found by imposing 
the condition that the total field, which is the sum of the geometrical-optics field 
and the diffracted field, be continuous at shadow or reflection boundaries. 
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When the work of Kouyoumjian and co-workers is expressed in terms of the 
scalar diffraction coefficients D,, and D, where 


JBL 

D\(L, &, 6) = [valL, ”) — val, $°) ees (9-60) 
JBL 

D,(L, $$") = [vg(L, $) + v9(L, o*) ee (9-61) 


we have (without proof) [12, 14] 


253 e Ja) 


D(L. o, 6) = 2n/2nB sin yo 
ae (72 rtpa*(g — | 


+ Buea - $)] 


x 


aE 


or \erpLa* (¢+ ¢’)] 


+ cot(*= ae +O) \erpra-( + 6! i} (9-62) 


where, if the argument of F is represented by xX, 


= 2j|. /X|e* ir e J? dr, (9-63) 


JX| 


Again we see that a Fresnel integral appears in the expression for the diffraction 
coefficient. The factor F(X) may be regarded as a correction factor to be used in 
the transition regions of the shadow and reflection boundaries. Outside of the 
transition regions where the argument of F exceeds about 3, the magnitude of F 
is approximately equal to one as Fig. 9-19 shows. Even within a given transition 
region, usually only one of the four terms in (9-62) is significantly different from 
unity. 

The argument of the transition function, which is X = BLa*(¢ + @’), may be 
calculated for a known value of BL if a* as a function of (¢ + ¢’) is known. To 
determine a*(f + ¢') and a (¢ + ¢’) we use 


2 |2nnN* —(¢ + ¢') 


a*(p+$)=2 : 


(9-64) 
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oo 


F(BLa) = 2j\/BLa eittaf i" dt 
Via 


Magnitude 
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Figure 9-19 Magnitude and phase of the transition function F(BLa) where a= a* 
Onna 


in which N* are the integers which most nearly satisfy the four equations 


2mnN* —(d6+¢')=n2 (9-65) 
and 
2mnN” —(@+ ¢')= —7. (9-66) 


We note that N* and N~ may each have two separate values in a given prob- 
lem. For exterior wedge diffraction where 1 <n <2,N* =OorlbutN = —1, 
0 or 1. The factor a*(¢ + ¢’) may be intepreted physically as a measure of the 
angular separation between the field point and a shadow or reflection boundary. 

Now that we have all the necessary relationships to calculate D) and D, , we 
repeat (9-57) in the format of UTD as 


Eel [2 SIEBpoe ve 


where the spatial attenuation factor A(s) is defined as 


for plane, cylindrical, and conical wave incidence 


1 
vs - (9-68) 


5 Li2 
——— for spherical wave incidence. 
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It should also be mentioned that, since diffraction concepts apply to acoustical 
problems, the diffraction coefficients D, and D, in (9-67) are sometimes written 
D, and D,, respectively, which correspond to the acoustic soft and hard boun- 
dary conditions [14]. Equation (9-67) for the UTD is programmed in 
Appendix G.9. 


Example 9-2 Sample UTD Calculation 


The use of equations (9-59) to (9-68) is best illustrated by an example. Suppose we wish to 
calculate the diffracted field in Fig. 9-16 when ¢ = 250°. We have in this case: 6 + @ = 
325°; @ — ¢’ = 175°; L = 3A; BL = 6n. Thus, from (9-64) to (9-66) 


a*(p + ¢’') = 2 cos?(197.5°), where N* = 1 
a*(¢ — ¢') = 2 cos?(87.5°), where N* =0 
a" (¢ + ¢’) = 2 cos?(162.5°), | where N" =0 
a” (¢ — ¢’') = 2 cos*(87.5°), where N~ = 0. 


From Fig. 9-19, using the respective values of a* and a” above, we obtain 


F(6n - 1.819) = 0.999 + j0.0146 
F(6x - 0.0038) = 0.318 + j0.216 

F(6n - 1.819) = 0.999 + j0.0146 
F(6n - 0.0038) = 0.318 + j0.216. 


Using (9-62) and (9-68) 


D,(L, $, $") = —0.628 + j0.0735 
A(s)e 1 = 0.0577. 


From (9-67) 


E4(s) = —0.363 + j0.0424 
Or 
| E4(s)| = 0.365 


which agrees with Fig. 9-16. It is worth noting that when the four correction factors F 
above are multiplied by their associated cotangent factor, it is the third term above which 
is much larger than the others. As mentioned earlier, usually just one of the terms in 
(9-62) turns out to be large, even close to a shadow boundary. Equation (9-62) will not 
exhibit a singular behavior at a shadow boundary as was the case in Section 9.3 with 
(9-49) and (9-54). 
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If the field point is not close to a shadow or reflection boundary and ¢’ + 0 or 
nm (grazing incidence), the scalar diffraction coefficients D,, and D, reduce to 
Keller’s diffraction coefficients [see (9-52) and (9-53)] which may be written as 

e 4) sin(x/n) 


PO ons cast 


1 1 
—+—— |. 0) 
? v 005 i es co 


TT 
COS — — COS 
nh 


This expression is valid for all four types of incident waves given in (9-59), which 
is important because the diffraction coefficient should be independent of the edge 
illumination away from shadow and reflection boundaries. However, from Sec- 
tion 9.3 we know that (9-69) will become singular as a shadow or reflection 
boundary is approached. 

Grazing incidence, where ¢’ = 0 or nz, is a special case which must be con- 
sidered separately. In this case D, 0, and the expression for E4 must be mul- 
tiplied by a factor of 4. If we consider grazing incidence to be the limit of oblique 
incidence, we can see how the need for the factor of $ arises, because at grazing 
incidence the incident and reflected fields merge. When they merge, one-half of 
the total field propagating along the face of the wedge toward the edge is the 
incident field and the other half is the reflected field. The merged field is then 
regarded as being the “incident” field but it is too large by a factor of 2 and the 
factor of 4 becomes necessary. That is, (9-67) requires the use of the free space 
incident field and not the merged field. 

The uniform theory of wedge diffraction described in this section (which is 
programmed in Appendix G.9) permits us to consider diffraction problems where 
in both the source and observation points are quite close to the diffracting edge 
(i.e. a wavelength or even less). It also permits us to consider any type of TEM 
incident field. A more general expression for L, valid for an arbitrary wavefront 
incident on the straight edge of a wedge, appears in the literature [13, 14]. 

Unlike the edge diffraction formulas presented in Section 9.3, (9-62) is valid in 
the transition regions of the incident field shadow boundary and the reflected 
field shadow boundary. Equation (9-62) cannot be used to calculate the field at a 
caustic of the diffracted ray. This does not conflict with the concept of a uniform 
theory of wedge diffraction because geometrical optics itself is incapable of deter- 
mining the field at a caustic. The field at a caustic may, however, be found 
through use of a supplementary solution in the form of an integral representa- 
tion of the field. The equivalent sources in the integral representation are deter- 
mined from a suitable high-frequency approximation such as a geometrical 
optics or the geometrical theory of diffraction. The calculation of the field at a 
caustic by such methods will be considered in Section 9.10. 
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9.6 E-PLANE ANALYSIS OF HORN ANTENNAS 


To illustrate the application of the uniform theory of diffraction presented in the 
previous section, consider the E-plane horn antenna shown in Fig. 9-20a. In this 
section we use the model shown in Fig. 9-20b to compute the complete E-plane 
pattern of the horn antenna. The model is simple and therefore particularly 
well-suited to use as a first example of the application of the UTD. The model 
has only three sources of radiation and is two-dimensional in nature (1.e., infinite 
in the +x-directions) which in the E-plane well-represents a three-dimensional 
horn antenna. 

The equations applicable to the analysis are as follows. Note that the angle ¢ 
(0 <¢ <2n) is used instead of 0 (0 <@ <7) so that positions in the yz-plane 
may be defined unambiguously. In the far field we have (in the yz-plane) 


r,=r—asin€ | (9-70) 
fy = 71 + a sin ¢ (9-71) 
rz=r+p, cos € cos Cy (9-72) 


where r, and r, are distances to the far-field observation point P(r, C, ¢= 7/2) 
from diffracting edges 1 and 2 respectively, and r, is the distance from the line 
source to the far-field observation point as shown in Fig. 9-20b. Thus, the inci- 
dent field along the direct ray can be expressed by 


Ra aa: 


ee es 


eo JBPE cos € cos OE —lp << C < Cr (9-73) 


and 
E'(P) Me 0, OF 0) PR (9-74) 


Note that in applying the UTD we do not replace the conducting surfaces with 
equivalent currents radiating in free space as in the preceding chapters of this 
book. Instead, the conducting surfaces are retained. As a consequence, for exam- 
ple, E'(P) = 0 when € > €,. 

The edge diffracted field at P(r, 6, d = 2/2) from a diffraction point Q, on the 
“top” edge may be written 


EX(P) =f B\(Q,)D.(L, 6, 6) = 5 BL Du(L, 6, $!) Se ebtenns 
1 D ae iA p) D) Jr, aa ) abil p) oy WE p) 
Fy r 
ON (9-75) 
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Figure 9-20 (a) E-plane sectoral horn. (6) Model of 
E-plane sectoral horn. (c) Neglected rays. 
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and 


F4(P) = 0, eee (9-76) 


Similarly, the diffracted field at P(r, ¢, @ = 7/2) from a diffraction point Q, on 
the “bottom” edge may be written 


1 a ; e Jbr2 1 ; : et 3 si 
E3(P) = 5 Ei(Q2)Di(L, &, $') WE =5E. DL 4, ¢) +e jpasin€ 
P9) hr 


Tl 


Bye tape eS = (9-77) 
and 
E4(P) = 0, Beas: (9-78) 
where | 
B(0,) = BL(Q)= — (0-79) 


Thus, the total field at an observation point P(r, 6, @ = n/2) may be written as 
the scalar sum 


E(P) = E\(P) + E4(P) + E4(P). (9-80) 


In the above equations scalar D, denotes the diffraction coefficient at the 
point of diffraction Q,, for the case where the incident electric field is normal to 
the edge. The diffraction coefficient at Q,, depends on the geometry of the inci- 
dent and diffracted rays at Q,, and is most accurately given by (9-59) and (9-62). 
Here, of course, we consider the incident field to be cylindrical and use the 
cylindrical wave form for the distance parameter L. E‘(Q,,) is the incident field 
that is both perpendicular to the edge and to the incident ray. 

At first glance the factor of one-half in (9-75) and (9-77) might appear to be 
incorrect. However, in this problem the rays from the line source are incident at 
a grazing angle with the surface of the horn walls and therefore deserve special 
consideration. Grazing incidence, where ¢’ = 0 or nz, requires that D, in (9-67) 
be multiplied by a factor of 4 as discussed in the preceding section. 

Figure 9-21 shows results calculated with the model shown in Fig. 9-20b and 
also experimental data. The agreement between the calculated results without 
using double diffractions (dashed curve) and the experimental results is seen to 
be very good. Note that there is a discontinuity in the calculated results when 
¢ = 90° (or 270°). This discontinuity may be removed simply by including rays 
which diffract from Q, (or Q,) and travel across the horn aperture to Q; (or Q2) 
and are diffracted a second time as indicated in Fig. 9-20c. 
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Figure 9-21 Calculated and experimental E-plane patterns of an E-plane sectoral 
horn. 


Also shown in Fig. 9-20c are several other rays which have not been included 
in the calculated results because in this problem they provide a relatively weak 
numerical contribution. Strictly speaking, those rays shown in Fig. 9-20c which 
do not involve double diffractions should be included in the analysis. These are 
the two rays that experience a reflection after undergoing diffraction at Q, (or 
Q;, which are not shown). Of the two doubly diffracted rays shown, here only 
the one from Q, to Q, is important because it compensates for the shadowing of 
Q, when € > 90°. There is no similar compensation needed in the case of the 
other doubly diffracted ray which goes from Q, to the “top” wall and back 
to Q,. 

In conclusion, we have used a simple model (i.e., Fig. 9-20b) to calculate the 
E-plane pattern of horn antennas with good results. Strictly speaking, we should 
have included some of the rays in Fig. 9-20c but did not do so for the sake of 
simplicity without a loss of accuracy. It is a fundamental fact that in applying the 
UTD (or GTD), one must be careful to identify and to include all rays that arise 
in the problem. In the horn problem here we were able to omit some of the rays 
only because they were not in or near a transition region. 
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9.7 CYLINDRICAL PARABOLIC ANTENNA 


As a second example of the application of the UTD, we consider the cylindrical 
parabolic antenna shown in Fig. 9-22. We use the aperture integration procedure 
given in Chapter 8 to obtain the pattern in and near the main beam, but use the 
UTD to compute the pattern everywhere else. As in the study of the horn 
antenna in the previous section, the model here is two-dimensional. We consider 
only the diffractions that occur at the edges of the parabolic surface and ignore 
any higher order rays associated with the curved surface (e.g., see Section 9. 12). 

First let us consider the equation for obtaining the main beam and first few 
side lobes. From Section 8.1 we may write for the far field E* obtained by 
aperture integration 


—jbr a a) as 
EMP) = iB) ees ay (0-81) 


where f(0,) is the pattern of the electric line source current I° which serves as the 
feed for the cylindrical parabolic reflector antenna. (If the line source pattern is 


Q2(y = —a) 


Figure 9-22 Cylindrical parabolic antenna geometry. 
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isotropic, f(0,) = 1.) Equation (9-81) is a two-dimensional specialization of the 
equations in Section 8.1. 

Equation (9-81) can, of course, give us the pattern for 90° >> —90°. 
However, since we must perform the aperture integration anew for each value of 
¢, it is more efficient in the computational sense to use (9-81) for 6, >€ > —-C, 
where ¢, is the angular extent of the main beam and the first side lobe or two 
and then to use the UTD for the remainder of the pattern. Clearly, we do not use 
aperture integration and the UTD simultaneously in the same angular sector. 

For the UTD model of the antenna the following equations apply. For the 
singly diffracted field from Q, we have at the far-field observation point 


P(r, 6, 6 = 1/2) 


E%(P) = 0, = -yst<> (9-82) 
and elsewhere 
d , e Jbri 
1 
SUAS Dey 
© E)\(Q1)D\(L, 4, ¢’) We eg (9-83) 


where (9-70) has been used in (9-83). Similarly the diffracted field at Pirlo = 
m/2) from Q, may be written 


ES(P) 0) : 55 Py (9-84) 
and elsewhere 
‘(P) = E\(Q2)D\(L, 4, 6) ° 
E4(P) = E'\(Q,)D,(L, ¢, 
2 WWS2 PY | Jr 
ade 


e ipasint (9-85) 


© E'\(Q2)D\(L, ¢, ’) oe 


i 


where (9-71) has been used in (9-85). In both (9-83) and (9-85) 


e JB Po 


E\(Q;) = E'\(Q2) = ts F (9x). (9-86) 


The total field at an observation point P(r, 6, @ = 2/2) may be written as either 


E(P) = E\(P) + E4(P) (9-87) 
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Figure9-23 Calculated H-plane pattern of a cylindrical parabolic reflector 104 across 
having a focal-length-to-diameter ratio of 0.5. 


Or 
E(P) = E(P) + E4(P) + E4(P) (9-88) 


depending on the angle ¢ as mentioned earlier. 

Figure 9-23 shows a calculated pattern for a cylindrical parabolic reflector 
having a 10A aperture (i.c., 2a = 10A) and a focal length to diameter ratio of 0.5. 
The electric line source that models the feed has a pattern of f(0,) = cos” 0, for 
0, > 90° and f(0,) = 0 in the forward half-space where 0, < 90°. We note that the 
pattern has a small discontinuity at ¢ = 90° (and 270°) and that this discontinu- 
ity can be removed by including double diffracted rays between Q, and Q, as 
was done for the horn in the previous section. We also note that there is a small 
discontinuity at about £ = 127° (and 233°) which is a result of the shadowing of 
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Figure 9-24 Aperture distribution for the parabola of Fig. 9-23 with 
a feed pattern of cos? 6,. 


Q, (or Q, when ¢ © 233°). The relatively high level of the pattern in the vicinity 
of ¢ = 120° is due to the spillover caused by the feed pattern. 

It is interesting to note that for the chosen feed pattern of cos? 0, the aperture 
electric field distribution is almost that of a cosine on a pedestal with a — 15-dB 
edge illumination as shown in Fig. 9-24. Referring to Table 4-2, we see that such 
a distribution should produce a pattern with a side lobe level of —22 dB. Exam- 
ination of the pattern in Fig. 9-23 shows that indeed the side lobe level is 
—22 dB. Thus, the pattern in the forward half-space could be well-represented 
by a line source, as discussed in Chapter 4, once the aperture field distribution is 
known. 

In this section we have examined the H-plane pattern of a cylindrical para- 
bolic antenna (i.e., an electric line source was used to model the feed). We could 
also analyze the E-plane pattern when a magnetic line source is used to model the 
feed. This is left as an exercise for the student. 
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To illustrate further the application of the uniform theory of diffraction, con- 
sider the situation in Fig. 9-25 wherein a radiating slot is asymmetrically located 
along the x-axis of the rectangular plate. We desire pattern information in both 
principal planes to determine the amount of ripple in the pattern caused by edge 
diffraction. In general the edges denoted Q, and Q, will be illuminated unequally 
unless d, = d, and thus the pattern in the xz-plane will not be symmetrical about 
the z-axis. 
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Figure 9-25 Geometry of a slot on a rectangular plate. 


The geometry of the problem to be investigated, as depicted in Fig. 9-25, is a 
narrow aperture (or slot) with length T on a finite ground plane of dimensions A 
and B. The narrow slot has an electric field polarized in the x-direction and has 
a cosine-distribution in the y-direction. The length of the slot is taken to be 
one-half wavelength at the operating frequency. 

For radiation in the xz-plane above the ground plane the problem is repre- 
sented, to a first degree approximation, by an infinitely long slot. According to 
UTD there exists two edge-diffracted rays originating from edge points Q, and 
Q, due to the finiteness of the ground plane. Therefore, for a far-field observa- 
tion point P(r, 0, = 0) in the region of interest, the total field is the sum of the 
contributions from the direct ray and two edge-diffracted rays as shown in 
Fig. 9-26. Doubly diffracted rays exist but are small compared to the singly 
diffracted rays shown in Fig. 9-26 and are not included in the present analysis. 

For radiation in the yz-plane above the ground plane, a sampling of N+ 1 
ideal dipole sources with cosine distribution is performed. There exists no first- 
order edge-diffracted rays because the incident ray is zero in the yz-plane. A 
geometry of five samplings (N = 4) is shown in Fig. 9-27. The end dipole sources 
are of zero amplitude since tangential E is zero at the ends of the slot. 

First let us consider the radiation pattern in the xz-plane. The direct ray from 
the narrow slot at an observation point P(r, 0, ¢ = 0) is 


: 9-89 
Si (9-89) 
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Figure 9-26 Direct and diffracted rays contribu- 
ting to the xz-plane pattern. 


The edge-diffracted ray from Q, at P(r, 0, @ = 0) becomes 
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Figure 9-27 Direct rays from the dipoles 
representing the slot contributing to the 
yz-plane pattern. 
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The edge-diffracted ray from Q, at P(r, 0, @ = 0) yields 


e Jbr2 


BA(P) = 05 BY(O.)DuLL, 4, $°) (9-92) 
with 
Ei(Q,) = iB. = 4E'(Q,) (9-93) 


The total field at an observation point P(r, 0, @ = 0) then becomes (in the sym- 
metrical case) 


E(P) = E'(P) + E4(P) + E4(P). (9-94) 


The parameters r, r,, d,, r., and d, are shown in Fig. 9-26. The parameter E, 
represents the magnitude of the electric field at the narrow slot in the xz-plane. 
E'\(Q,,) is that component of the incident field which is both perpendicular to the 
edge and to the incident ray. To first order D, is zero. However, there is a small 
amount of diffraction that does take place and this is called slope diffraction (see 
Prob. 9.8-1). The addition of slope diffraction to the diffracted field ensures that 
not only is the total field continuous across a shadow boundary, but also that 
the derivative of the total field is continuous. 

For the slot problem of Fig. 9-25, the radiation in the yz-plane may be 
analyzed in the region above the ground plane to a first degree approximation, 
by an array of dipole sources with a cosine distributed amplitude across the 
array. Let the total number of dipoles in the array be N + 1, then the separation 
between dipoles is 


yh 
=—. 9-95 
s= 5 (9-95) 
The total field at an observation point P(r, 6, @ = 0) then becomes 
a ee oe Sk \ee 
E(P) = 0E, sin(90°— 0) > cos( "Jem sin 0 (9-96) 
n=—-N/2 


In Fig. 9-27 the geometry of yz-plane with five dipoles (N = 4) in the array is 
shown. 

Figure 9-28 shows the far-field pattern results in the xz- and yz-planes at both 
1 GHz and 3 GHz. The ground plane is 61 by 61 cm but the slot is taken to be 
one-half wavelength at each frequency and diffraction in the yz-plane has been 
assumed to be neligible, and under this assumption the pattern in the yz-plane is 
the same at each frequency as indicated in Fig. 9-28. However, due to diffraction 
the two patterns in the xz-plane are different, the “ripple” in the patterns being 
the result of the diffracted energy. Since the slot is located symmetrically on the 
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Figure 9-28 Far-field patterns in both principal planes at 1 GHz and 3 GHz. 


ground plane, we see that the pattern is symmetric about the z-axis. For com- 
pleteness the slope diffraction contribution to the yz-plane pattern at 1 GHz and 
3 GHz is also shown. 

While an experimental comparison is not shown here, such comparisons have 
been made with excellent results [14] even though diffraction from the four 
comers or vertices of the ground plane has been neglected. Although a formal 
solution for vertex diffraction does not yet exist, we know from experimental 
measurements that vertex diffraction is generally much weaker than wedge 
diffraction. Thus, the total far field is given to a good approximation by (9-94). 
In the problem considered here, vertex diffraction is weak in the xz- and yz- 
planes and somewhat stronger in the @ = 45° and ¢ = 135° planes. 


9.9 RADIATION BY A MONOPOLE ON A 
FINITE GROUND PLANE 


As another application of the uniform theory of diffraction and also as an 
-example of a problem with a caustic in it, let us consider the two situations 
depicted in Fig. 9-29. First, consider the situation in Fig. 9-29a of a 4/4 mono- 
pole on a square plate and suppose we wish to obtain the pattern in the xz- 
plane. For purposes of far-field calculation and conceptual simplicity, a suitable 
approximation to the 4/4 monopole is the ideal dipole of Chapter 1. We will 
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Figure 9-29 Monopole on a finite ground plane: (a) square 
ground plane, (6) circular ground plane. 


consider the ideal dipole to be resting on the surface of the ground plane. Thus, 
following the development of the previous section for the slot, we have for the 
direct ray from the ideal dipole at P(r, 0, @ = 0) 


~ jbr 


A 


E(P) = 6E, 


sin 0 (9-97) 


which now must obviously be considered to be a spherical wave. The edge- 
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diffracted ray from Q, at P(r, 0, 6 = 0) appears to emanate from a single point 
and is therefore 


eal Call ‘ e Jbri 
E{(P) = 05 E'(Q,)D,(L, ’, P )y dy (9-98) 
1 
with 
, P e Jbd1 “ays 
Ei (Q,) = #£,—— = 4E'(Q,). (9-99) 
1 
i 
i) 
te 
Circular ground plane 
radius = 3d 
2) 
8 Measured (circular case) 
© 


——— Calculated (square case) 
(Lopez) 


® ® Equivalent current solution 
(circular case) 
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Pattern angle, 0 (degrees) 
Figure 9-30 Radiation pattern of a short monopole on a circular ground 


plane 6A in diameter. The calculated curve by Lopez [15] is for a 6A x 6A 
square ground plane. 
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Similarly, the edge-diffracted ray from Q, at P(r, 0, ¢ = 0) is 


EYP) = 05 EL(Q)Di(L, 4, Vee 


with E' (Q,) given by (9-99) since the source is located at the center of the ground 
plane. Diffraction from the sides containing Q, and Q, does not contribute to 
the far field in the xz-plane since the monopole is positioned at the center of the 
ground plane and the diffracted fields from these two sides will cancel one 
another. As in the case of the slot of the previous section, we neglect diffraction 
from the four corners or vertices of the ground plane. The corresponding pattern 
for a 64 square ground plane is given in Fig. 9-30 (dashed curve). 

If we now consider the geometry of Fig. 9-29b, we note that in the xz-plane 
the diffracted radiation will also appear (due to Fermat’s principle) to come from 
two points which are called stationary points. We note too that the z- axis iS a 
caustic in this problem because all rays from the circular edge of the ground 
plane intersect along the z-axis. Therefore, while we can expect to use the two 
stationary points to calculate the diffracted field contribution to the pattern in 
regions not near the caustic [15], we can likewise expect the “ two-point approxi- 
mation” to be increasingly in error as the observation point P moves nearer the 
caustic. Figure 9-30 shows that indeed this is the case since the measured and 
two-point calculated patterns diverge both as 6 0 and 6 — 17, which is also a 
caustic. The apparent difficulty in the vicinity of the caustic can be overcome, as 
suggested in Fig. 9-30, by the use of a fictitious equivalent edge current. As will 
be seen in the next section, the so-called equivalent current is not a physical 
current at all, but rather a mathematical artifice for predicting the correct dif- 
fracted field at or near a caustic. 


e Jbr2 


(9-100) 


Li} 


9.10 EQUIVALENT CURRENT CONCEPTS 


In the previous section we saw that, in the treatment of the circular ground 
plane, we could obtain the diffracted field using ordinary wedge diffraction 
theory if the point of observation was not near a caustic. In essence, we were 
treating the problem as a two-dimensional one with the diffraction being taken 
as that from an infinite two-dimensional wedge, whereas in fact we had a finite 
edge that was not straight, but curved. 

To properly treat the diffraction by a curved edge or a finite wedge (i.e., finite 
length of the edge), it is necessary to consider the concept of equivalent currents 
[16]. As we shall see, the strengths (i.¢., amplitude and phase) of these so-called 
equivalent currents will be determined by the canonical problem of wedge 
diffraction. 
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Consider the wedge of Fig. 9-17 to be of finite extent, —//2 < z(Q) < //2. To 
Start, we assume the currents are the same as those on an infinite wedge. Let us 
determine the current flowing on the edge of the infinite wedge which would 
produce the scattered field predicted by wedge diffraction analysis. Thus, we 
specify an infinite line source whose current is determined by the diffraction 
coefficient. If the z-directed line source is an electric current, it can be shown in a 
manner similar to that used in Sections 1.3 and 7.11, that the solution to the 
scalar wave equation is [17] 


W = 5 HOB) (9-101) 
4j 
and therefore that the z-component of the electric field is 
~ (ine 
E, = ——— H® 9-102 


where [° denotes an electric current. If the argument of the Hankel function 
H'?)(Bp) is large, then using the asymptotic representation of the Hankel func- 
tion, we obtain 


piln/4) r ; 
E, = nBl?—=——e #0. 9-10 
2 = nBl’ Sap (9-103) 


We note that (9-103) represents an outward traveling wave in the cylindrical 
coordinate system with the proper Jp dependence for a two-dimensional prob- 
lem. If instead the line source is a magnetic current J”, then we have 


B ell n/4) 
fp 
n 2,/2nBp 


Since we are at present considering a strictly two-dimensional problem, we 
can also apply wedge diffraction theory to obtain the diffracted field from the 
edge for the two orthogonal polarizations. Thus, 


H/== ea (9-104) 


e Ibe 
ei 


e Ibe 


oF (9-106) 


where D, and D, are given in Section 9.5. Usually, however, we find that the use 
of equivalent currents involves the calculation of diffracted fields in regions away 
from an incident field or a reflected field shadow boundary or their associated 
transition regions. Thus, the asymptotic form in (9-69) for arbitrary incidence 
angle yo is usually sufficient. 


E, = D\(L, ¢, ¢’)E: 


(9-105) 


and 


H, = D,(L, $, $')H: 
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From (9-103) with (9-105) and also (9-104) with (9-106) we can solve for the 
electric and magnetic currents of an infinite line source which will produce the 
same far fields predicted using the diffraction coefficients. Thus,* 


—2j _. 
[°= <p EP \ | op, '; *| /2npel™ (9-107) 
and 
pal a up, 6,0: 5 | V2mB eins), (9-108) 


We note that (9-107) and (9-108) give us the equivalent currents I° and J” but 
that they are numerically different for each value of and ¢’. The fact that these 
currents are different for different observation points (i.e., values of @) serves to 
emphasize the fact that these equivalent currents are not true currents, but 
fictitious currents that simply aid us in calculating diffracted fields. 

Considering Fig. 9-17 with the ray incident normally on the edge (yo = 1/2), 
we have, respectively, for the far-zone diffracted fields 


Jou sin 6 —Fip fs 1\ ,J Bz’ cos 8 / 
¢=-—__e J TAG Neate ed 9-109 
gm eee vedhs [hesle(e) z (9-109) 
and 
JOS Cee vi 
fre en Hana eles ae 9-110 
Anr > [ oe oe 4 ( ) 


As in Chapter 4, we see that since the currents are constant with respect to As 
(9-109) and (9-110) reduce to results in the general form of sin(x)/x with respect 
to the 6-coordinate. 

For the case of non-normal incidence (i-¢., yo # 7/2), we can proceed in the 
same manner and show that 


2), neato 
die a5 ELD \($, $5 Yo/ 2B erm ete“ 2° (9-111) 
and 
— jn, Paras 
[" = ric 1 FD, (o, 0's yo)s/2mB ek Melhé <8 70 (9-112) 


which includes the phase term to account for the traveling wave type current due 
to the non-normal angle of incidence. In obtaining (9-111) and (9-112) we have 
neglected the effects of the terminations at z= +//2. If the effect of the termina- 
tion could be specified, an alternative equivalent current could be composed of 


4 Note that we denote the diffraction coefficient to be a function of L, ¢, and ¢’ to imply the Fresnel 
integral form of the uniform theory in (9-62) and use ¢, ¢’, and yo when the asymptotic form in (9-69) 
is intended. 


9.11 A MULTIPLE DIFFRACTION FORMULATION 495 


the currents given above plus a reflected current due to the termination. These 
reflection effects would be expected to be of most concern in the backscatter 
direction, rather than in the direction of the bistatic scattered field. Even so, as the 
edge becomes long in terms of the wavelength, termination effects diminish. In 
addition, usually the above currents find their application in the angular region 
near the plane normal to the edge, further diminishing any possible termination 
effects. 

When we obtain equivalent currents, we invoke the postulate of diffraction 
theory that diffraction is a local phenomena. For curved edges, we stretch this 
postulate even further than for the straight edge. That is, we assume that each 
point on a curved edge acts as an incremental section of an infinite straight edge 
and thereby determine the equivalent current. Thus, for example, the equivalent 
current that would enable us to calculate the diffracted field at the caustic of the 
problem in Fig. 9-29b, would be [14] 


I™ = —( x &’)- ED, 4, d'; | [et Cele (9-113) 


where we have used the result of (9-108) and the fact that (6 x $’) gives us the 
unit vector perpendicular to the ray from the sources to the edge. The use of 
(9-113) gives the calculated results in Fig. 9-30 which agree with experimental 
measurements in the caustic region. 

If, on the other hand, the source in Fig. 9-29 were a magnetic dipole, then the 
required equivalent current would be [14] 


Dies OE | neue 8x — j(n/4) MM 
es p, (0:2) |e 3 (9-114) 


For an arbitrary polarization of the incident wave, both electric and magnetic 
currents are necessary to obtain the total diffracted field. Such a situation would 
occur, for example, in the calculation of the fields at or near the rear axis of a 
circular parabolic reflector antenna which is a caustic region. At the rim of the 
parabolic dish, the polarization of the field incident from the feed is generally 
neither perpendicular nor parallel to the edge. Thus, both electric and magnetic 
equivalent currents at the rim would be required to obtain the total diffracted 
field in the rear axial region. 


9.11 A MULTIPLE DIFFRACTION FORMULATION 


In the previous two sections we considered radiating elements on infinitely thin 
ground planes (i.e., n = 2). If, instead, the ground plane were “thick” such that 
one side could be represented by two 90° wedges as shown in Fig. 9-31, then it 
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Figure 9-31 Magnetic line source exciting 
oo oo surface rays on a half-plane of finite thickness. 


would have been necessary to consider the multiple diffractions that occur be- 
tween the two closely spaced edges. In such a situation, some of the energy 
diffracted by one edge is in turn diffracted by the other giving rise to second 
order diffraction or to double diffracted rays. Clearly, some of these double 
diffracted rays give rise to still higher order multiple diffractions. 

If, to reasonably approximate the total diffracted energy, it is necessary to 
include doubly diffracted rays, then it is usually simplest to include them in the 
same manner used to account for the first order diffraction in the previous two 
sections. On the other hand, if it is necessary to account for diffractions higher 
than second order, it is advantageous to use a procedure known as the method of 
self-consistency. 

Briefly, the method of self-consistency incorporates all the diffracted rays (i.e., 
single as well as all higher order multiple ones) into a total (or net) diffracted 
field from each diffracting edge. Thus, each of these total edge diffracted fields is 
excited by a surface ray. Between the two diffracting edges there are, therefore, 
two surface rays traveling in opposite directions. The amplitudes and phases of 
these two surface rays are treated as unknowns. To solve for the two unknowns, 
two equations are generated by applying single diffraction conditions at each of 
the two diffracting edges. 

To illustrate, consider Fig. 9-31. The coefficients C, and C3 are the unknown 
amplitudes (i.e., magnitude and phase) of the two surface rays on the surface ab. 
The coefficients C, and C, are known once C, and C; are known. Thus, we may 
write the following equations. At edge a, 


C, = C3R,, aF V; (9-115) 
and at edge b, 
C3 = Crk =P V3 (9-116) 
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and knowing C, and C; we have 
C, = T,,C3 + V2 (9-117) 
Cy = TyC, + Va (9-118) 
where R and T are reflection and transmission coefficients, respectively, and V is 


the direct source contribution to the corresponding surface ray. 
Equations (9-115) and (9-116) may be written in matrix form as 


ew tes] fe ci 


[Z][C] = [V] (9-120) 


where [Z] is taken to be a coupling matrix and [V] is the excitation matrix. The 
elements of the coupling matrix specify the interactions between the two surface 
rays. In general, two surface rays may couple only if they travel on the same or 
adjacent faces of a polygon as shown in Fig. 9-32. This, in general, leads to a 
sparse [Z] matrix. 

For the situation in Fig. 9-31, the reflection and transmission coefficients are 


or compactly as 


e JB Pab bi 
Ray = ve 3 PLL, $ ¢’) (9-121) 
where 6° = @ =O and y, = 90°, and 
e JB Pab yp ‘ 
Tay = i(L, , $') (9-122) 


Ue 
where ¢* = 2x — 2/2, 6 =0, and y, = 90°. For T,,, @* is 27 less the interior 
wedge angle of 2/2. In both cases the distance parameter L used is that for 
cylindrical waves. For the special situation depicted in Fig. 9-31, R,, = R,, and 
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Figure 9-33 Polygon approximation 
of a curved surface cylinder. (a) 
Curved surface. (b) Polygon approxi- 
(a) (b) mation. 


Ty, = Tha. This is not true in general. For example, it would not be true for the 
situation depicted in Fig. 9-33. 
For the two excitation matrix elements we have 
e JB Psa 


y= D,(L, ¢, ¢' 9-123 
Ps ( ) (9-123) 


Vos Sees py(Laoleone he 9-124 
vos (L, ¢, ¢’) (9-124) 


where p,q is the distance from the line source to edge a and p,, is the distance 
from the line source to edge b. If the line source did not directly illuminate, say, 
edge b, then V3; would be zero. Here we have considered only the TE case. A 
consideration of the TM case requires a knowledge of slope diffraction (see 
Section 9.8). 

As stated earlier, it may be sufficient in many problems to only take into 
account second order diffraction thereby neglecting all higher order multiply 
diffracted rays. An example of a situation where the method of self-consistency 
greatly simplifies the amount of work required for solution is suggested by 
Fig. 9-33. It is possible and practical to approximate the curved surface of 
Fig. 9-33a with a polygon such as that in Fig. 9-33b. For an accurate approxima- 
tion to the curved surfaces, the edges in Fig. 9-33b may be sufficiently close 
together that higher order multiple diffractions should be taken into account. 
The easiest way of doing that is via the method of self-consistency. However, the 
self-consistent field method only works well provided an edge is not in the 
transition region of a diffraction from another edge. This is a possibility if 
adjacent edges of the polygon are closely aligned and this limits the degree to 
which the curved surface may be approximated. 


9.12 DIFFRACTION BY CURVED SURFACES 


In previous sections we have seen how a perfectly-conducting wedge diffracts 
energy into the shadow region. Curved surfaces may also diffract energy [14, 19]. 
That is, when an incident ray strikes a smooth, curved perfectly-conducting 
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Figure 9-34 Creeping wave concept of dif- 
fraction by a curved surface. 


surface at grazing incidence, a part of its energy is diffracted into the shadow 
region as illustrated by Fig. 9-34. 

In Fig. 9-34, the incident plane wave undergoes reflection from the illuminated 
portion of the scatter and undergoes diffraction at the shadow boundary at point 
A which is a point of tangency for the incident ray. At this point a portion of the 
energy is trapped resulting in a wave which propagates on the surface of the 
scatterer, shedding energy by radiation as it progresses in directions tangent to 
the surface (e.g., point B). 

This wave that propagates along the surface is known as a creeping wave. The 
creeping wave can be described by a launching coefficient at the point of capture, 
by a diffraction coefficient at the point of radiation, by an attenuation factor to 
account for the rate of radiation, and by a description of the path on the 
scatterer traversed by the creeping wave. Thus, we could write for the creeping 
wave contribution to the scattered field, ES,,, in the case of a two-dimensional 
problem 
— jpe 


aie (9-125) 


ES, = EL ,D,G(s)< 


where 


Eww = creeping wave scattered field 
L4 = the launching coefficient at point A 
D, = the curved surface diffraction coefficient at point B 
p(s) = a(s) + jB(s) = creeping wave propagation factor 
s = arc length along the creeping wave path 


G(s) = the ray divergence factor determined by the 
geometry of the ray. 
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The concept of a creeping wave is valuable in that it helps one visualize the 
physical process involved in diffraction by curved surfaces. For example, the RCS 
of a sphere as a function of the sphere radius is presented in Fig. 9-7. We can 
interpret the oscillatory feature of the curve as being caused by two creeping 
waves traveling around the sphere in opposite directions. Depending upon the 
electrical size of the sphere, these two creeping waves tend to either construc- 
tively or destructively interfere with each other causing the RCS to oscillate 
about the value contributed by the specular scattering in (9-23). As the sphere 
becomes larger, the amount of oscillation decreases which may be attributed to 
the decreasing amplitudes of the two creeping waves due mostly to the factor 
a(s) in (9-125). 

Diffraction by curved surfaces is mathematically more complex than that for 
the canonical problem of the wedge, so we will not pursue it further here. For 
many engineering purposes, the student can adequately approximate a curved 
surface by the method of the previous section. 


9.13 EXTENSION OF MOMENT METHODS 
USING THE GTD 


In Chapter 7 we saw how the method of moments could be applied to many 
antenna and scattering problems wherein the antenna or scatterer was not exces- 
sively large in terms of the wavelength. In this chapter we have seen how 
geometrical optics and the GTD can be applied to problems that are large in 
terms of the wavelength. The purpose of this section is to show how the class of 
problems solvable by moment methods can be enlarged by incorporating the 
GTD into the moment method solution [20]. In studying this section, the stu- 
dent will have an opportunity to test his or her understanding of the fundamen- 
tal concepts developed in Chapter 7 and in the previous sections of this chapter. 

Recall from (7-42) the elements of the generalized impedance matrix which 
may be given in inner product notation as 


ifnt oi pois by (9-126) 


This states that the Z,,,,th element of the impedance matrix is found by reacting 
the mth test function with the electric field from the nth basis function. Similarly, 
the mth element in the generalized voltage matrix is found by reacting the mth 
test function with the incident field. 

Now in a strictly moment method formulation of a given problem all material 
bodies are removed and replaced with equivalent currents radiating in free space. 
Thus, when one reacts the mth test function with the field from the nth basis 
function, it is only that field which directly arrives at the mth test function via the 
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shortest free space path which one needs to consider since it is the only possible 
field. However, suppose there exists in a given situation a portion of the struc- 
ture which is not represented by equivalent currents (i.e, a material body re- 
mains as shown in Fig. 9-35). In this case, the calculation of the impedance 
matrix elements is more complex but not unduly so. Let these new impedance 
matrix elements be denoted Z,,,,. In terms of (9-126), the reaction of J,, with E,, 
may be interpreted to mean the reaction of the test source with not only the field 
from the true source arriving at the test source directly, but in addition the 
reaction of the test source with fields from the true source that arrive by other 
means as suggested by Fig. 9-35. Therefore, one can write 


Zl. ake bE. (9-127) 


where a may be set to unity and b = b(m, n) is different for each m and n. The 
quantity bE, also represents the field due to J,,, but arriving at the mth observa- 
tion point or region due to a physical process, such as a geometrical optics or a 
diffraction mechanism, which is not accounted for in that portion of the problem 
formulated by the moment method. Thus, 


Zinn = Im» En> + (Sm, DEn»> (9-128) 
or 
VE a Sgoesn Al Al (9-129) 


where the superscript g denotes that Z%,, is an additional term added to, in 
general, each impedance matrix element due to a physical process g that redir- 


ects energy from the nth basis current function to the location of the mth test 
source. 


nn na a 


Material body Material structure 
replaced by equivalent not characterized 
currents in localized by equivalent 
free space currents 


Figure 9-35 A source radiating in free space with one 
scatterer replaced by an equivalent current and the other 
remaining as a material body. 
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As implied by Fig. 9-35, there is also a modification of the usual generalized 
voltage matrix terms. That is, 


Vi, = Jn be + CE, (9-130) 
where E, is the incident field arriving directly at region m and cK; is that field 


from the source redirected to region m by a physical process g. We note that 
c = c(m) is different for each m. 


Vt, = <Sm> E> + Sm» CEL, (9-131) 
or 
Vin Sm ti VG (9-132) 
As a direct consequence of the foregoing discussion, we have 
[ZU = (V] (9-133) 
and its solution as 
W=(Z7 V1) (9-134) 


where [I’] is the current on, for example, an antenna operating in the presence of 
scattering mechanisms that may be accounted for by either geometrical optics 
techniques or GTD. 

Initially, to combine the method of moments and GTD into a hybrid 
technique, consider the problem of a monopole near a perfectly conducting 
wedge as shown in Fig. 9-36. If we describe the monopole on an infinite ground 
plane strictly by the moment method matrix representation given in (7-42), then 
for the monopole near the conducting wedge we utilize (9-133) where in (9-129) 
the term Z%,, is obtained by considering that energy radiated by the nth basis 


2a—>| -— 
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Figure 9-36 Monopole on a conducting wedge. 
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function on the monopole that is diffracted by the wedge to the mth observation 
point or region. In the work here we employ pulse basis functions and point- 
matching wherein the testing functions are delta functions. However, the choice 
of basis and testing functions is not restricted to these functions. 

To calculate Z%,, we compute the electric field from the nth pulse basis func- 
tion incident upon the edge of the wedge at the stationary point. Taking that 
component of the electric field perpendicular to the edge and to the direction of 
propagation of the incident field, we then compute the energy diffracted to the 
observation point at the center of the mth segment on the monopole. The com- 
ponent of this field tangential to segment m is the term Z%,, of (9-129) since we 
are employing delta weighting functions. To compute the diffracted field, we use 
the formulation in Section 9.5 for the case of spherical wave incidence. 

Shown in Fig. 9-37a is a calculated curve for the input resistance of a quarter- 
wavelength monopole a distance d from the edge of a perfectly conducting wedge 
(see Fig. 9-36). We note that the resistance oscillates about the value for a 
quarter-wavelength monopole on an infinite ground plane and also that the 
amount of variation is relatively small being only a few ohms. A similar curve is 
shown in Fig. 9-37b for the input reactance. Data for both curves was obtained 
directly from (9-134) without the need for any a priori knowledge of the current 
distribution or the terminal current value. 

Thus far the discussion has centered upon the calculation of input impedance. 
Obviously, if one can accurately compute the input impedance, then quite accur- 
ate far-field information can readily be obtained too. For example, in the case of 
a monopole near a single wedge, as in Fig. 9-36, there may be as many as three 
contributors to the far field. First, there is direct source radiation except in the 
shadow region. Second, there is the reflected field, which is most conveniently 
accounted for by using the image in the horizontal surface. Third, there is the 
diffracted field that contributes in all regions and, of course, is the only source of 
radiation in the shadow region. A typical far-field pattern is shown in Fig. 9-38. 
Note that for « = 90° the field does not go to zero as would be the case if the 
ground plane was infinite in extent. 

If we wish to investigate a circular ground plane as in Fig. 9-39, we must use 
the equivalent edge currents described in Section 9.10. Thus, we replace the edge 
of the disk with an equivalent magnetic current M given by 


M= —2E,e *"D,(L, 6, ¢’). (9-135) 


This equivalent magnetic current is used to calculate the field at the segment at s 
due to the current at s’ as indicated in Fig. 9-39. Note that an equivalent mag- 
netic ring current must be calculated for each choice of s and s’. 

It is useful for us to break up the equivalent magnetic ring current of Fig. 9-39 
into differential elements d/ so that the observation point is in the far field of 
each element even though it may be in the near field of the total ring current. 
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Figure 9-37 Input impedance of a monopole on a conducting wedge as a function 
of the distance d from the edge as shown in Fig. 9-36. (a) Input resistance. 


(6) Input reactance. 
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Figure 9-38 Normalized far-field pattern of a quarter-wave monopole on a 
conducting wedge. 


h =0.25r 


Figure 9-39 Segmented monopole encircled by a 
magnetic ring current for analysis of a monopole 
on a Circular ground plane. 
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The electric field in a plane perpendicular to an element d/ is given by 


Pie meld (2 Ne Jeo (9-136) 


4n \cr rr? 


where r = (p? + z”)!/?. Letting d/ = p dy where yp is the azimuth angle, taking 
only the z-component at the monopole, and integrating over the range yy = 0 to 
W = 2n yields 


Mo?tin Em 
E, = as ( +a} (9-137) 


The value for E, is the term Z%,, that is added to the impedance element 
obtained for a monopole on an infinite ground plane. This process gives the 
modified impedance element needed to calculate the modified currents (and hence 
input impedance) of a monopole on the finite circular ground plane. 

Figures 9-40a and 9-40b show a comparison between calculations made with 
the equivalent magnetic ring current and measurements for a monopole of 
length 0.2244 and radius 0.0034 on a circular ground plane for varying radius. It 
is apparent that the correct variation is accurately predicted for both the real 
and imaginary parts of the input impedance. For the input resistance the 
agreement between the measurements and the theory is excellent. For the input 
reactance the agreement is very good but there is a slight shift in the calculated 
curve when compared to the measurements. The amount of this shift is 
sufficiently small that it can be attributed to the usual problems associated with 
modeling the region in proximity to the driving point. 

Next, consider the situation shown in Fig. 9-41 where a monopole of height h 
is a distance d, away from a vertical conducting step. To properly determine the 
Z4,, term in (9-129), it is necessary to determine all the various combinations of 
reflections that can occur for rays emanating from the monopole and reflecting 
back to it as well as the diffraction from the top edge of the step. Since the 
vertical wall is at a right angle to the lower horizontal surface, there will be no 
diffraction from the interior wedge and all the reflections can most conveniently 
be accounted for by imaging the monopole into the horizontal ground plane and 
then imaging the resulting dipole into the plane of the vertical wall. 

Shown in Fig. 9-41 are two example situations that depict the utilization of 
the images. Considering the uppermost segment of the monopole to be the 
source segment, one set of rays shows the use of the image in the horizontal 
surface to calculate reflected-diffracted energy reaching the segments of the 
monopole. The other set of rays shows the use of the image in the vertical wall to 
calculate singly reflected energy. In the calculated results that follow, all combin- 
ations of singly reflected, doubly reflected, diffracted, diffracted-reflected, 
reflected-diffracted, and reflected-diffracted-reflected rays are taken into account. 
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Figure 9-40 Theoretical and experimental input impedance of a monopole of radius 
0.003A at the center of a circular disk as shown in Fig. 9-39. (a) Input resistance. 
(6) Input reactance. 
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Figure 9-41 Monopole near a conducting step showing the 
partial use of images. 


All rays that involve combinations of double (or higher order) diffractions are 
negligible. 

Figure 9-42 shows the calculated input impedance for a quarter-wavelength 
monopole a quarter-wavelength away from a vertical wall whose height is 
d, > 0.254. As d, increases the impedance oscillates about the value for the case 
where d, = 00. The results of Fig. 9-42a and 9-42b show that as the diffracting 
edge recedes from the vicinity of the monopole, its effect upon the input im- 
pedance rapidly diminishes. Although we have not shown results for the case 
where the step height is less than the height of the monopole the same method 
could be used to investigate such situations. 

In combining moment methods with GTD we have proceeded from the philo- 
sophical viewpoint of extending the method of moments via GTD. In so doing 
we have shown that modifying the impedance matrix to account for diffraction 
effects (or geometrical optics effects) enables one to accurately treat a larger class 
of problems than could be treated by moment methods alone. An alternative 
interpretation of the hybrid method is also possible. That is, the procedure 
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Figure 9-42 Input impedance of a quarter-wave monopole as a function of step 
height for the geometry of Fig. 9-41. (a) Input resistance. (6) Input reactance. 
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employed can be viewed as using GTD to obtain an approximation to the exact 
Green’s function needed. 

While the hybrid method possesses many of the advantages inherent in both 
moment method (MM) and GTD, it also has some of the limitations peculiar to 
each. For example, as in the usual MM problem, one can treat arbitrary 
configurations of wire antennas (or slot antennas) taking into account lumped 
loading, finite conductivity, and so forth, and obtain accurate impedance data 
and current distributions. Naturally, one still must take the usual precaution of 
using a sufficient number of basis functions to assure convergence. On the other 
hand, as in the usual GTD problem, one must take care that the antenna is not 
too close to a source of diffraction (e.g., d > 0.22). 


9.14 SUMMARY 


In this chapter on high-frequency methods we have presented a variety of 
techniques for predicting both the near- and far-zone fields from perfectly con- 
ducting bodies whose dimensions are large in terms of the wavelength. Parti- 
cularly valuable for computational purposes is the uniform theory for wedge 
diffraction presented in Section 9.5 which can also be used to approximate 
curved surfaces as in Section 9.11. 

The importance of the GTD method in antenna and scattering problems 
stems from the significant advantages to be gained from its use, namely: (a) it is 
simple to use, and yields accurate results; (b) it provides some physical insight 
into the radiation and scattering mechanisms involved; (c) it can be used to treat 
problems for which exact analytical solutions are not available. The GTD is also 
used in acoustic problems such as SONAR and in problems involving inho- 
mogeneous media or anistropic media [21]. 

The methods of this chapter tend to compliment the low-frequency moment 
method techniques presented in Chapter 7. And, as we have seen in Section 9.13, 
the two techniques may be formally combined into a hybrid technique which 
extends the class of problems to which we can apply moment methods. We can 
do so not only because both the method of moments and the GTD are highly 
practical techniques, but also because they are inherently flexible in their appli- 
cation to analysis and design problems. 
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PROBLEMS 


9.1-1 It can be shown [12] that the principal radii of curvature of the geometrical optics 
reflected wavefront are given by 


t= 5(- ‘pe “\+3 i 1 =53(3 A a\+3 
pi 2 NPT) paket pr \P TOL Pe Te Se 
where p', and p’, are the principal radii of curvature of the incident wavefront and p, and 
2 are the principal radii of curvature of the reflected wavefront. General expressions for 
f, and f, are given in the literature [12]. However, for an incident spherical wave, 
1 TAO a sir-nO> a sin? 0, 
Ves 2 ‘i Cos 60; 


ie shsin=eOs? 451 Gis a4 
ai 2 ( c ; BF Cc ; TS 5GRe 
cos 6; ry iby ry 12 


where 0, and 0, are the angles between the incident ray and the principal directions (i.e., 
tangent unit vectors) associated with the principal radii of curvature of the surface r{ and 
rs, respectively. 

(a) Show that for 6; =@o and 02 = 90°, the first equation reduces to (9-20) and the 
second to 


c 


rs r5 


(b) Without using (9-20) or the expression for p2 immediately above, show that in the 


case of plane wave illumination 
ce 
s/ P1P2 = wW/Til- 


9.1-2 An infinite elliptical paraboloid is described by the equation 


x2 y? 


= —Z 

2h 4 203 
where r, and r, are the principle radii of curvature at the specular point. Using geometri- 
cal optics, show that the radar cross section for axial incidence is 


C= Nry'>- 


Actually, this result applies to any surface expressible in terms of a second-degree polyno- 
mial where r§ and r% are the principle radii of curvature at the reflection point [2, 3]. Is 
the above result valid for a cylindrical surface or flat plate? Why not? 

9,1-3 A plane wave is incident on a smooth three-dimensional conducting convex body. 
The two principal radii of curvature of the body at the specular point are r{ = 5A and 
r6, = 10A. Write expressions for the electric and magnetic backscattered fields if the incident 
plane wave fields are 

i : ; e Ix 
Ei = ye /* and H'=z as 
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9.2-1 Using physical optics show that the radar cross section of a flat rectangular plate at 
normal incidence is 
A2 
o6= An qe 
where A is the area of the plate. 
9.2-2 Equation (9-31) can be converted to a different and often useful form by noting that 
(z - n) ds is the projection of the element of surface area ds onto the xy-plane. Thus, 


(- fi) ds = ds, = (ac 


where ds, is the projection of ds onto the xy-plane. Then (9-31) becomes 


Amick UN eds 
A fae — j2pz "2 
Cas (; e 1 ir] 


where / is the distance from the reference plane to the surface. Use the above expression 
for the radar cross section to derive the physical optics expression for the RCS of the 
sphere. 

9.2-3 Show that the RCS of an infinite cone (as shown) is 


wae A? tan* « 
(6 


E? 


| 

| 

| 

| 

| Reference 
| plane 
| 


9.2-4 Show that the RCS of a square flat plate with edges parallel to the x- and y-axes, 
and the direction of incidence in the xz-plane, is 

_ 4na* |sin(Ba sin 6) |? 

Patt Ba sin 0 


where a is the length of one side. Compare the angular variation of this result with that of 
the uniformly illuminated line source in Chapter 4. 
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9.2-5 Show that the RCS of a circular flat plate, or disk, in the xy-plane is 


4na sin 0 \ |? 
A Garall 


where a in the radius of the disk and J,(x) is the Bessel function of order one. Also show 
that at 6 = 0° the above expression reduces to 


ma 
o=> 
tan? @ 


where A is the area of the disk [4]. 

9.3-1 A plane wave is incident upon a cylindrical parabolic reflector as shown. To obtain 
the diffracted field from the top edge (only) at any point in space, the edge may be 
analyzed as if a half-plane were tangent to the upper most portion of the parabolic 
surface. Divide the space around the top edge into three separate regions and write 
general expressions (with numerical values for ¢’) for the total diffracted field from the 
top edge in those three regions of space. In which of the three regions is the total 
geometrical optics field zero? 


Focus 


Parabola 


9.3-2 Evaluate the following Fresnel integrals: 


(a) ea nhs 
(b) | ert de, 


(0) 


(c) ie e J? dt. 


5) 
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9.3-3 Find vg(p, ¢*) using both (9-52) and (9-54) for a 90° interior angle wedge when: 

(alia = 45%p = 10/4, db =:220°%. 

(Dio = 45° p ="10/, bd = 230°. 
Compare your results in (a) and (b) and explain any differences. What is v, in parts (a) 
and (b)? 
9.3-4 Find v,(p, ¢*) for a 90° interior wedge angle (both polarizations) when: 

fajod = 45°, p = 101, 6 = 90°: 

(b) d' = 45°, p = 10A, d = 138°. 

(c) .@ = 45°, p = 104A, d = 180°. 
Comment on your results and justify the formulas you used to evaluate the diffracted field 
in each case. 
9.3-5 A vertically polarized TV antenna transmits 10 kW at 600 MHz. A receiving 
antenna is shadowed by a 1-km high ridge normal to a line drawn between the two 
antennas as shown. How much power is available at the terminals of the receiving 
antenna if the gain of the receiving antenna in the direction of the ridge is 8 dB and that 
of the transmitting antenna is 10 dB toward the ridge? As a rough approximation, assume 
the ridge is perfectly conducting. 


% 10 km aif 3km 4 


9.3-6 Substitute (9-44) and (9-45) into (9-43) and explain the physical significance of each 
of the four terms you obtain. 

9.4-1 Consider a magnetic line source parallel to the edge of a half-plane as shown. In 
this situation the diffracted field appears to originate from a magnetic line source located 


Oo 
Vii aerial tape Sl gn Pe ee eP 
Magnetic 
line source 


Conducting 
half-plane 


—co 
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at the edge. Using the flux tube concept of Fig. 9-3, show that the diffracted field may be 
written as 


—jBp 


Ei(p) = —D. E.(Q) ayes 


where E',.(Q) is the value of the incident field at the edge. 
9.4-2 Repeat Prob. 9.4-1 when the magnetic line source is replaced by an electric line 
source and show that 


e ibe 


E%\(e) = Pa EVO) re: 


9.4-3 Consider the situation where a point source illuminates the edge of a half-plane at 
normal incidence. Unlike the previous two problems, in this case there will be spreading 
in both principal planes. Using the flux tube concept of Fig. 9-3, show that the diffracted 
field may be written as either 


s! e jBs 


d (Vee i 
E‘(s) D\E\\(Q) | 5 Sasi 
or 


e — jBs 


d = — 
E{(s) = D,E\(Q Mires 


9.4-4 Show that the diffraction coefficient matrix [D] in (9-56) will generally have seven 
nonvanishing coefficients if an edge-fixed coordinate system is used rather than a 
ray-fixed system. 

9.5-1 Derive (9-69) from (9-62) and show that (9-69) is the same as (9-52). 

9.5-2 Consider the case where a half-plane is illuminated by a plane wave and the obser- 
vation point is near the edge of the wedge. 

(a) Show that the UTD reduces to the Sommerfeld/Pauli result in (9-54) and hence 
that the UTD is exact. 

(b) Is the UTD an exact solution if the source is near the wedge edge and the observa- 
tion point is at a very large distance? Why? 

(c) If both the source and observation points are near the wedge edge, the UTD 
solution will not be exact. Why? (Although the solution may not be exact, the results may 
still be useful—see Section 9.13.) 

9.5-3 Show that an alternative to (9-65) would be to define N* as the value of [((¢+¢’)+ 
n]/2nn rounded to the nearest integer. Define a similar alternative to (9-66). 

9.5-4 Consider a wedge illuminated by either an electric or magnetic line source parallel 
to the edge and at some distance from it (p’ > 4). 

(a) At the reflection boundary (or incident boundary) show that the diffracted field 
must have a discontinuity of magnitude ./p’p/(p + p’). 

(b) Show that at the reflection boundary (or incident boundary) the UTD diffraction 
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coefficient is discontinuous by an amount + oD What determines the sign of the discon- 
tinuity? The following approximation is useful: 


F(X) = |./nX — 2Xek!) — Agee eilnl4 +X) 


which is valid when X is small. 

(c) From the results of (a) and (b) show that the total field is continuous across the 
reflection (or incident) shadow boundary. 
9.5-5 A plane wave is incident at an angle of yo) = 45°, ¢’ = 30° on the edge of a 90° 
(n = 3) conducting wedge. 

(a) Use (9-62) and Fig. 9-20 to calculate E{ at a distance s = 2A when ¢ = 120°, 132°, 
138°, 180°, 222°, 228°, and 260° when E', = 1 V/m. 

(b) Repeat (a) for E4 when E'; = 1 V/m. 
9.6-1 Use the E-plane model in Fig. 9-19b and the computer program in the Appendix 
G.9 to verify the curves in Fig. 8-14 which were obtained by aperture integration. 
9.6-2 Show why the rays in Fig. 9-19c make a negligible contribution to the radiation 
pattern except when ( ~ 90°. 
9.6-3 Show that the doubly diffracted field from Q, in Fig. 9-19c can be written as 


ae hes Veron ' er 1 F824 gibt 
1, 2( 5, as i2(L, , $')D11( EO) aa ae 


9.7-1 Use the computer program in Appendix G.9 to calculate the total diffracted field for 
0 <C <2n for the antenna of Fig. 9-22. Compare your results with Fig. 9-23. Why is 
there a difference? 

9.7-2 Draw a sketch of the “creeping wave” rays (see Section 9.12) on the back side of 
the parabolic reflector of Fig. 9-22. Now draw rays which originate at Q, or Q, and reflect 
several times along the inside surface parabolic reflector. These rays are called whispering 
gallery rays. 

9.7-3 Show that the doubly diffracted ray from Q, in Fig. 9-22 can be written as 


elba sin € 


—jBPo 
Et ,(P)= Tp, f (Pa) yall $, PD r(L, ¢, ¢’) 
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; /2a ia i 
9.7-4 Derive (9-81). 
9.7-5 If the line source in Fig. 9-22 is a magnetic line source, calculate the far-field 
pattern. Your result will be similar to that in Fig. 9-23, except that the discontinuity at 
¢ = 90° will be greater and the back lobes will be about 8 dB higher. Why? 
9.7-6 Use the UTD to calculate the H-plane pattern of a 90° corner reflector antenna 
with a dipole feed. The dipole feed is 0.54 from the apex of the reflector, the reflector sides 
are 1.0A long and the aperture of the corner reflector is 1.414 across. 
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9.8-1 The diffracted field that is neglected in (9-96) may be written generally as [14] 


id ay 1 dE(Q) é p — jBs 
E{,(P) D ee | as) = i at 
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Compare the value of this slope diffracted field with the direct field in (9-96) when 
6 = 90°. 

9.8-2 (a) Using (9-46) and (9-47) in (9-43) show how a factor of two arises in E(p, ¢) for 
the perpendicular polarization in the infinite ground plane case (vg = 0) when the plane’ 
wave has grazing incidence to the ground plane (¢’ = 0). 

(b) Then verify in general that at grazing incidence the diffracted field must be mul- 
tiplied by 4, as in (9-90) and (9-92), to obtain the correct value of the diffracted field. To 
do this use either the asymptotic form in (9-52) or (9-69) to show that D| > 0 and that a 
factor of 2 naturally arises in D,. 

9.9-1 A short monopole (stub antenna) is mounted at the center of a circular ground 
plane 64 in diameter as shown in Fig. 9-29b. 

(a) Using the two point approximation show that the relative diffracted field in the 
region 90° < 6 < 180° can be expressed by 


eo 7 ibr+ 1/4) 1 0 JOB cos 


E = Poppe '\cosb/2)..  cos(#/2) 


where ¢ = 1/2 — 0. 

(b) Why must the diffracted field be zero when 6 = 180° for this problem? Use a sketch 
and physical reasoning to explain why. 

(c) Calculate and plot a graph of the diffracted field for 90° < @ < 180°. Compare your 
results with Fig. 9-30. 
9.10-1 Derive (9-107) and (9-108). 
9.10-2 Derive (9-111) and (9-112). 
9.10-3 A short monopole (stub antenna) is mounted at the center of a circular ground 
plane 6A in diameter as shown in Fig. 9-29b. 

(a) Using the equivalent concept, show that the relative diffracted field in the region 
90° < 6 < 180° can be expressed by 


en ibr+ nid) 4 


npr SAREE sin 0) 


where J, is the first order Bessel function. Note that 


Et = 


74 


| ; cos(é — E’el* 085" 8) dé’ = 2njJ (x). 
0 


(b) Calculate the diffracted field and compare with that calculated in Prob. 9.9-1. 
9.11-1 A triangular cylinder is illuminated by a line source as shown. Apply the self- 
consistent method to this problem by setting up (9-120) in a form similar to (9-119). Note 
that some of the matrix elements will be zero. Check your solution with that in [18]. 
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e Line source 


C4 Cy 
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9.13-1 Consider a monopole at the center of a square ground plane whose sides are A/2 
long. The monopole is to be represented using pulse basis functions and delta weighting 
functions. The four sides of the ground plane are to be accounted for using wedge 
diffraction. Diffraction by the four corners is to be ignored. Derive the necessary equa- 
tions that would enable you to calculate Z7,, in (9-133). 

9.13-2 Derive (9-135). 

9.13-3 For the problem in Fig. 9-41, show all possible ray paths that do not involve 
double (or higher order) diffractions. 

9.13-4 A dipole of length 7 is located a distance d from the surface of an infinitely long 
circular cylinder of radius a. The dipole is parallel to the axis of the cylinder. Show how 
you would account for the presence of the cylinder if only the dipole is represented by the 


method of moments. 
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ANTENNA SYNTHESIS 


Thus far in this book attention has been focused on antenna analysis and design. 
The analysis problem is one of determining the radiation pattern and impedance 
of a given antenna structure. Antenna design is the determination of the hard- 
ware characteristics (lengths, angles, etc.) for a specific antenna to produce a 
desired pattern and/or impedance. Antenna synthesis is similar to antenna 
design and, in fact, the terms are frequently used interchangeably. However, 
antenna synthesis, in its broadest sense, is one of first specifying the desired 
radiation pattern and then using a systematic method or combination of 
methods to arrive at an antenna configuration which produces a pattern that 
acceptably approximates the desired pattern, as well as satisfying other system 
constraints. Hence, antenna synthesis, in general, does not depend on an a priori 
selection of the antenna type. Unfortunately, there is no single synthesis method 
that yields the “optimum” antenna for the given system specifications. There 
are, however, several synthesis methods for different classes of antenna types. In 
this chapter we shall discuss the more useful synthesis methods in current use. 
The discussion serves as an introduction to the topic of synthesis and should 
provide a foundation for studying more advanced treatments [1]. 


10.1 THE SYNTHESIS PROBLEM 


We will pose the antenna synthesis problem as one of determining the excitation 
of a given antenna type that leads to a radiation pattern which suitably approxi- 
mates a desired pattern. The desired pattern can vary widely depending on the 
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application. Several radiation pattern variables are listed in Table 10-1. To illus- 
trate, consider a communication satellite in synchronous orbit which is required 
to generate separate antenna beams for the western United States and for 
Alaska. Two main beams are required, both shaped for nearly uniform illumina- 
tion of each region. Also low side lobes may be specified to minimize interference 
over other regions of the earth, but higher side lobes could be permitted for 
directions not toward the earth. This type of pattern has multiple shaped main 
beams and a shaped side lobe envelope. 

The antenna itself can take many forms as indicated by the antenna variables 
listed in Table 10-1. The antenna type is composed of the continuity, shape, and 
size. There are many other antenna specifications, or boundary conditions, that 
are often included in the synthesis problem. A few follow: frequency of opera- 
tion, bandwidth, impedance, power handling capacity, polarization properties, 
efficiency, weight, and reliability. These specifications together with the desired 
pattern form the complete synthesis problem. A general solution procedure 
would provide the antenna type and excitation that give the best approximation 
to the pattern while satisfying all other specifications. Since no single method 
exists for such a solution, the synthesis methods are categorized by antenna type. 
Before discussing these methods a few preparatory remarks are required. 

If the radiation electric field components E, and E, are specified in the syn- 
thesis problem, a secondary synthesis problem can be formulated in terms of 
antenna aperture field transform components. For example, the aperture magnetic 
equivalent surface current solution of (8-26) can be solved giving 


P = jpr\— 1 : cael! E 
as = (165 cos sin d o| (10-1) 

: mr —cos@sin@ cos 6@cos ¢ E 
This can be used to obtain P, and P, from specified functions E, and E,. The 
problem is then of synthesizing desired functions P, and P,, which are Fourier 


Table-10-1 Antenna Synthesis Variables 


Antenna variables Radiation pattern variables 
Continuity Main beam region 
Continuous Narrow main beam 
Discrete—array Single beam 
Shape Multiple beams 
Linear Shaped beam 
Planar Side lobe region 
Conformal Nominal side lobes 
Three-dimensional Low side lobes 


Size Shaped side lobes 
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transforms of the aperture electric field components; see (8-18). The process is 
similar for each of P, and P,. Therefore we shall let f (0, @) be the normalized 
pattern factor for either and frame our discussions using f(0, @). As another 
example, consider a line source along the z-axis. If F,(0) is the normalized 
desired radiation pattern (from E,), then 


is the desired pattern factor. 

Throughout this chapter we will discuss the synthesis of f, which can represent 
several antenna types; for example, either P, or P, of an aperture antenna. Also f 
can be used for one principal plane pattern of a separable aperture distribution 
function (see Section 8.2.2). The total pattern is then the product of the principal 
plane patterns which can be synthesized separately. 

Our discussion of antenna synthesis will be limited to linear antennas, that is, 
either line sources or linear arrays. Many of the results, though, can be applied 
to two-dimensional antennas. Synthesis methods can be separated by antenna 
type or by pattern type. Only a few methods exist which can be applied to a 
variety of antenna and pattern types [2]. Usually synthesis methods for shaped 
beam patterns are completely different from those for low side lobe, narrow 
beam patterns, so we will separate the methods by pattern type. Line source and 
linear array synthesis principles with applications to shaped beam patterns are 
detailed in Sections 10.2 and 10.3. Low side lobe, narrow main beam methods 
are presented in Section 10.4. 


10.2 LINE SOURCE METHODS 


The radiation electric field from a line source of current (actual or equivalent) 
along the z-axis and of length L is given by (4-1). For synthesis problems we are 
only interested in the relative pattern variations. Furthermore, the element factor 
g(0) = sin @ is accounted for separately; for narrow-beam, broadside line sources 
it is, in fact, negligible. The normalized pattern factor of a line source follows 
from (4-1) as’ 

fine 2 ' 

f(0)= =| i(z)eiP# °°8 6 dz (10-3) 

A =) B72 
where i(z) is the normalized form of the current function I(z), and it is usually 
normalized such that (10-3) produces a pattern f (0) which is unity at its maxi- 


1 Frequently the z-axis is selected to be normal to the line source, in which case cos @ in (10-3) 
becomes sin 0. 
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mum. The linear phase shift which scans the main beam is contained in i(z), for 
example, see (4-3). For convenience we define? 


wi=Tcosi0®) anda s= = (10-4) 
Then (10-3) becomes 
L/2a 
fw)=| _ i(sje?™ ds. (10-5) 
= L/22 


This equation forms the relationship between the relative current distribution 
i(s) and the normalized pattern factor f (w). 


10.2.1 The Fourier Transform Method 


Since the current distribution i(z) extends only over the length L, [that is, i(s) 
is zero for |s| > L/2A], the limits of the integral in (10-5) can be extended to 
infinity giving 


f(w)=|  i(s)e™ ds. (10-6) 
This is recognized as a Fourier transform. The corresponding inverse Fourier 
transform is 


i(s)= | f (we? dw. (10-7) 
(See Prob. 10.2-1). This immediately suggests a synthesis procedure. If f,(w) is the 
desired pattern, the corresponding current distribution i,(s) is found rather easily 
from (10-7) as 


NE ia flw)e-2™™ dw, (10-8) 


This is very direct, but unfortunately the resulting i,(s) will not, in general, be 
confined to |s| < L/2A as required; it will usually be, in fact, of infinite extent. 
An approximate solution can be obtained by truncating i,(s) giving the syn- 
thesized current distribution as follows 


; iE 
ig(s) Is | = 
i(s) = * (10-9) 


? Note that w is related to u of Chapter 4 by u = (BL/2)w. 
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The current i(s) produces an approximate pattern f(w) from (10-6). The current 
i4(s) extending over all s produces the pattern falw) exactly. 

The Fourier transform synthesized pattern yields the least mean squared error 
(MSE), or least mean squared deviation from the desired pattern, over the entire 
w-axis. The mean squared error 


fo @) 


MSE = | | f(w) —Salw) |? dw, (10-10) 
with f(w) corresponding to i(s) in (10-9), is the smallest of all patterns arising 
from line sources of length L. The Fourier transform synthesized pattern, 
however, does not provide minimum mean squared deviation in the visible 
region. 


Example 10-1. Fourier Transform Synthesis of a Sector Pattern 


A sector pattern is a shaped beam pattern which, ideally, has uniform radiation over the 
main beam (a sector of space) and zero side lobes. Such patterns are popular for search 
applications where vehicles are located by establishing communications or by a radar echo 
in the sector of space occupied by the antenna pattern main beam. As a specific example, 
let the desired pattern be 


1. -.cos,4¢<8'< cos. ‘{—<) 
0) = | 10-11 
$0) \o elsewhere ( z) 
or, equivalently, 
ji jwl <e 
= : 10-11b 
Saw) \o elsewhere ( ) 
f,(w) is shown in Fig. 10-1a by the dashed curve. Using (10-11b) in (10-8) and (10-9) gives 
sin(2zcs) L 
i(s) = 2c — isi 10-12 
i(s) 2ncs BIS 2A ( ) 


If this sin(x)/x function were not truncated, its Fourier transform (its pattern) would be 
exactly the sector pattern of (10-11). The actual pattern from (10-6) using (10-12) is 


ee - si li =O! a| ays li ore a]| (10-13) 


where Si is the sine integral of (F-13). This synthesized sector pattern is plotted in Fig. 10-1a 
for c = 0.5 and L = 104.3 The pattern is plotted in linear form, rather than in decibels, to 
emphasis the details of the main beam. Note the oscillations about the desired pattern 
on the main beam, called ripple, and the nonzero side lobes. This appearance of main 
beam ripple and finite side lobes is typical of any synthesized pattern. The current 
distribution of (10-12) is plotted in Fig. 10-16. 


3 The pattern was multiplied by 1.0094 to normalize it to unity in the center. 


w= cos 0 
1.0 


(b) 


Figure 10-1 Fourier transform synthesis of a sector pattern using a 10A line source 
(Example 10-1). (a) The synthesized pattern (solid curve) and the desired sector 
pattern (dashed curve). (6) The current distribution. 
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10.2.2 The Woodward-Lawson Sampling Method 


A particularly convenient way to synthesize a radiation pattern is to specify 
values of the pattern at various points, that is, to sample the pattern. The 
Woodward-Lawson method is the most popular of the sampling methods [3, 4]. 
It is based on decomposition of the source current distribution into a sum of 
uniform amplitude, linear phase sources: 


= an — j2mwns ze L i ? 
i,(s) yas |s| Sy (10-14) 
The pattern corresponding to this component current, from (10-6), is 
L 
f,(w) = a, Sa 1 (w — 7] (10-15) 


where the sampling function Sa(x) is defined as Sa(x) = sin(x)/x. This compon- 
ent pattern has a maximum of a, centered at w = wy. The current component 
phase coefficient w, in (10-14) controls the location of the component pattern 
maximum, and the current component amplitude coefficient a, controls the com- 
ponent pattern amplitude. 

In the Woodward-Lawson method the total current excitation is composed of 
a sum of 2M + 1 component currents as 


M 1 M - 
i(s) = LOG) A OE aie 10-16a 
= Yibl=pq Dd (10-16a) 
where 
Wo In) <M, —_|w, | <10. (10-16b) 
The pattern corresponding to this current is 
M M E 
fov)= S fo)= Ya, Sal“ — 5) 
n=—M n=—M 
= L 
za YA a, Sa (5 ~ n) (10-17) 
n=—M A 


At pattern points w = w, = nd/L, we have f(w = w,) = a,. Thus, the pattern can 
be made to have specified values a,,, called pattern sample values, at the pattern 
locations w, of (10-16b), called sample points. The pattern sample values are 
chosen to equal the values of the desired pattern at the sample points. 


Gy = Sal W =! W,). (10-18) 
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The Woodward-Lawson synthesis procedure is very easy to visualize. The cur- 
rent distribution required to produce a pattern with values a, at locations w, is 
that of (10-16). 

The Woodward-Lawson sampling method can be made more flexible by 
noting that as long as adjacent samples are separated by the sampling interval 
Aw = A/L, the pattern values at the sample points are still uncorrelated, that is, 
(10-18) holds. The total number of samples is chosen such that the visible region 
is just covered; samples located outside the visible region could lead to superdi- 
rective results. Since the visible region is of extent 2 and Aw = A/L, the number of 
samples 2M + 1 is on the order of 2/(4/L), or M is on the order of L/A. 


Example 10-2. Woodward-Lawson Line Source Synthesis of a 
Sector Pattern 


The sector pattern of (10-11) is now to be synthesized with a 10 wavelength long line 
source using the Woodward-Lawson method. Sampling this pattern according to 
a, = fa(w = w,) with sample locations w, = nd/L = 0.1n gives the values in Table 10-2. 
The sample value at the discontinuity (w = 0.5) could be selected as 1, 0.5, or 0 according 
to the specific application. Using a1; = 1 gives the widest main beam, whereas a5 = 0 
gives the narrowest. In this case we choose ai; = 0.5 as a compromise. The synthesized 
pattern, from (10-18) with the values from Table 10-2, is plotted in Figure 10-2a. The 
sample points are indicated by dots. The SPAP computer program was used to generate 
the pattern; SPAP will produce any pattern that can be expressed in the Woodward- 
Lawson form of (10-17); see Appendix G.6. 


Table 10-2 Sample Locations and 
Sample Values fora 10A Woodward- 
Lawson Sector Pattern (Example 


10-2) 
Sample 
location, Pattern sample 
n W,, value, a, 
0 0 1 
ait +0.1 1 
biee. +0.2 1 
se) +0.3 1 
+4 +0.4 1 
ae5 +0.5 0.5 
+6 +0.6 0 
se 7) aH) 0 
+8 +0.8 0 
ta sO 0 
0 


f@) 


w =cos 0 
0 


Sa[107(w + 0.1)] + Sa(107w) 


ae 


0.5 


| 
| 
SoCo Nccacaamecil 


(b) 
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i(s) 


Figure 10-2 Woodward-Lawson synthesis of a sector pattern using a 10A line source 
(Example 10-2). (a) The synthesized pattern (solid curve) and the desired pattern 
(dashed curve). The dots indicate the sample values and locations. (6) Two com- 
ponent patterns at sample locations w_, = 0.1 and wy = 0. (c) The current distribution 
corresponding to the synthesized pattern. 


To illustrate the sampling nature of the Woodward-Lawson method, two sampling 
functions from the sum in (10-17) are shown in Fig. 10-2b for sample locations 
w_, = —0.1 and Wo = 0. Note that when one sampling function is maximum the other is 
zero, thus making the samples independent. Further, each sampling function is zero at all 
sample locations w, = nd/L, except at its maximum. When all samples are included, the 
value of the total synthesized pattern at locations w, is completely determined by the Sa 
function centered at that location. This is the beauty of the Woodward-Lawson sampling 
method. 

Note that the Woodward-Lawson pattern of Fig. 10-2a is a better approximation to the 
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desired pattern (in the visible region) than is that of the Fourier transform method in Fig. 
10-1a, both generated from a 10-wavelength line source. Detailed comparisons of all the 
sector pattern examples presented are found in Section 10.3.3: 

The current distribution corresponding to the sector pattern of this example is plotted 
in Fig. 10-2c. It was obtained from (10-16) using the SPAP program. Note the similarity 
to the current distribution in Fig. 10-1b for the Fourier transform method. This occurs 
because the Fourier transform of any pattern is the antenna current distribution. Since 
the patterns in Examples 10-1 and 10-2 are both close to a sector pattern, their Fourier 
transforms (currents) must be close to that of an ideal sector pattern, which is sin(zs)/zs 
in these examples. 


10.3 LINEAR ARRAY METHODS 


In this section the Fourier series and Woodward-Lawson methods for equally 
spaced linear arrays are discussed. These two important pattern synthesis 
methods are the array counterparts of the Fourier transform and Woodward- 
Lawson methods of the previous section. Before presenting these methods we 
shall model the array configuration for use with any synthesis method. 

Consider an equally spaced linear array along the z-axis with interelement 
spacings d. For simplicity the physical center of the array is located at the origin. 
The total number of elements in the array P can be either even (then let P = 2N) 
or odd (then let P = 2N + 1). For an odd element number, the element locations 
are given by 


Ze nd |m| <N (10-19) 


and P = 2N + 1. The corresponding array factor is 


N 
HAC Vie pag Ucar hs (10-20) 


m=—N 


where i,, are the element currents and again w = cos 0. This expression is similar 
to (3-54). 
For an even number of elements the element positions are 


ere | 


ats d 1<m<N 


(10-21) 


ZS d —-N<-m<-l 
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and P = 2N. The corresponding array factor is 


N 
f(w) a yy (i ment? a 1)(d/A)w a ie eit2m— BT AXA) (10-22) 
m=1 
for P even. 
For comparison to a line source the total array length is defined as 
er, (10-23) 


This definition applies to both the even and odd element cases, and it includes a 
distance d/2 beyond each end element. 


10.3.1 The Fourier Series Method 


The array factor resulting from an array of identical discrete radiators (ele- 
ments) is, of course, the sum over the currents for each element weighted by the 
spatial phase delay from each element to the far-field point. This array factor 
summation can be made to be of a form which is very similar to a Fourier series, 
just as the radiation integral for a continuous source resembles a Fourier trans- 
form (see Section 10.2.1). To see how this correspondence comes about, we first 
observe that a function f,(w), the desired pattern function, can be expanded into 
a Fourier series in the interval —A/2d < w < A/2d as 


flwy= Diaby el2maam (10-24) 
where 
d A[2da ; 
bn = 5 [ falw)e Pamela dw (10-25) 
—A/2d 


If we identify d as the spacing between elements of an equally spaced linear array 
and w = cos @ where @ is the angle from the line of the array, the sum in (10-24) 
is recognized as the array factor of an array with an infinite number of elements 
with currents b,,. 

An infinite array is, of course, not practical, but truncating the series (10-24) to 
a finite number of terms produces the following approximation to f,(w), 


N 
fiw)= Y dyel2mal aw (10-26) 
m=—N 


If we let the currents of each element in the array equal the Fourier series 
coefficients, that is, 


i,=b,  |m| <N (10-27) 


532 ANTENNA SYNTHESIS 


then (10-26) is identical to (10-20), the array factor for an array with an odd 
number of elements. 

The Fourier series synthesis procedure is, then, to use element excitations i,, 
equal to the Fourier series coefficients b,, calculated from the desired pattern fj, 
as in (10-25). The array factor f arising from these element currents is an approx- 
imation to the desired pattern. This Fourier series synthesized pattern provides 
the least mean squared error [see (10-10)] over the region —2d/A < w < 2d/a. If 
the elements are half-wavelength spaced (d = A/2), this region is exactly the 
visible region (—1<w< 1, or0<0< x2). 

A similar line of reasoning leads to the results for an even number of elements. 
In this case the Fourier series coefficient currents are 


d - 424 : 
i=), == | fle ea dine titeeed 
A —A(2d 
d Al2d 
im =bm=s{ — fwen2m— 11a" dw ~ —m<—1 (10-28) 
Ad y24 


for P even. The synthesized pattern is given by (10-22). Note that if N is infinite, 
(10-22) together with (10-28) is the Fourier series expansion of fj, that is, 
f (w) = falw). 


Example 10-3. Fourier Series Synthesis of a Sector Pattern 


For an equally spaced linear array with an even number of elements and c < A/2d, the 
sector pattern of (10-11) in (10-28) yields excitation currents 


peepee See 


A 


n(2m — n5e| l<m<N. (10-29) 


Since these currents are symmetric, the array factor of (10-22) reduces to 


N 


f(w) = 2). im Cos 


m=1 


m(2m — 1) | (10-30) 


which is a real function. In general, the synthesized currents or current distribution will be 
real and symmetric if the desired pattern is real and symmetric, that is, if f4(—w) = fa(w); 
and, in turn, the synthesized pattern will be real and symmetric. 

The specific case of c = 0.5, d/A = 0.5, and 20 elements (N = 10) has an array length 
L= Pd = 104 and excitation currents from (10-29) given by 


in = fam = 4 8a Om — 1) 1<m<10. (10-31) 


These excitation values are listed in Table 10-3, together with the element positions from 
(10-21). When these are used in the pattern expression (10-30) the pattern shown in Fig. 
10-3 is produced. The NEESLAP computer program of Appendix G.5 can be used for 
these pattern calculations. 
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Table 10-3 Array Positions and 
Currents for a Fourier Series Syn- 
thesized Linear Array of 20 Half- 
Wavelength Spaced Elements for a 
Sector Pattern (Example 10-3) 


Element Element Excitation 
number, position, current, 
m Vi ih 
ae il +0.25A 0.4502 
+2 +0.75A 0.1501 
+3 +1.25A — 0.0900 
+4 tela A — 0.0643 
S28) 2 Bi 0.0500 
+6 SED SY. 0.0409 
+7 +3.25A — 0.0346 
+8 aE 3) SV — 0.0300 
+9 +4.251 0.0265 
+10 +4.75A 0.0237 : 
| f(w) | 
Ti SAG ap Np 
| | 
| | 
| | 
| fa(w) 
| 
| | 
| | 
| | 
| 
OS 
| | 
| | 
| | 
| ! 
: | 
l | 
l | 
| | 
| | 
= n | ee it ! Teh pe ee Tora N ar |w=cos @ 
=e 1:0 O'S —0.6 a0) 4 ==10 72 0 0.2 0.4 0.6 0.8 1.0 


Figure10-3 Fourier series synthesized array factor for a 20-element, 1/2 spaced linear 
array (Example 10-3). The desired pattern (dashed curve) is a sector pattern. 
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10.3.2 The Woodward-Lawson Sampling Method 


The Woodward-Lawson sampling method for linear arrays is analogous to the 
Woodward-Lawson sampling method for line sources (see Section 10.2.2). In the 
array case the synthesized array factor is the superposition of array factors from 


uniform amplitude, linear phase arrays, 


“ _ sin{(P/2)(w — w,)(22/A)d] 
os it P sin[3(w — w,)(27/)d] 


where the sample values are 


a, = falw a Wr) 
and the sample points are 


Pils been ke 


The element currents required to give this pattern are given by 
1 M 
I = — GuCaa 
mp dy 


n— =—~ |n| <M, lw, |< 1.0. 


(10-32) 


(10-33) 


(10-34) 


(10-35) 


These results hold for arrays with either an even or odd number of elements. 


Example 10-4. Woodward-Lawson Array Synthesis of a Sector Pattern 


Again the sector pattern of (10-11) with c= 0.5 is to be synthesized, this time with a 
20-element, half-wavelength spaced linear array using the Woodward-Lawson method. 


Table 10-4 Element Currents and 
Positions Synthesized from the 
Woodward-Lawson Method for a 
Sector Pattern (Example 10-4) 


Element Element Excitation 
number, position, current, 
m en he 

+1 +0.25A 0.44923 
ate +0.75A 0.14727 
+3 se ly. — 0.08536 
+4 +1.75A — 0.05770 
tas) +2.25A 0.04140 
+6 De oA 0.03020 
ce nee Ay, — 0.02167 
+8 aes. by — 0.01464 
+9 +4.25A 0.00849 


+10 +4,75A 0.00278 
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if | f(w)| 


w = cos 8 
4-0 —0.5 0 0.5 1.0 


Figure 10-4 Woodward-Lawson synthesized array factor for a 20-element, tat 
spaced linear array (Example 10-4). The desired pattern (dashed curve) is a sector 
pattern. 


The sample locations from (10-34) are w, =0.1n. Thus the sample locations and values 
are the same as for Example 10-2 and are given in Table 10-2. Using these and element 
positions z,, from (10-21) in (10-35) yields the array currents of Table 10-4. The pattern 
can be generated from either the Woodward-Lawson pattern expression of (10-32), or by 
direct array computation using (10-30), which is the version of (10-22) for the symmetric 
case, and the array parameters of Table 10-4. The pattern is plotted in Fig. 10-4. 


10.3.3 Comparison of Shaped Beam Synthesis Methods 


Most shaped beam antenna patterns have three distinct types of pattern re- 
gions. The side lobe region is easily recognized, and the side lobe level, SLL, is 
defined from 


value of the highest side lobe peak 


SLE= 201 
°8| maximum of desired pattern 


(10-36) 
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over the side lobe region. The quality of fit to the desired pattern f,(w) by the 
synthesized pattern f(w) over the main beam is measured by the ripple, R, which 
is defined as 


F(u) 


Sau) 


over the main beam. Also of interest is the region between the main beam and 
side lobe region, referred to as the transition region. In many applications, such 
as direction finding, it is desirable to have the main beam fall off very sharply 
into the side lobe region. To quantify this, transition width T is introduced and 
defined as 


R = 20j|log\maximum 


dB (10-37) 


Vics |Wr=0.9 — Wr=o.1| (10-38) 


where Wyr-o,9 and wWy—o., are the values of w where the synthesized pattern f 
equals 90% and 10% of the local discontinuity in the desired pattern. For 
unsymmetrical, single beam patterns there are two transition regions with differ- 
ent transition widths. Transition width is analogous to rise time in time-signal 
analysis. 

The shaped beam synthesis methods we have discussed in this and the 
previous section can be compared rather easily using SLL, R, and T. The sector 
pattern results of Examples 10-1 to 10-4 are presented in Table 10-5. A few 
general trends can be extracted from the table. The Woodward-Lawson methods 
(for both line sources and arrays) tend to produce low side lobes and low main 
beam ripple at some sacrifice in transition width. On the other hand, Fourier 
methods yield somewhat inferior side lobe levels and ripples. The Fourier series 
synthesized pattern gives very sharp rolloff from the main beam to the side lobe 
region, that is, small transition width. 


Table 10-5 Comparison of Synthesized Sector Patterns (c = 0.5, L = 10) 


Side level Transition 
Example Figure level, Ripple, width, 
Method Type number number SLL(dB) _ R (dB) T 
Fourier 10A line 10-1 10-1la —19.4 0.58 0.1765 
transform source 
Woodward- 10A line 10-2 10-2a —29.8 0.27 0.1303 
Lawson source 
Fourier series 20-element, 10-3 10-3 —22.6 0.87 0.0941 
4/2 spaced array 
Woodward- 20-element 10-4 10-4 —29.6 0.27 0.1343 


Lawson 2/2 spaced array 
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The synthesis methods presented in the previous two sections are most useful for 
shaping the main beam of an antenna pattern. Another major class of pattern 
synthesis methods is that for achieving a narrow main beam accompanied by 
low side lobes. Patterns of this type have many applications, such as in point-to- 
point communications and direction finding. In this section we will discuss the 
two most important narrow main beam, low side lobe methods: the Dolph- 
Chebyshev method for linear arrays and the Taylor line source method. These two 
methods are closely related and the Dolph-Chebyshev method is presented first 
to simplify the development. 


10.4.1 The Dolph-Chebyshev Linear Array Method 


In Section 3.5 several excitations of equally spaced, linear arrays were 
examined. It was found that as the current amplitude taper from the center to 
the edges of the array increased the side lobe level decreased, but with an 
accompanying increase in width of the main beam. In most applications it is 
desirable to have both a narrow main beam as well as low side lobes. It would, 
therefore, be useful to have a pattern with an optimum compromise between 
beamwidth and side lobe level. In other words, for a specified beamwidth the 
side lobe level would be as low as possible; or vice versa, for a specified side lobe 
level the beamwidth would be as narrow as possible. In this section a method for 
achieving this is presented for broadside, linear arrays with equal spacings that 
are equal to or greater than a half-wavelength. 

As might be expected the optimum beamwidth-side lobe level performance 
occurs when there are as many side lobes in the visible region as possible and 
when they have the same level. Dolph [5] recognized that Chebyshev polyno- 
mials possess this property, and he applied them to the synthesis problem. It is 
important to be familiar with Chebyshev polynomials, so we shall give a brief 
treatment of them before proceeding to synthesis. 

The Chebyshev (sometimes spelled “Tchebyscheff”) polynomials are defined 
by 


(—1)" cosh(n cosh™ * |x|) x<-1 
T(x) = COS(/#,COS mun |eenn gle aod (10-39) 


cosh(n cosh”? x) Soll 
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A few of the lower order polynomials are 


To cy=al 
T(x) =x 
T(x) = 2x al (10-40) 


T,(x) = 8x* — 8x? + 1. 
Higher order polynomials can be generated from the recursive formula 
Tys(e) = 2x T(x) — Tr (x) (10-41) 


or by letting 6 = cos” ' x and expanding cos m6 in powers of cos 6. For example, 
T3(x) = cos(3 cos~' x) = cos 36 = 4 cos*d —3 cosd from  (B-13). Hence 
T;(x) = 4x? — 3x. A few polynomials are plotted in Fig. 10-5. 

Some important general properties of Chebyshev polynomials follow from 
(10-39) or Fig. 10-5. The even ordered polynomials are even, that is, T,(—x) = 
T,(x) for n even, and the odd ordered ones are odd, that is, T,(—x) = — T,(x) for 
n odd. All polynomials pass through the point (1, 1). In the range -—1 <x <1 


Figure 10-5 Chebyshev polynomials T(x), T;(x), Tz(x), T3(x), and T,(x). 
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the polynomial values lie between —1 and 1, and the maximum magnitude is 
always unity there. All zeros (roots) of the polynomials also lie in -1 <x <1. 

The equal amplitude oscillations of Chebyshev polynomials in the region 
|x| <1 is the desired property for equal side lobes. Also the polynomial nature 
of the functions makes them suitable for array factors since an array factor can 
be written as a polynomial. The connection between arrays and Chebyshev 
polynomials is established by considering a symmetrically excited, broadside 
array for which 


Tee 


(10-42) 


Symmetrical excitation leads to a real-valued array factor which, from (10-20) 
and (10-22), is given by 


Peto cern P odd 
fWe= ee (10-43) 


- Ww 
2 > im COS |(2m — v5 P even 


2 


where w = 2n(d/A)w. This array factor (for either odd or even P) is a sum of cos 
(mj//2) terms for m up to P — 1. But each term containing cos (my/2) can be 
written as a sum of terms with powers of cos (//2) up to m, through the use of 
trigonometric identities. Therefore, the array factor is expressible as a sum of 
terms with powers of cos (W/2) up to P — 1. 

By choosing an appropriate transformation between x and y the array factor 
and Chebyshev polynomial will be identical. The transformation 


X ==, COS , (10-44) 
and the correspondence 
f(w)= Tal, Cos 5] (10-45) 


will yield a polynomial in powers of cos(i//2) matching that of the array factor. 
The main beam maximum value of R occurs for 6 = 90°, or w = 0, for a broad- 
side array.* Then (10-44) indicates that x = x, at the main beam maximum. The 
visible region extends from @ = 0° to 180°, or Ww = 2n(d/A) to —2n(d/A). These 
limits correspond to x = x, cos(zd/A); for half-wavelength spacing the limits are 
x =0. Thus, for d= 4/2 the visible region begins at x = 0, or 0=0°, and x 
increases as @ does until x, (the main beam maximum point) is reached and 
retraces back to x = 0, or 6 = 180° (see Fig. 10-6). 


+ The symbol fis usually reserved for a pattern normalized to a maximum value of unity, but for the 
Dolph-Chebyshev array it is more convenient to normalize the array factor f to a maximum value 
of R. 
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Figure 10-6 Chebyshev polynomial T,(x). 


The main beam-to-side lobe ratio, R, is the value of the array factor at the 
main beam maximum, since the side lobe level magnitude is unity (see Fig. 10-6). 
The side lobe level is thus 1/R, or 


SLL= —20logR_ GB. (10-46) 
Evaluating (10-45) at the main beam maximum gives 
R = Tp_,(x,) = cosh[(P — 1)cosh~* x,] (10-47) 
from (10-39). Or, solving for x,, 
ee cosh 5 cosh~' R } (10-48) 


The design procedure can be summarized. For a given side lobe level, R can 
be determined from (10-46) leading to x, from (10-48). The array factor is then 
given by (10-45), or it can be computed from (10-43) directly from the current 
values. The excitation currents are found by comparison between the array 
factor of (10-43) and the Chebyshev polynomial of (10-45). This synthesis 
procedure will be illustrated by the following example. 
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Example 10-5. A Five-Element, Broadside, —20-dB Side Lobe, 
Half-Wavelength Spaced Dolph-Chebyshev Array 


For a five-element array (P = 5, N = 2) the array factor from (10-43) is 
S(W) = i, + 2i, cos + 2i2 cos 2y (10-49) 


where w = 2n(d/A)cos 0 = x cos @ for d = A/2. Using cos (2/2) = 2 cos?(W/2) — 1 from 
(B-12) and cos(4y/2) = 8 cos*(/2) — 8 cos?(W/2) + 1 from (B-14), the array factor can be 
written as 


fw) => (io => 2i, <P 2i2) ae (4i, ry 16i2)cos* : ar 167, cos* 7 (10-50) 
And from (10-40) 
T,(x) = 1 — 8x? + 8x* 
= 1 — 8x3 cos? x + 8x% cos* “ (10-51) 


where (10-44) was used in the second step. Now the currents are found by successively 
equating coefficients of like terms of (10-50) and (10-51). From the cos*(/2) term 


eke (10-52) 
The cos*(//2) term yields 
patty ee Soe Boe (10-53) 
using (10-52). The final term gives 
Te SO Oi ee eee (10-54) 


using (10-52) and (10-53). The current values will be completely determined when x, is 
evaluated. This is accomplished by first finding the main beam-to-side lobe ratio from 
(10-46) using the specified — 20-dB side lobe level; 


R = 10754420 — 10. (10-55) 
Then from (10-48) with P = 5 and R = 10, 
X= 1.293, (10-56) 
The element currents from (10-52) to (10-54) with (10-56) are 
Iz = i_2 = 1.3975, ij =i_, = 2.464, ig = 2.6978. (10-57) 


These currents yield a main beam maximum of R = 10 and unity side lobes. Normalizing 
these to unity edge currents gives a 1: 1.61: 1.93:1.61:1 current distribution. The cur- 
rents of (10-57) in (10-49), or in the NEESLAP program, lead to the pattern in Fig. 10-7, 
which was normalized to 0 dB on the main beam maximum. This same pattern was 
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w=cosd > 


Figure 10-7 Dolph-Chebyshev synthesized array factor for a five-element, 4/2 
spaced, broadside array with —20-dB side lobes (Example 10-5). 


plotted in Fig. 3-23d in polar form. The directivity for equiphased, half-wavelength spaced 
arrays can be obtained from (3-93). For this example the directivity 1s 


2 32 
y | 

pict ewe abel 8 2.460) (10-58) 
ee 


If d < 4/2 the Dolph-Chebyshev broadside array is not optimum. Also if 
x, cos(Bd/2) < —1, additional main beams begin to appear. However, the 
Dolph-Chebyshev method can be extended to linear arrays with arbitrary spac- 
ings and to endfire applications [6, 7]. 

An approximate solution to the optimum (low side lobe, narrow main beam) 
linear array is obtained by setting the element currents equal to that of the 
Taylor line source at the appropriate locations; the Taylor line source is dis- 
cussed in the next section. Also see Prob. 10.4-10. 
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10.4.2 The Taylor Line Source Method 


The optimum narrow beam pattern from a line source antenna occurs when 
all side lobes are of equal level, just as in the array case. The required functional 
form, as we have seen, is that of the Chebyshev polynomial. The Chebyshev 
polynomial T,(x) has N — 1 equal level “side lobes” in the region —1 < x < 1, 
and for |x| > 1 its magnitude increases monotonically. A change of variables 
will transform the Chebyshev polynomial into the desired pattern form; that is 
with a zero slope main beam maximum at x = 0 and equal level side lobes. The 
new function resulting from the variable change is 


Py(x) = Ty (Xo =a a”) (10-59) 
where a is a constant and 
L L 
eS te O=—w. (10-60) 
At the pattern maximum 
Pyy(w = 0) = Ty(X,) == R (10-61) 


which is the main beam-to-side lobe ratio. A plot of (10-59) for N = 4 is shown 
in Fig. 10-8; it is the transformed version of Fig. 10-6. 
From (10-39) we have in the side lobe region 
P,y(x) = cos[N’ cos™ *(x, = a?x7)| |x, —a?x?| <1. (10-62) 


The zeros of this function occur when cosine argument equals (2n — 1)z/2, or 
when the values of x are as follows, 


1 (2n — 1)n 
es ee — ens Sal 10-63 
e ah fk COS |n| = ( ) 
where the plus sign is used for zero locations on the positive x-axis and 
x_, = —x,. In the main beam region, from (10-39), 


P(x) = cosh[N cosh (x, — a?x?)| |x,—a?x*|>1. (10-64) 


The main beam maximum value of Py is R and occurs for x = 0; see (10-60) 
and (10-61). Solving (10-64) for x, at the main beam maximum yields 


1 
x, = cosh (5 cosh! R} (10-65) 
It is convenient to introduce A such that 


A= : cosh~' R (10-66) 
T 
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Figure 10-8 Transformed Chebyshev polynomial P,(x) = T,(x, — 47x’). 
Values of a = 0.55536 and x, = 1.42553 corresponding to Example 10-6 were 
used. 


so then 


tA 


= cosh 
X» = cosh = 


(10-67) 
In order to have all side lobe levels equal we let N approach infinity, but 
simultaneously the argument of P,y is changed to keep the first nulls stationary, 
thus leaving the beamwidth unchanged. For N large x, = cosh(zA/N) ~ 1+ 
4(2A/N) and 


PN A?+(n—1)? N-o. (10-68) 


10.4 LOW SIDE LOBE, NARROW MAIN BEAM METHODS 545 


By letting 


= Ni (10-69) 


the first zero location remains fixed as N increases. Then 


x= t (PTH DP (10-70) 


The pattern factor is a polynomial in x with an infinite number of roots x 
and can be expressed as a product of factors (x — x,) for n from —0o to +00. 
And since x_, = —x, the pattern is 


TI (eee) = Ut [x? — A? — (n — 4)’]. (10-71) 
Normalizing this to unity at x = 0, gives 
Il " x2 ze Az 
ad (n—3) _ COs (x. /x? — A?) 
GAS) ei aca yaaa ee (10-72) 
al f in A | cosh 2A 
n=1 (n a 3)" 


The last step above utilizes the closed form expression for the infinite products. 
Using (10-60) and (10-66) in (10-72) gives the pattern in w as 


iG fod eA] (10-73) 


Note that this is normalized to unity at the maximum (w = 0) and oscillates 
between —1/R and 1/R in the side lobe region. For large w the argument of the 
cosine function in (10-73) is approximately xwL/A, so the zero locations of the 
pattern are w, ~ +A(n — 4)/L or x, ~ +(n—4), and thus they are regularly 
spaced. Also note that for w < 1A/L the cosine argument of (10-73) is imaginary 
and since cos(j@) = cosh @, (10-73) is more conveniently expressed as 


Ne cosh[z,/A? — [(L/A)w]] Ace os (10-74) 


cosh 7A 


This pattern is that of the ideal Taylor line source [8]. It is a function of A which 
is found from the side lobe level; see (10-46) and (10-66). The line source is 
“ideal” in the sense that equilevel side lobes extend to infinity in pattern space, 
thus leading to infinite power. The required source excitation, in turn, must 
possess infinite power and, in fact, will have singularities at each end of the line 
source. 

An approximate realization of the ideal Taylor line source, referred to as the 
Taylor line source, renders the first few side lobes of a nearly equal level and 
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decreasing far-out side lobes [8]. The decaying side lobe envelope removes the 
infinite power difficulty encountered with the ideal Taylor line source. The 
Taylor line source pattern is again a polynomial in x, but with zero locations 
given by 


+o0./A?+(n-4) 1<n<n 


i (10-75) 
+n n<n<oo 


x = 
The zeros for n </fi are those of the ideal line source in (10-70) scaled by the 
factor o. The far-out side lobes for n >i are located at the integer x positions. 
The zero arrangement for a sin(zx)/zx pattern is x = +n forn > 1 so the Taylor 
pattern far-out side lobes are those of the sin(zx)/zx pattern. The scaling par- 
ameter o is determined by making the zero location expressions in (10-75) identi- 
cal for n = n, which yields 


n 
Pree (ni — 4)? 


From the zero locations of (10-75) we may write the approximate Taylor line 
source pattern as 


(10-76) 


sin mx *—) 1 — (x/x,)* 
TX aca el eis) 


f (x, A, 1) = 


(10-77) 


The side lobes are nearly constant at the value 1/R out to x = n and decay as 1/x 
beyond x = fn. The pattern in terms of w = cos @ is 


sin(tLw/A) 7 1 — (w/w,)? 


10-78 
J etc eaaater asp Rn ary Se 
where the pattern zero locations on the w-axis are 
+" 9/4? + (np Lenn 
Ww, = (10-79) 


lata 
P| > 
es 


with o given by (10-76). 

The Taylor line source is actually a pattern of the Woodward-Lawson family. 
We shall show how this comes about and also determine the sample values and 
locations. First assume that the required source excitation can be expanded in a 
Fourier series as 


is) = 2 Sivan Wo es (10-80) 
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The corresponding pattern from (10-18) is 


2 Aa 
f(w)= ¥Y a,Sal{w——n|en (10-81) 
i= — 00) L A 
where the sample locations are identified as 
A 
Ww, = i" (10-82) 


The infinite expansion of (10-81) gives the exact pattern if the sample values are 
(see Prob. 10.4-6) 


ay, =f (w iy Wn) =f(n, A, n). (10-83) 


But the pattern zeros correspond to the sample locations of (10-82) for |n| >i 
since x, = n, or w, = (A/L)n for |n| >” from (10-75). Thus 


a,=0 for |n| >A. (10-84) 
Using (10-83) and (10-84) in (10-81) gives the pattern expression 


ni-1 
fw)= > f(n, A, ”)Sa C — “in| (10-85) 
n=—,7t+1 
The required current distribution from (10-80) is 
A a i A 
is) z\it2 > f(n, A, n) cos an ns (10-86) 
n= 


The coefficients f(n, A, i) are the samples of Taylor line source pattern for x =n 
and n <n. They are found from 


n — 1)!]? aml AaAcw : 
f(n, A, A)={ O- ae 1—n)! Th (1 -5) |n| <n (10-87) 


0 |jn| =n 


and f(—n, A, n)=f(n, A, vi). Tables of the coefficient values are also available 
[9]. These coefficients together with (10-85) and (10-86) determine the Taylor line 
source pattern and current. 

The half-power beamwidth expression is obtained rather easily for the ideal 
pattern. Evaluating (10-74) at the half-power points yields 


4b ole [a Eve) | {085 
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Solving this gives the two solutions 


A 
Wup — aes 


(cosh~! R)? — {cosh +) i" (10-89) 


fi 


The half-power beamwidth in w is then 


2 Lz 
(cosh™? R)? — {cosh +3] | . (10-90) 
The angle from broadside is y = 0 — 90°, so w= cos 0 = cos(y + 90°) = —sin y 
and y= —sin~! w. The half-power beamwidth based on the ideal Taylor line 
source is 


2 
HP,,, = 2| Wap] = 7— 


HP; = | rsp ser vi Ou; gn | a PHP rer a VHP gn | 


= |sin7! wyp+ — sin7* Wyp-| = 2|sin~* Wup| 


1 


2 {cosh Rr} 2 {cosh male (10-91) 


where Wyp+ and Wyp- are the two solutions of (10-89). The beamwidth for the 
approximate Taylor line source is given approximately by [10] 


HP,, ~cHP,, (10-92) 


= 2 sin~ 


and in @ by 


HP ~2 sin™? 


s (cosn~' R? - {cosh ah | (10-93) 


Example 10-6. A 10-Wavelength Taylor Line Source With —25-dB Side 
Lobes and n = 5 


The main beam-to-side lobe level ratio, since SLL = —25 dB, is 
R= 102k 22 10! 2° S17 7828, (10-94) 
From (10-66) 
A= = cosh * R=Wi13655: (10-95) 
Then from (10-76) 
n 
oS = 1.07728: (10-96) 


/ A? + (” — 3)? 
Using these values of A and a, the zero locations x, can be calculated from (10-75), and 
then the sample coefficients follow from (10-87) as given in Table 10-6. The sample 
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Table 10-6 Sample Values and 
Locations for the Taylor Line Source 
of Example 10-6 (L = 104, 7 = 5) 


rr 


a, =f (n, A, n) 

n = f(n, 1.13655, 5) ws 
0 1.000000 0 
fall 0.221477 +0.1 
Bie — 0.005370 +0.2 
ap 3} — 0.006621 +0.3 
+4 0.004917 +0.4 


EE 


locations from (10-82) are also tabulated. The pattern and current distribution can now 
be computed from (10-85) and (10-86) with the sample values and locations of Table 10-6. 
The resulting pattern and current distribution are plotted in Fig. 10-9; the SPAP program 


t 
HP,, = 0.1054 lf (w) | (dB) 


(a) 


Figure 10-9 A 10, Taylor line source with —25-dB side lobes and fi = 5 (Example 


10-6). (a) The synthesized pattern. 
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(b) 
Figure 10-9 (continued) (6) The current distribution. 


may be used to generate these. The side lobe decay envelope for the far-out side lobes of 
the pattern is shown in Fig. 10-9a. The half-power beamwidths from (10-90) to (10-93) are 


HP,,; = 0.0978 HP; = 5.606° (10-97) 
and 
HP,, ~ 0.1054 HP ~ 6.039°. (10-98) 


In this case the ideal Taylor line source beamwidth is very close to that of the approxi- 
mate Taylor line source. The half-power beamwidth HP,, is indicated in Fig. 10-9a. 
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PROBLEMS 


10.2-1 If g(t) and G(w) are a Fourier transform pair, then 


G(@) = le glthens>* dt 


100) 
and 


g(t) = x iy me da. 
If g, t, G, and w are replaced by f, u, i, and 27s, respectively, show that (10-6) and (10-7) 
follow from the above equations. 

10.2-2 Use (10-6) to find the pattern from a uniform amplitude, zero phase line source of 
length L centered on the z-axis. 

10.2-3 Find the current distribution i,(s) required to exactly produce the sector pattern of 
(10-11b). 

10.2-4 (a) Derive the Fourier transform synthesis pattern of (10-13) for a sector pattern. 
(b) Plot this pattern, thus verifying Fig. 10-la. Numerical integration of the Fourier 
transform via computer may be easier than using (10-13). 

10.2-5 Derive (10-15). | 

10.2-6 Repeat the Woodward-Lawson synthesis of the sector pattern of Example 10-2, 
but this time for a five-wavelength line source. 

(a) Plot the pattern in linear, rectangular form as a function of w. 

(b) Plot the current distribution. 
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10.2-7 A cosecant pattern (see Prob. 1.6-7 for a discussion of the cosecant pattern) is 
given by 


1 0<w <0. 
fa(w) = we 0.1<w<05 
0 elsewhere 


Use the Woodward-Lawson method to synthesize an approximation to this pattern for a 
10A line source. 

(a) Plot the pattern in linear, rectangular form together with the desired pattern as a 
function of w. 

(b) Plot the required current amplitude and phase. 
10.3-1 Discuss the conditions under which the f,(w) can be represented by the Fourier 
series in (10-24). 
10.3-2 Derive the Fourier series coefficient expression in (10-25). 
10.3-3 Derive the element current expression (10-29) for the Fourier series synthesis of a 
sector pattern. 
10.3-4 Synthesize a sector pattern with c= 0.5 using the Fourier series method as in 
Example 10-3 for an array of 20 elements which are spaced 0.6/ apart. 

(a) Determine the element locations and current values. 

(b) Plot the radiation pattern in linear, rectangular form as a function of w. 
10.3-5 Repeat Prob. 10.3-4 for an array of 10 elements and half-wavelength spacings. 
10.3-6 Use the Fourier series synthesis method to synthesize a sector pattern with c = 0.5 
for an array of 21 half-wavelength spaced elements. Derive the general element current 
expression and evaluate for each element. Plot the pattern. Compare to the 20-element 
array result of Example 10-3. 
10.3-7 Repeat the cosecant pattern synthesis as in Prob. 10.2-7 using the Fourier series 
method for a 20-element, half-wavelength spaced array. 
10.3-8 Show that the Woodward-Lawson sampling method pattern of (10-32) arises from 
the array factor with the currents of (10-35) for: 

(a) An odd number of elements. Hint: use (10-19) and (10-20). 

(b) An even number of elements. Hint: use (10-21) and (10-22). 
10.3-9 Verify the array element positions and currents of Table 10-4 for the Woodward- 
Lawson synthesized sector pattern of Example 10-4. 
10.3-10 Repeat the Woodward-Lawson synthesis as in Example 10-4 for a 10-element, 
half-wavelength spaced array. 
10.3-11 A collinear array of 18 half-wave dipole antennas is to be used to synthesize a 
sector pattern with a main beam sector over the region 70° < @ < 110°, that is, F,(0) = 1 
over this region and zero elsewhere. 

(a) For 0.65/ spacings determine the input currents required for Woodward-Lawson 
synthesis of the complete pattern. Account for the element factor. 

(b) Plot the total array pattern in linear, polar form as a function of 6. 
10.3-12 Repeat Prob. 10.3-11 for a cosecant desired pattern where F,(@) is 1 for 
80° < 8 < 90°, cos 80°/cos 6 for 0° < @ < 80°, and zero elsewhere. 
10.4-1 For the five-element, broadside, —20-dB side lobe, half-wavelength spaced Dolph- 
Chebyshev array of Example 10-5: 
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(a) Obtain the pattern plot in logarithmic, rectangular form as a function of w. The 
NEESLAP program may be used. 

(b) Verify the side lobe level and beamwidth (see Fig. 3-23d) from your pattern 
calculations. 
10.4-2 Design a Dolph-Chebyshev broadside array of five, half-wavelength spaced ele- 
ments for —30-dB side lobes. 

(a) Verify the current distribution as given in Fig. 3-23e. 

(b) Compute the directivity. 
10.4-3 Design a broadside Dolph-Chebyshev array with six, 0.61 spaced elements for 
— 25-dB side lobes. 

(a) Obtain the element currents. 

(b) Plot the pattern in logarithmic, rectangular form. 
10.4-4 Derive the ideal Taylor line source pattern results of (10-71) and (10-72). 
10.4-5 Show how the approximate Taylor line source pattern of (10-77) follows from the 
zero locations. 
10.4-6 The sampling theorem from time-signal analysis states that a signal g(t) is exactly 
reconstructed from the time samples g(m/2B) as 


AG Sold) Sa ana( 2 7] 


where B is the highest frequency component of the signal. Draw the appropriate analogies 
to antenna theory to obtain the sampled data pattern expression of (10-81). 

10.4-7 Verify (10-89). 

10.4-8 Compute the sample values a, of Table 10-6 for the Taylor line source of Example 
10-6. 

10.4-9 Compute the half-power beamwidth values for the Taylor line source of Example 
10-6. Compare your answers to those of (10-97) and (10-98). 

10.4-10 An array antenna can be designed by choosing the element current excitations at 
the corresponding points of the continuous current from a line source synthesized for the 


Array Excitations for Prob- 
lem 10.4-10 


m en le 

1 +025 0.14234 
stad +0.75 0.13833 
3 deal 9 0.13127 
+4 #175 0.12175 
ats) stead 0.10935 
+6 a2.) 0.09429 
ae 1 ae3129 0.07891 
+8 SSe aE) 0.06676 
ary) #+4.25 0.05980 
+10 +4.75 0.05720 
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desired pattern. This is illustrated in this problem with a narrow main beam, low side 
lobe pattern. The Taylor line source of Example 10-6 has current values appropriate fora 
20-element array given in the table. 

(a) Use these current values to obtain the array factor of the corresponding linear 
array. 

(b) Compare the half-power beamwidths and side lobe levels of the array and line 
source patterns. 


10.4-11 Design an eight-wavelength Taylor line source (n = 7) with —30-dB side lobes. 
(a) Obtain and tabulate the sample values and locations. 
(b) Plot the pattern in rectangular-logarithmic form as a function of w. 
10.4-12 Evaluate o for several values of ” for the case of a —25-dB side lobe level. Using 
HP,, ~ cHP,,,, explain the half-power beamwidth behavior as a function of n. 


APPENDIX 


VECTORS 


A.1 UNIT VECTOR REPRESENTATIONS 
% =f sin 6 cos $ + 6 cos 6 cos d — bsin 
=f sin 0 sin 6 + 6 cos 6 sin 6 + b cos 


=f cos 0 — @ sin 0 


-A.2 VECTOR IDENTITIES 


A x (B x C)= (A: C)/B— (A: B)C 
(A x B) x C=(C- A)B— (C:B)A 
V-(Vx G)=0 

V x Vg=0 
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V-Vg=V’9 (A-11) 
V(if+ 9)=Vf+ V9 (A-12) 
V-(F+G)=V-F+V-G (A-13) 

Vig)= a +fV9 (A-14) 
V-(fG)=G-(W)+f(V-G) (A-15) 

V x (fG) = (Vf) x G+f(V x G) (A-16) 
Vx (Vx G)=V(V-G)-V?G (A-17) 
VG = XV°G, + 9V°G, + 2V7G, (A-18) 
ae a ee (A-19) 
F -(G x gue G: (Hx F)=H - (Fx G) (A-20) 

x (F x G)=F(V- G)— G(V- F) + (G: V)F— (F: V)G (A-21) 
oe -G)=(F-V)G + (G- V)F+ Fx (Vx G)+Gx (Vx F) (A-22) 

{I} V-Gdo= H G-ds divergence theorem (A-23) 

| | (V x G)-ds= { G-dl Stokes’ theorem (A-24) 


s l 


A.3 VECTOR DIFFERENTIAL OPERATORS 


Rectangular Coordinates 


ECP Ro 2 og 

Vg=X5 +95, Spare (A-25) 
6GonieG 0G; 

ee Ox Oy Oz A 2e 

EGCG) (eG eG. aG, 0G, 

Coa a(S - =] & -&:| ae - Aga 

Cg 0g. 079 
2 (5 ae Soyer < SS ae, - 
V o> Ox? a dy? an 622 (A 28) 
Cylindrical Coordinates 
lo 50 
Vo = + b- coe = (A-29) 


ap * 


A.3 VECTOR DIFFERENTIAL OPERATORS 


SOF 
V Ga 5G) 4-8 +S (A-30) 
VxG= (7S - Se) o 6(< = = J+ a B (rG,)— iE | (A-31) 
vpn 12 (20) 12 2 682 
Spherical Coordinates 
Vg = mo +628 an (A-33) 
e ae lta aah ak Case r e ie (eed 
ea = ae ies 6 is (Gast) a 
at = 0 ee : (G4) | 32) 
+31 [S69-%% 
eS : = (r cee = aa (sin i a) = 


r? sin? 0 dg? ee 
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TRIGONOMETRIC 
RELATIONS 


= sin a cos B + cos a sin B 


= cos a cos B # sin « sin B 


Tt : 
cos(5 ar «|= —sin a 


sin a cos B = 4[sin(a + B) + sin(a — B)] (B-5) 
cos « sin B = 4[sin(a + B) — sin(w — B)] (B-6) 
cos a cos B = 4[cos(a + B) + cos(« — f)] (B-7) 
sin a sin B = —4{cos(« + B) — cos(« — f)] (B-8) 


sin « = 2 sin - cos : (B-9) 


sin 2a = 2 sin a COS & 
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cos a = 2 cos? 5 —1= 1 — 2 sin” 


cos 2a = 2 cos* a — 1 = cos? a — sin? a=1—2sin? a (B-12) 


(B-11) 


NI R 


cos 3a = 4 cos® « — 3 cos « (B-13) 
cos 4% = 8 cos* « — 8 cos? «+ 1 (B-14) 
COs ma = cos™ « — ae cos”? & sin? « 

— 1)\(m—2 

au Ue ke cos™~* w sin*t « +--- (B-15) 

1 = sin? « + cos? « (B-16) 
; me ee ne 

Se eR Nala gh (B-17) 
ce ie. Opie 

SS es ae mer Gi gee (B-18) 


e*J* = cos a+j sin a (B-19) 
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HYPERBOLIC RELATIONS 


sinh ser at— +2 + = ae 
hee o & 
Ds 3! 5! a 


cosh Gel a: ei ae 
a= = see 
iz 2! At 6! 


Pets sinh « 1 
a ga= = 
cosha cotha 


sinh(a + jB) = sinh « cos B +j cosh « sin B 
cosh(« + j8) = cosh a cos B + j sinh « sin B 
eit — eI 

D 


eite i 


sinh(ja) = j sin «= 


cosh(ja) = cos « = 
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TABLES OF COMMONLY 
USED FREQUENCIES 


D.1 RADIO FREQUENCY BANDS 


Isteq UCN Cy ne 

3kHz 30kHz 300kHz 3MHz 30MHz 300MHz 3GHz 30 GHz 300 GHz 
VLF | LF MF | HF | vHF | UHF | 

100 km 10 km 1 km 100 m 10m 1m 10 cm 1 cm 1 mm 


fa ——————_Wavelength 


D.2 TELEVISION CHANNEL FREQUENCIES 


Frequency Frequency 


2 180-186 
3 60-66 9 186-192 
4 66-72 10 192-198 
5 76-82 11 198-204 
6 82-88 12 204-210 
7 174-180 13 210-216 
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UHF 
LE 
Frequency Frequency Frequency 
Channel range Channel range Channel range 

no. (MHz) no. (MHz) no. (MHz) 

ne eee asses 
14 470-476 30 566-572 46 662-668 
15 476-482 31 572-578 47 668-674 
16 482-488 32 578-584 48 674-680 
17 488-494 33 584-590 49 680-686 
18 494-500 34 590-596 50 686-692 
19 500-506 35 596-602 51 692-698 
20 506-512 36 602-608 pe 698-704 
21 512-518 37 608-614 53 704-710 
22 518-524 38 614-620 54 710-716 
23 524-530 39 620-626 55 716-722 
24 530-536 40 626-632 56 722-728 
25) 536-542 41 632-638 Si 728-734 
26 542-548 42 638-644 58 734-740 
ZT 548-554 43 644-650 59 740-746 
28 554-560 44 650-656 : 
29 560-566 45 656-662 83 884-890 


RS 


Note: The carrier frequency for the video portion is the lower frequency plus 
1.25 MHz. The audio carrier frequency is the upper frequency minus 0.25 MHz. All 
channels have a 6MHz bandwidth. For example, Channel 2 video carrier is at 
55.25 MHz and the audio carrier is at 59.75 MHz. 


D.3 RADAR BANDS 


a nnn 


$e 


World War II New IEEE 
band designations band designations 
hf 3-30 MHz 
vhf 30-300 MHz 
uhf 300-1000 MHz 
L 390-1550 MHz L-band 1-2 GHz 
S 1550-3900 MHz S-band 2-4 GHz 
Cc 3.9-6.2 GHz C-band 4-8 GHz 
xX 6.2-12.9 GHz X-band 8-12 GHz 
Ku 12.9-18 GHz K,-band 12-18 GHz 
K 18-26.5 GHz K-band 18-27 GHz 
Ka 26.5-40 GHz K,-band 27-40 GHz 


Millimeter 40-300 GHz 


a 
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CONDUCTOR DATA 


E.1 CONDUCTIVITIES OF GOOD CONDUCTORS 


Conductor Conductivity (mhos/m) 


Silicon steel 2 x 10° 
Brass 1.1 x 10’ 
Aluminum 3.5 x 10’ 
Gold 4.1 x 10’ 
Copper 5.7 x 10’ 
Silver 6.1 x 10’ 
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E.2 WIRE DATA 


Ea 


Single copper Copper wire dc 


wire continuous resistance 
Wire size Diameter in duty current per unit length 
AWG mm (in.) capacity (A) (ohms/100 m) 
oo es ee _ eee 
8 3.264 (0.1285) 73 0.1952 
9 2.906 (0.1144) — 0.2462 
10 2.588 (0.1019) 55 0.3103 
11 2.305 (0.0907) — 0.3914 
12 2.053 (0.0808) 41 0.4935 
13 1.828 (0.0720) — 0.6224 
14 1.628 (0.0641) 32 0.7849 
16 1.291 (0.0508) Ip) 1.248 
18 1.024 (0.0403) 16 1.984 
20 0.812 (0.0320) 11 32155 


22 0.644 (0.0253) - 5.017 


ee 
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SOME USEFUL 
MATHEMATICAL RELATIONS 


F.1 DIRAC DELTA FUNCTION 


The Dirac delta function (or impulse function) is zero everywhere except when 
the argument is zero 


O(X x, =O fOr xe, (F-1) 


For the zero argument case the function is singular but in a special way: the 
area is unity, that is, 


if 6(x — x,) dx = 1. (F-2) 


ane O, 


_ Another useful property of the Dirac delta function follows, 


J abe )5(e — x,) de = o(x,) (F-3) 


eer ra ae re ae RI ee rit a ys loeh 
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F.2 BINOMIAL THEOREM 


mon n—-1 n(n — 1) n— 21.2 
(a+ by =a'+na" "b+—,— 4 b 


2n 


1 4 
Jabs) =. [eo 


2m 
a 2n 
J, (x) = an i e}* 5% cos(na) da 
a oO (21x 
Sm! (m +n)!27""" 
2(n—1 
je RG) 


| x ode ee) 
1 ny} 


2"n! 
[ (1 = x2frxJo(bx) dx = Feat Ine s(b) 


(0) 


F.4 SOME USEFUL INTEGRALS 


cx 


sin(a + bx)e™ dx = [c sin(a + bx) — b cos(a + bx)] 


b? +c? 
9) en 
egesiigey 
| 5 AX = 
= es 
; *sin T rave 
Si(x) = | ; dt sine integral 
0) 


dt cosine integral 


(F-4) 


(F-5) 


(F-6) 


(F-7) 


F.4 SOME USEFUL INTEGRALS 567 


Cin(x) = | eed dt (F-15) 
Cin(x) = 0.5772 + In(x) — Ci(x) (F-16) 
C(x) = [ cos(3 ) dt; C(—x) = —C(x) (F-17a) 


Fresnel integrals 
S(x) = | sin( 5 “) dt; S(=x)="—S(x) (F-17b) 
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COMPUTER PROGRAMS 


In this appendix FORTRAN statement listings of several computer programs 
are presented. Many are useful throughout the text. For example, the subpro- 
grams PPLOT or PROFIL can be used to display data (generated by a main 
program) in a polar or rectangular form using the line printer of a computer. 
The program ARRFAC generates the array factor pattern of an equally spaced, 
uniformly excited linear array. The ARRPAT program is a general array pro- 
gram useful for any array geometry, excitations, or element type. The program 
NEESLAP is a general linear array factor program especially suited to the 
synthesis techniques of Chapter 10. The SPAP program is intended for use with 
the line source synthesis methods in Chapter 10 which are of the Woodward- 
Lawson or Taylor line source type. 


G.1 LINE PRINTER POLAR PLOT SUBROUTINE—PPLOT 


Subroutine PPLOT provides a polar plot, such as of an antenna pattern, on the 
line printer of a computer. It is used in conjunction with a program which 
generates the pattern values of a radiation pattern at 1° intervals and loads them 
in the data array DATA. For example DATA(1) is the pattern value at a polar 
angle of 1°, DATA(2) is the pattern value at angle 2°, and so on up to 360°. The 
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p 
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G.2 LINE PRINTER RECTANGULAR PLOT SUBROUTINE—PROFIL 
the pattern values for all angles are tabulated. The locations and values of 


this subroutine will automatically normalize it. In addition to the polar plot, 
the pattern maxima and minima are printed out separately. 


pattern does not have to be normalized to a maximum value of unity because 
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SUBROUTINE—PROFIL 
parameter such as w = cos 9. Current magnitudes and phases can also be plotted 


Subroutine PROFIL provides a rectangular plot on the line printer of a 
computer. It is used for plotting patterns either as a function of angle or of a 
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with PROFIL as a function of position across the source aperture. The input to 
this subroutine is the two-dimensional data array DATA and the number of 
points to be plotted is NPT. DATA(I, 1) is the independent variable and 
DATA(I, 2) is the corresponding dependent variable. In the statement listing 
below DATA is dimensioned 401 by 2. PROFIL will accept any array with up 
to 401 pairs of points as fixed by NPT. Note that in the main program the 
array to be passed to PROFIL must be dimensioned exactly the same as in 
PROFIL, in this case 401 by 2. 

The data values will be scaled automatically and the scale factor used will be 
printed. The independent variable runs down the output page and the dependent 
variable runs across. The exact dependent variable values in linear and decibel 
form are printed for each point plotted. 


0001 BROUTINE PROFIL(DATA,NPT) 
C THIS SUBRGUTINE PRODUCES A LINE PRINTER PLOT OF THE DATA ARRAY ™DATA® 
C DATA(Je1) IS THE INDEPENDENT VARIABLE 
€ DATA(J,2) IS THE DEPENOENT VARIABLE 
C NPT= NUMBER OF POINTS TO BE PLOTTED 
C NO NORMALIZATICN IS PERFORMED OTHER THAN 10##SF TO FIT DATA ONTO PLOT 
3902 INTEGER SF 
0003 EGER OUTPUT (101) 
0004 INTEGER _BLANKe PLUS, SLASH» STAR 
0005 REAL DATA(401,2) -BOUND(101) 
0006 : DATA BLANK» PLUS, SLASH»STAR/® *,%e*,e|e, tasty 
C FIND THE RANGE OF DEPENDENT DATA AND SCALE IF NECESSARY 
0007 IF(NPT.GT.401) GO TO 999 
0008 BIG=-1-ELO 
0009 SMALL=1.E10 
0010 OO 1 J=i,NPT 
0011 IF(DATACSe2)eLTeSMALL) SMALL=DATAC Jy 2) 
0012 IF(DATA(J,2)-GT-BIG) BIG=DATACJ,2) 
Jo13 1 CONTINUE 
0014 OIFF=ABS( BIG-SMALL) 
0015 SF=0 : 
0016 IF(DIFF.GT.1-E-06) GO TO 8 
0017 WRITE(6,101) DATACL,2) 
0018 101 {FORMATE LH, 1x9 *NC PROFIL PLCT GENERATED - — ALL VALUES EQUAL? 
0019 RETURN 
0020 8 CONT INUE 
d021 {E(DIEE-LT-0-2) GO TO 10 
0022 FIDIFFSLEs10.) GO TO 22 
0023 DO 2 J=1,10 
0024 IF (OLFF*{0.**(-45).GT.10.) GO TG 2 
0025 SF=J 
0026 Go To 20 
0027 2 CONTINUE 
3028 400 WRITE(6,100) 
2029 100 FORMAT(*O YOUR DATA IS TOO LARGE FOR THIS PROGRAM®) 
0030 RETURN 
0031 10 00 3 J=196 
vusd K=/-J 
0033 IF (DIFF *10¢#K.GT.10.) GO TO 3 
0034 SF=-K 
0035 Go TO 20 
3036 3 CONTINUE 
0037 WRITE (6,102) 
0038 102 FORMAT(£0 YGUR DATA IS TOO SMALL FCR THIS PROGRAM®) 
0039 20 DO 4 J=leNP 
3046 nes DATA Jo2)=DATAC J, 2) #10. %4(-SF) 
C CALCULATE BGUNDS 
0041 21 SCALE=DIFF/100. 
0042 DO 5 J=1,101 
0043 K=J-1 
0044 ¢ 3 BOUND J)=(BIG-K*SCALE)#10.4#(-SF) 
c PLOT PROFILE 
0045 WRITE(6,4004) SE 
0046 400% FORMAT (1H1,53X— "SCALE FACTOR IS 10##*,12/) 
0047 200 WRITE (6,650) (BOUND( JS) »J=19101520 
0048 650 FGRMAT(4X 95 CF Te 39 13X) pF Tod 9 2Xy "REAL® 94X_"DB®) 
0049 DO 6 Ji=1,NPT 
0050 J=d1 
0051 DO 50 K=1,101 
0052 50 OUTPUT (K)=BLANK 
0053 TE((J—1D/ LO*L0-€ J-1)) 6296162 
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G.3 UNIFORMLY EXCITED ARRAY FACTOR PROGRAM—ARRFAC 


2DATACJ,2) »DATADB 


101) 


PUT (K) sK=1 y101) DATAC J 92) »DATADS 


T 
2XoF 10 391Xs F602) 


650) (BOUND(J) »J=1 2101 ,20) 


DS 44505490 9W LOWS We 
Aa O0C4Fr60 0d] fer fer 2D 
eww Zee ew SO 
WOU SOODS au LF 50 COOawse 
OCOs4OOC OO ELOBLOESW 


a 
Usd to: AO OnO Oo 
on S*) to +9 ea 


GO TO 87 


61 DO 40 Kis 1015 10 
40 OUTPUTIK)=PLUS 
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G.3 EQUALLY SPACED, UNIFORMLY EXCITED ARRAY 


FACTOR PROGRAM—ARRFAC 


The ARRFAC program computes the array factor values of a linear array of N 


equally spaced, uniformly excited elements. The main beam maximum can be 


steered to any specified direction 6,. It has been coded to use with the PPLOT 


line printer plotting subroutine described in Section G.1. 
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The array information is inputted on one card (or card image) with an (IS, 
2F 10.0) format. First the number of elements N is given as an integer. Next the 
interelement spacing D in wavelengths is specified as a real number. And finally, 
the angle THETA 60 relative to the line of the array is entered as a real number 
and is in degrees. Several arrays can be computed with a single computer run by 
stacking data cards, one card for each array. 

The output from ARRFAC is the polar pattern generated by PPLOT. Also, all 
input information is printed, as well as the interelement phase shift required to 
steer the main beam to the desired angle. 


G.4 COMPLETE PATTERN PROGRAM FOR AN 
ARBITRARY ARRAY—ARRPAT 


The program ARRPAT is used to compute and display the complete radiation 
pattern of an arbitrary antenna array. The array factor is computed in the 
subroutine ARFACT. The subroutine ELPAT performs the element pattern 
computations. It contains five element pattern types: isotropic (NETPYE=0), 
half-wave dipoles parallel to the z-axis (NETYPE=1) or x-axis 
(NETYPE =2), and short dipoles parallel to the z-axis (NETYPE =3) or x-axis 
(NETYPE=4). Other element types can be handled by adding the appropriate 
coding within ELPAT. 

The input to the program begins with one card image with the integers N, 
NETYPE, and NPOINT using a 312 format. N is the number of elements in the 
array. NETYPE is the element type number as described above. NPOINT is set 
to zero unless it is desired to have the program adjust the element excitation 
phases to steer the main beam maximum to the (6,, ¢,) direction, in which case 
NPOINT is set to unity. If NPOINT=1 the next card image read in contains 
THETAO and PHIO in degrees using a floating point format with a field length 
of 10. The remaining card images are N in number, one for each element. Each 
of these card images contains five numbers in an 8F10.4 field. The first three are 
the x, y, and z coordinates for the element center location in wavelengths. The 
remaining two numbers are the current amplitude and phase (in degrees) for that 
element. There are no restrictions on the element locations and excitations. 

The program outputs all element location and excitation data. If the beam is 
to be steered to (0,, ,) the phase is adjusted from that inputted to the program 
such that the desired beam pointing is accomplished. Next the pattern informa- 
tion is displayed for the xz, yz, and xy planes. In each plane both polar and 
rectangular plots are given. 

The subroutines PPLOT and PROFIL in Sections G.1 and G.2 must be 
added to the source listing below. 
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G.4 PATTERN PROGRAM FOR AN ARBITRARY ARRAY—ARRPAT 


ATTERNS ARE IN SUBPROGRAM ELPAT. 
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G.5 (UN)JEQUALLY SPACED LINEAR ARRAY PROGRAM—NEESLAP = 575 


ooll T2=SQRT(1.-T1*T1) 
0012 IF(T2.EC.0.) ELPAT=0. 
0013 ILF(T22-NE~0.) ELPAT=COS(PI*T1/2.)/T2 
0014 20 CONTINUE 
Cc TYPE 3 = NETYPE=3 
Cc SHORT OIPOLES PARALLEL TO THE Z-AXIS 
dUL5 IF(NETYPE.NE.3) GG TO 30 
QOL6 ELPAT=SIN(THETA) 
J017 30 CONTINUE 
c TYPE 4: NETYPE=4 
Cc SHORT DIPCLES PARALLEL TC X-AXIS 
0018 IF(NETYPE.NE-4) GO TO 40 
0919 T1I=SINCTHETA) *COS(PHI) 
0029 ELPAT=SQRT(1.-T1*T1) 
go21 40 CONTINUE 
0022 RETURN 
0023 END 


G.5 NONUNIFORMLY EXCITED, (UN)EQUALLY SPACED 
LINEAR ARRAY PROGRAM—NEESLAP 


The NEESLAP program is used to plot the array factor of a linear array, either 
equally or unequally spaced. The plot is given as a function of w= cos @ as 
employed in Chapter 10. 

The first card image inputted to the program is to contain the number of 
elements NP in an I5 format. This is followed by NP number of card images, 
one for each element. Each of these contains the position (in wavelengths), the 
current amplitude, and the current phase (in degrees) in a 3F 10.5 format. 

All input data is printed out, followed by the pattern plot of the array factor. 
The subroutine PROFIL of Section G.2 is to be added to the statement listing 
below. 


C * * * k *® * * *& & * € NEESLAP * * *® * *& * K * *€ 
C NONUNIFORMLY EXCITED, (UNJEQUALLY SPACED LINEAR ARRAY PROGRAM 
€ THIS PROGRAM PLOTS THE ARRAY FACTOR MAGNITUDE FOR A NONUNIFORMLY 
C EXCITED EQUALLY (OR UNEQUALLY) SPACED LINEAR ARRAY 
9001 COMPLEX IMAG, TEMP 
0002 REAL DATAI(401,2) 
0003 - REAL S(25),A(25) »PHASE(25) 
0004 P1=3.14159265 
0005 DIR=P1/180~ 
9006 z IMAG=(Oeel-) 
0007 READ( 5,80) NP 
2008 80 FORMATII5) 
0009 DC 10 I=1)NP 
3010 READ( 5,815 SCI) eACI),PHASECT) 
J011 81 FORMAT(3F10-5) 
0012 10 _ CONTINUE 
C NP= NUMBER OF ELEMENTS 
C€ I= ELEMENT NUMBER 
€ S(1)= POSITION OF _ITH ELEMENT/WAVELENGTH 
C ACI),PHASEC(T)= AMPLITUDE ANO PHASE OF CURRENT OF ITH ELEMENT 
0013 WRITE(6590) 
0014 90 FORMATCIH1,42X,°* * * * NEESLAP * # * # ¢) 
0015 WRITE(6,915 NP 
9016 91  FORMAT(/////* THE NUMBER CF ARRAY ELEMENTS ="y15) 
0017 WRITE(6,92) 
0018 92  FORMAT(///5X_ 6X0 "SUID 94X_ ACT) 9 4X)" PHASE(I)") 
0019 WRITE(6,93) ips} sAtL) pPuASe ct) st {,N®) 
3020 93 FORMAT(IH i rdigsti 45F10.69F1 
c 
€ PATTERN CCMPUTATICN 
2021 W=-1.0 
0022 00 30 J=1,401 
0023 TEMP=(0.,0-) 
0024 DC 20 I=1,NP 
0025 TEMP=TEMP+A CT) *CEXP( IMAG#2 oP 1#S (1) *h+ I MAG*PHASE (1) *DTR) 
0026 20 CONTINUE 
0027 DATAL(Js1)=W 
0028 DATAI(J,2)= CABS(TEMP) 
0029 W= WtO.005 
0030 30. _ CONTINUE 
C PRINT CUT RESULTS 
0031 WRITE( 6,94) 
3032 94 FORMAT (LH1,50X tTHE PATTERN MAGNITUDE PROFILE'/) 
0033 CALL PROFIL(DATAL 
0034 STGP 
9035 END 
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G.6 SAMPLING PATTERN ANTENNA PROGRAM—SPAP 


The SPAP program computes and displays the pattern, current amplitude 
distribution, and current phase distribution for a line source antenna whose 
pattern can be described by a sum of sampling functions. This pattern class 
includes the Woodward-Lawson and Taylor line sources described in Chapter 
10. 

The first card image required for input contains the number of Sa functions 
NP and the length of the line source LEN in wavelengths in an (110, F10.5) 
format. The following input card images (NP in number) each contain the 
sample locations in the pattern variable w and the pattern sample values in an 
8F 10.6 format. 

The output begins with a printing of all input data. Next the pattern is plotted 
as a function of w = cos 0. This is followed by plots of the current amplitude and 
phase as a function of position along the line source in wavelengths. 

The subroutine PROFIL of Section G.2 must be added to the following 
statement listing. 


C * * # * * * + * SAMPLING PATTERN ANTENNA PROGRAM (SPAP) * * * + 
C THIS PROGRAM COMPUTES ANO PLOTS ANY PATTERN EXPRESSIBLE AS A SUM 
C SAMPLING FUNCTIONS - 
C SUCH AS 'WOEDHARO-LAWSON AND TAYLOR LINE SOURCES 
€ THE CURRENT MAGNITUDE AND PHASE ARE ALSO PLOTTED 
¢ 
0001 REAL LEN 
9002 REAL WN(25),A(25) 
0003 REAL DATA1(40192) 
0004 COMPLEX CTEMP,CURREN 
0005 COMMON/BLOC/ITYPEsPI 
0006 y COMMON/BLOC1/ LEN; NPyWN,A 
0007 P1=3.14159265 
0008 i DTR=P1/ 180. 
0009 WRITE(6,70) 
0010 70  FCRMAT(IH1,5Xy"SPAP - SAMPLING PATTERN ANTENNA PROGRAM®) 
0011 READ(5,71) NPyLEN 
0012 71 FORMAT(I10,F10.5) 
C NP= NUMBER OF SAMPLING FUNCTIONS 
€ LEN= APERTURE LEAGTH IN WAVELENGTHS 
0013 DO 15 I=L,yNP 
0014 READ (5_72) WN(T) eACT) 
0015 72 FORMAT(BF10.6) 
0016 15 CONTINUE 
0017 WRITE(6,80) ’ 
0018 80  FORMAT(IHO,"THIS PATTERN IS EXPRESSIELE AS A SUM GF SA FUNCTICNS®) 
0019 WRITE(6,81$ LEN, NP 
0020 81 _FORMAT(1HO, * APERTURE LENGTH= LEN=" FS. 
ie WAVELENGTHS //1H. y NUMBER OF SABPLE POINTS= NP="y15) 
0021 WRITE(6582) 
0022 WRITE(6 983) (Np WNON) pACQN) »N=Ly NP) 
0023 82 FORMAT ( 1HO 9 4X 9 21% 9p 4X a * WNIT) 9 9 GX, ACI) *) 
0024 83 _FOURMAT(1H091 5,2Fl0.6) 
C PATTERN PLOT IN VARIABLE h 
0025 WRITE (6585) 
0026 85  FORMAT( 1H1,*W-PROFILE PLOT OF PATTERK*) 
0027 W=-1.0 
0028 00 20 1=1,401 
0029 DATAL(191)=w 
0030 DATAL(1,2)=PAT(W) 
0031 W=W+0.005 
9032 20. CONTINUE 
0033 i CALL PRCFIL(DATAL,401) 
€ 
C CURRENT MAGNITUDE PLCT IN VARIABLE S 
C ~ S= "APERTURE POSITION/ WAVELENGTH 
0034 WRITE(6786) 
0035 86 FORMAT(IH1,*CURRENT MAGNITUDE PLOT AS A FUNCTION OF S*) 
0036 DELTAS=LEN/200. 
0037 S=-LEN/ 2. 
0038 DO 30 I=1,201 
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G.7 MOMENT METHOD PROGRAM FOR A CENTER-FED DIPOLE 


CABS({CURREN(S)) 


JFIL(OATAL,201) 
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ERATES PATTERN VALUES FGR AN INPUT VALUE OF W 


z 


NOS 
20590 
2090 
90900 


9/((W-WN( I) )*LEN*PI) 


TO 26 
((W-WN(T)) *LEN*PI 


ie) 


OZ 


OW eaACaAKNe 
WNEVF te? 
Ke —e F-Zero 
qQoudtomdows 
a0eeAOAOdclW 


OW 
NN 


oF arTOaAnny 
ODCOna 4A 
ao00000000 
oO00090909 


TES CURRENT VALUES CGRRESPONDING TO THE 


=o 


0001 


AG,CEXP,CABS 
oP 
NP a WNyA 


SaEweZe 


NM tuo 
909000 
o09000 
o09900 


IMAG=(0.,1.) 


0007 


N#A (1) *CEXP(-IMAG#2.*PI*WN(1)*S)/LEN 


DROANMS 
OOenaAA 
9090099 
o09099009 


G.7 MOMENT METHOD PROGRAM FOR A 
CENTER-FED DIPOLE 


point-matching to analyze a center-fed linear dipole. A general subroutine for 


The computer program in this appendix uses pulse expansion functions and 
solving a toeplitz matrix is included. 


wire radius in wavelengths 


number of segments 


The variables in the main program are 
A= 


N 


length of the dipole in wavelengths 


L= 
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The main program ends just after statement 40. The first subroutine, which 
follows the main program, uses Simpson’s rule to numerically integrate Pock- 
lington’s integral equation, the kernal of which is numerically evaluated in the 
second subroutine. The third subroutine evaluates the generalized voltage matrix 
using (7-81). The fourth subroutine solves a system of equations with toeplitz 
properties as discussed in Section 7-8. The parameters necessary to use this 
subroutine are described in the subroutine listing. Sample output from the first 
row of the generalized impedance matrix and the corresponding solution for the 
current matrix are listed at the end of the program. 


C MOMENT METHOD( POINT MATCHING) PROGRAM FOR A CENTER FED DIPOLE 
C OF LENGTH L AND RADIUS A WITH MAGNETIC FRILL GENERATOR 
REAL L,LL,LLP 
COMPLEX 1(281),V(281),9,ZZ(281),AM(281),AM1(291) 
COMPLEX INGRLK,EINC,KERNEL 
COMMON/CNSTNS/A,A2,B,B2,J 
A=.885 
N=199 
L=.47 
DELZ=L/N 
PI=3.141592624 
J=(8.,1.) 
B=2.*PI 
B2=B*B 
A2=A*A 
Esso te 
LLP=LL 
DELZO2=DELZ*.5 
Z=LL+DELZO2 
C FILL VOLTAGE MATRIX AND FIRST ROW OF IMPEDANCE MATRIX 
DO 188 I1I=1,N 
UL=LL+DELZ 
ZM=LL+DELZ02 
NINT=INT( 82. @@8@1-11*(6@./N)) 
Z22( 11 )=-4.7724*9* INGRLK(NINT,LL,UL,Z) 
VCITI)=-EINC(ZM) 
198 LL=UL 
C WRITE OUT INPUT PARAMETERS AND FIRST ROW OF IMPEDANCE MATRIX 
WRITE(6,18) N,L,A 
18 FORMAT(1H ,38X,' INPUT PARAMETERS'//1H ,27X,'N =',15 
2,' SEGMENTS'/1H ,27X,'L =',F8.5,' WAVELENGTHS'/1H ,27X 
3,'A =',F8.5,' WAVELENGTHS'//1H ,28X,'FIRST ROW OF' 
4,' IMPEDANCE MATRIX Z(1,N)'//1H ,19X,'N',12X, REAL’ ,14X 
5, IMAGINARY'/) 
DO. 288 K=1,N,5 
288 WRITE(6,2H8) K,Z2Z(K) 
28 FORMAT(1H ,18X,13,2(1PE28.7)) 
C CALL TOEPLITZ MATRIX SOLVING SUBROUTINE 
CALL TPLZ(2Z,AM,AM1,N,V,1,1,XNORM, IER) 
C WRITE OUT CURRENT VECTOR 
WRITE(6,39) 
38 FORMAT(1H //1H ,29X,'CURRENT VECTOR I(N)'//1H ,19X,'N' 
2,12X,'REAL',14X, 'IMAGINARY'/) 
DO 388 KK=1,N,5 
388 WRITE(6,49) KK,I¢KK) 
48 FORMAT(1H ,18X,13,2(1PE28.7)) 
CALL EXIT 
END 
C THIS SUBPROGRAM USES SIMPSON'S RULE TO NUMERICALLY INTEGRATE 
Cc POCKLINGTON'S EQUATION 
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COMPLEX FUNCTION INGRLK(NINT,LL,UL,Z) 
REAL LL 

COMPLEX KERNEL,S,HALF 
H=(UL-LL)/NINT 
HOVER2=.5*H 

S=(8.,8.) 

HALF =KERNEL(2Z,LL+HOVERZ2 ) 
NINTM1L=NINT~-1 

DO 19@ IT=1,NINTM1 
ZP=LL+I*H 
S=S+KERNEL(Z,ZP ) 

192 HALF=HALF+KERNEL(Z,2ZP+HOVERZ) 
INGRLK=(H/6. )*( KERNEL(Z,LL)+KERNEL(Z,UL +4. *HALF+2.*S) 
RETURN 
END 

C THIS SUBPROGRAM COMPUTES VALUES OF THE INTEGRAND IN 
c POCKLINGTON'S EQUATION 
COMPLEX FUNCTION KERNEL(Z,2ZP) 
COMPLEX J 
COMMON/CNSTNS/A,A2,B,B2,J 
R=SQRT(Z*Z-2.*Z*ZP+ZP*ZP+AZ ) 


R2=R*R 
R5=R2*R2*R 
KERNEL=CEXP(-J*B*R)*((1.+0*BY¥R)*®(2.*R2-3.*A2)+B2*AZ*R2)/RS 
RETURN 
END 
C THIS SUBPROGRAM COMPUTES THE INCIDENT FIELD FROM A MAGNETIC 
Cc FRILL GENERATOR 
COMPLEX FUNCTION EINC(Z) 
COMPLEX J 


COMMON/CNSTNS/A,A2,B,B2,J 
R1=SQRT(Z*Z+AZ2 ) 
R2=SQRT(Z*Z+4.9729*A2) 
EINC=.62344*( (CEXP(-J*B*R1 )/R1 )-(CEXP(-J*B*R2)/R2) ) 
RETURN 
END 
SUBROUTINE TPLZ 
SUBROUTINE TPLZ(TAU,A,A1,NZ,VIN, VOUT ,MM, XNORM, IER) 
PURPOSE 
TO SOLVE A SYSTEM INVOLVING A TOEPLITZ MATRIX. TPLZ REQUIRES 
ONLY 5N STORAGE LOCATIONS FOR AN N BY N MATRIX. 
REMARKS 


A TOEPLITZ MATRIX HAS THE FIRST ROW EQUAL TO THE FIRST COLUMN. 
ALL ELEMENTS ALONG THE MAIN DIAGONAL ARE EQUAL. ANY DIAGONAL OFF 
THE MAIN DIAGONAL WILL HAVE THIS SAME PROPERTY. 

DESCRIPTION OF PARAMETERS 


NZ -ORDER OF MATRIX. 
TAU -FIRST ROW OR COLUMN OF THE TOEPLITZ MATRIX (VECTOR 
LENGTH NZ). 


A,Al -ARE, VECTORS OF LENGTH NZ NEEDED FOR SCRATCH AREA. 
VIN -FOR THE MATRIX EQUATION (Z)(I)=(V), VIN IS V. (2Z,TI, 
-AND V MAY BE THOUGHT OF AS GENERALIZED IMPEDANCES, 
-CURRENTS, AND VOLTAGES, RESPECTIVELY). V IS A NZ BY 
MM MATRIX. 
MM -NUMBER OF COLUMN VECTORS ON RIGHT SIDE OF MATRIX 
EQUATION (Z)(1)=(V) (USUALLY 1). 
VOUT -SOLUTION I, OF MATRIX EQUATION (Z)(1I)=€V). SOLUTION I 
WILL BE AN NZ BY MM MATRIX. 
XNORM -UPON RETURN THIS IS INFINITE MATRIX NORM OF INVERSE. 
IER -ERROR CODE WHICH IS # IF NO TROUBLE. 
COMPLEX TAU1,ALMDA,ALPHA,COEF ,FAC,.C1,C2,V,V1,V2 
COMPLEX TAU(NZ),A(1),A1(1),VINC1),VOUT(1),ONE,ZERO 
DATA ONE/(1D8,8D8)/,ZERO/( 808, B8D8)/ 


AaaNgNANAAaNAaANAANAANANANANAANNAN Aa 
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DATA ONNE/1D2/ ,ZRRO/SDB/ 
N=N2Z-1 

IER=2 

NORMALIZE INPUT MATRIX 
TAUL=TAUC 1) 

DO 28898 I1=1,N 

TAUC TI )=TAUCII+1)/TAUI 
THE FOLLOWING CALUCLATES THE ITERATIVE VARIABLES TO OBTAIN 
ACN) AND ALMDA 
NOTE--VECTOR A(I) HAS I ELEMENTS AND IS STORED AS ACI,J),J=1,N 
ALMDA=ONE-TAU( 1)*TAUC 1) 
A(C1)=-TAUC1) 

T=2 

KK=I-i 

ALPHA=ZERO 

DO 2 M=1,KK 

CL=I=M 
ALPHA=ALPHA+A(M)*TAUCLL ) 
ALPHA=-(ALPHA+TAU(T)) 
IF(CABS(ALPHA).EQ.8.D@)GO TO 15 
COEF=ALPHA/ALMDA 
ALMDA=ALMDA-COEF *ALPHA 
DO 3 J=1,KK 

L=I-J 

Al(J )=A(J)+COEF *ACL ) 

DO 7 J=1,KK 

ACJ)=A1( JI) 

ACI )=COEF 

IF€1.GE.N)GO TO 5 

T=1+1 

GO TO 1 

THE FOLLOWING COMPUTES THE VALUES OF EACH ELEMENT OF THE INVERSE 
NH=(NZ4+1)/2 
FAC=ALMDA*®TAU1 
XNORM=ZRRO 

NP=NZ+1 

DOs Pur=h, Nn 

XNM=ZRRO 

IF(I.NE.1)GO TO 52 
Al(1)=ONE/FAC 
XNM=CABS(A1( 13) 

DO 53 J=2,NZ 

Al(d )=ACJ-1)/FAC 
XNM=CABS(A1(J9))+XNM 

GC TO 54 

XNM=ZRRO 

JH=I1-1 

C1=A( JH) 

NNPI=NP-I 

C2=A(NNPI) 

CO 55 JJ=1,N 

J=NP-JJ 

INPJ=NP-J 

JL=J-1 

Al( J V=AIC IL D#(CIE*AC JIL )-C2*AC INPO))/FAC 
XNM=CABS(A1( J) )+XNM 
Al(1)=ACI-1)/FAC 
XNM=XNM+CABS(A1(1)) 
IF(XNM .GT. XNORM)XNORM=XNM 
MATRIX MULTIPLY 

DO 56 II=1,MM 
ID=(ITI-1)¥*NZ 

V=ZERO 

V1=ZERO 

DO 57 J=1,NZ 


7B 


5/7 


56 
51 


15 
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NIDJ=ID+d 
V2=VINCNIDJ) 
V=VtV2*A1(0 ) 
KNPJ=NP-J 


V1i=V1+V2*A1CKNPO ) 


NIDI=ID+I 
VOUT{(NIDI)=V 
KIDNPI=1D+NP-I 


VOUTC(KIDNPI }=V1 
CONTINUE 


RETURN 


WRITE(6,788) 


FORMAT(C'ERROR HAS OCCURED. 


IER=I 
RETURN 
END 


INPUT PARAMETERS 


N 
L 
A 


uoun 


198 SEGMENTS 
-47888 WAVELENGTHS 
- 88588 WAVELENGTHS 


FIRST ROW OF IMPEDANCE MATRIX Z(1,N) 


REAL 


-3.7877354E 
-3.708M4581E 
-3.6762423E 
-3.636218GE 
-3.5807825E 
-3.5192238E 
-3.4254281E 
-3.3278948E 
Se AO cic 
-3.M8935175E 
-2.9683874E 
7a fel UES EHS 
-2.6673696E 
-2.5108518E 
a eh IRENE CTA 
-2.1885437E 
-2.M111146E 
-1.84@84886E 
SH STSIEAER ZA S 
-1.5885532E 


BWRRRRRQRVRRRBQRVQRVRHVVS 


IMAGINARY 


1.38292525E 
-3.1899197E 
-4.3794519E 
-1.3827694E 
-6.2288773E 
-3.40851417E 
-2.1H843779E 
-1.4876802E 
-9.9253823E 
-7.2439429E 
-5 .4804493E 
-4,869352GE 
-3.07H86H981E 
365 AK Wl 
-1.6882H66E 
=1.19,79996E 
=7'.99527 1GE 
-4.7396833E 
-2.3754Z98E 
9.7914246E 


MATRIX IS NOT STRONGLY NONSING‘ ) 


RRBRQRQRRQRE KE KENNY 
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CURRENT VECTOR ICN) 


N REAL IMAGINARY 

1 WG Cee eee T US 1! -5.4686438E -4 
6 CIA ayeiar/tehels Ie} =1.3818655E =3 
11 5.8296498E -3 -2.86M4541E -3 
16 6.60999289E -3 -2,.685H456E -3 
21 8.81H81647E -3 =3 52343 19E5=3 
26 9.2231882E -3 =3% 3132956E"—3 
31 1.8235584E -2 -3.4687881E -3 
36 133953 bac S401 3235EuaS 
41 1.1696299E -2 =3 35 59889E (3 
46 1.1943624E -2 -2.99M4341E -3 
oi 1.284H478E -2 2 willie Gis Eee 
56 Wa MICAS -3.98H94781E -3 
61 T.151839ZE =2 -3.3788629E -3 
66 1.@892H17E -2 -3.49%86893E -3 
7AM 1.8849795E -2 -3.4487937E -3 
76 8.9961888E -3 Saco sooceckuas 
81 7.7447318E -3 Sep e603 Cems 
86 6.388252HE -3 -2.SH62547E -3 
91 4.6914498E -3 -1.9368344E -3 
96 2.8678654E -3 SN OBeERteeIs Ss: 


G.8 MOMENT METHOD PROGRAM FOR AN ARRAY OF 
EQUALLY SPACED, PARALLEL DIPOLES 


The computer program listed in this appendix will compute the pattern (in 
azimuth) of an array of vertical (i.e., z-directed) linear dipoles with equal spacing 
(only). The array may be either linear or circular. The resulting generalized 
impedance matrix is block toeplitz. 

The program employs the piecewise sinusoid in the Galerkin formulation 
described in Section 7.5.3. The dipoles may have lumped loads as described in 
Section 7.9.1. If only far-field patterns are needed, the number of expansion 
functions does not have to be large (e.g., NP ~ 5 per dipole). 

The program as given here is set up to analyze a 12-dipole linear array with 
4/2 spacing between dipoles. The dipoles are all A/2 in length and have a radius 
of 0.00014. To change the array configuration, it is necessary to change some of 
the following parameters. 


A = dipole radius in wavelengths 
L = dipole length in wavelengths 
NW = number of dipoles 
NP = number of piecewise sinusoids per dipole 
SPACE = dipole to dipole spacing in wavelengths 
IND = 1 for a linear array, 2 for a circular array 
ZLOAD = value of the terminal load impedance (may be zero) 


The program uses a block toeplitz subroutine which is called after statement 
200. After this call statement, the input impedances and far-field pattern are 
calculated. The magnitude of the input impedance is given by ZMAG and its 
by ZPHASE. The terminal current is given by IMAG. The far-field values 


phase 
are st 


Some sample output data are given after the program listing and corresponds 
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ored in the complex quantity E. 


to that in Fig. 7-24b. 


Cc MOM 


ENT METHOD (PIECEWISE SINUSOIDS) PROGRAM FOR AN ARRAY OF 


C EQUALLY SPACED, IDENTICAL, PARALLEL, LINEAR DIPOLES. THE 
C ARRAY CONFIGURATION MAY BE LINEARCIND=1) OR CIRCULAR( IND=2) 


C FIL 


58 


OPTIONS 32K,DP 

REAL LOWLIM,LWLIMP,X(25),¥(25),L 

REAL ZMAG(25),ZPHASE( 25), IMAG(25),1MAX 

COMPLEX KERNEL,EINC, INGRLK,V(258),ZZ(2599),PS(5198),AF(25) 
COMPLEX E(361),J,1Z(25),ZLOAD 

COMMON/ARRAY/ZZ,PS,V,E 

COMMON/CNSTNS/J,B2,A2,B 

DATA PI,DEGRAD,RADDEG/3.141592654, .@174532925,57.29577951/ 
A=.8981 


L=.5 

NW=12 

NP=5 
NPO2P1=NP/2+1 
SPACE=.5 


ZLOAD=(72.,8.) 

PHIOR=45.*DEGRAD 

IND=1 

PHIS=368.*DEGRAD/NW 
R=ABS(SPACE/(2.*COS((PI-PHIS)/2.))) 

NINT=44 

KS ay le) 

B=2.*PI 

A2=A*A 

B2=B*B 

DZ=L/(NP+1-) 

ZMM=- .5*L 

ZM=ZMM+DZ 

ZMP=ZMM+2. *DZ 

ZMMP =ZMM 
L THE IMPEDANCE AND VOLTAGE MATRICES 

DO 288 13=1,NW 

GORTOF Ci. 2), OND 

IF(MOD(NW,2).EQ.8) X(13)=(13-NW/2. )*SPACE-.25 
IF(MOD(NW,2).EQ.1) X(13)=I13*SPACE-(NW+1.)*SPACE/2. 
YC1I3)=2. 

GO TO 58 

XCI3)=R*COS( (13-1. )*PHIS) 
Y¥CT3)=R*SINC(I3-1.)*PHIS) 
D=A+SQRT((X€139-X€1)*CXCT3-XC1) +0 ¥013)-V¥O1)*C¥C139-¥(1))) 
ZMM=ZMMP 

DO 28@ 12=1,NP 

ZM=ZMM+DZ 

ZMP=ZMM+#2. *DZ 

INDEXV=12+( 13-1 )*NP 

VCINDEXV)=(@. ,2.) 

IFCIND.EQ.1.AND.12.EQ.NPO2P1) V« INDEXV)=—-CEXP( -J*B*X(13) 
2*COS(PHIOR)) 

IFC IND.EQ.2.AND.12.EQ.NPO2P1) V« INDEXV)=-CEXP(-J*B*R*COS 
2(PHIOR-(13-1)*PHIS)) 

ZNM=ZMMP -DZ 

DO 18@ 11=1,NP 
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ZNM=ZNM+DZ 
ZN=ZNM+DZ 
ZNP=ZNM+2.*DZ 
INDEXZ=11+(12-1)*NP+(13-1)*NP*NP 
198 ZZ( INDEXZ)=INGRLK(NINT,ZMM,2ZM,ZMP,ZNM,ZN,ZNP,D) 
288 ZMM=ZMP-DZ 
MP=((NP*NP )+1.81)/2. 
ZZ(MP )=ZZ( MP )+ZLOAD 
C CALL THE BLOCK TOEPLITZ SUBROUTINE 
CALL BLTSOL(2Z,V,PS,NW,NP,4) 
C COMPUTE INPUT IMPEDANCES AND FAR FIELD PATTERN (Z = @ PLANE?) 
DO 388 15=1,NW 
AF(1I5)=(8.,8.) 
DO 388 14=1,NP 
INDEXV=14+(15-1)™*NP 
IF(I4.EQ.NP/24+1) I1Z(15)=-CEXP(-B*J*X(15)*COS{ PHIOR) )/V¢C INDEXV) 
388 AF(I5)=AF(15)+V( INDEXV) 
DO 498 17=1,361 
PHI=(17-1)*DEGRAD 
E(I7)=(8. ,8.) 
DO 49@ 16=1,.NW 
IFC IND.EQ.1) EC I7)SE(17)+AF( 16 )*CEXP(J*B*X(16)*COS( PHI )) 
4@@ IFC IND.EQ.2) E(17)=E(17)+AF(16)*CEXP(J*B*R*COS( PHI-( 16-1.) 
2X P HLSID) 
PAUSE 
C CALL PLOT ROUTINE FOR FAR-FIELD PATTERN (OPTIONAL ) 
WRITE(6,18) NW,NP,L,A,SPACE 
18 FORMAT(1H ,28X,'INPUT PARAMETERS'//1H ,22X,'NW =',13/1H ,22X% 
2,'NP =',I13/1H ,22X,'L =',F8.5/1H ,22X,'A =',F8.5/1H ,22X 
3, "SPACING =',P8.5////1H , 2X5" N+, 7X, XNY OX, YING 7X 
4,'ZMAG',7X,'ZPHASE',6X,'INORM'//) 
IMAX=2. 
DO 588 I18=1,NW 
ZMAG( 18 )=CABS(IZ( 18) ) 
ZPHASE( 18 )=RADDEG*CATAN2( 12Z( 18) ) 
IMAG(18)=1./ZMAG(18) 
5@@ IFC IMAG(I8).GT.IMAX) IMAX=IMAG(I8) 
DO 698 19=1,NW 
IMAG( 19 )=IMAG(19)/IMAX 
628 WRITE(6,28) 19,X(19),¥(19),ZMAG( 19), ZPHASE( 19), IMAG( 19) 
2@ FORMAT(1H ,13,5F11.3) 
CALL EXIT 
END 
C THIS SUBPROGRAM USES SIMPSONS'S RULE TO NUMERICALLY 
C INTEGRATE FOR IMPEDANCE ELEMENTS USING EQUATION (7-68) 
COMPLEX FUNCTION INGRLK(NINT,ZMM,ZM,2ZMP,ZNM,ZN,ZNP,D) 
COMPLEX K1,K2,S1,S2,HALF1,HALF2,KERNEL,INGRL1,INGRL2 
H1=( ZM-ZMM)/NINT 
H2=( ZMP-~ZM)/NINT 
H102=.5*H1 
H202=.5*H2 
$1=(2.,8.) 
$2=S1 
CALL KERNEL(K1,K2,ZMM,2M,ZMP,ZNM,ZN, ZNP,ZMM+H102, ZM+H202,D ) 
HALF 1=K1 
HALF 2=K2 
NINTMI=NINT-1 
DO 188 1=1,NINTM1 
Z1=ZMM+1*H1 
Z2=ZM+1*H2 
CALL KERNEL(K1,K2,Z2MM,ZM,ZMP,ZNM,ZN,ZNP,Z1,22,D) 
$1=S1+K1 
$2=S2+K2 
CALL KERNEL(K1,K2,ZMM,Z2M,ZMP,ZNM,ZN,ZNP,Z1+H102,2Z2+H202,D) 
HALF 1=HALF1+K1 
198 HALF 2=HALF2+K2 
INGRL1=4.*HALF1+2.*S1 
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INGRL2=4.*HALF2+2.*S2 

CALL KERNEL(K1,K2,2MM,2M,Z2MP,ZNM,ZN,ZNP,Z2MM,2M,D) 
INGRL1=INGRL1+K1 

INGRL2=INGRL2+K2 

CALL KERNEL(K1,K2,Z2MM,2ZM,ZMP,ZNM,ZN,2ZNP,2ZM,2MP ,D) 
INGRL1=H1*{ INGRL1+K1)/6. 

INGRL2Z=H2*( INGRL2Z2+K2)/6. 

INGRLK=INGRL1+INGRL2 

RETURN 

END 


C THIS SUBPROGRAM COMPUTES VALUES OF INTEGRAND IN 
c 


> 
> 


agaagaNNMAMANANANANAANNANAANANAANNARANAAANN 


EQUATION (7-69) 

SUBROUTINE KERNEL¢(K1,K2,2MM,ZM,2MP,ZNM,ZN,ZNP,21,22,D)} 
COMPLEX K1,K2,J 

COMMON/CNSTNS/J,B2,A2Z,B 

D2=D*D 

212=2Z1*2Z1 

Z22=Z2*2Z2 

DZM=ZMP-ZM 

DZN=ZNP-ZN 

RNM1=SQRT(D2+Z12-2.*Z1*ZNM+ZNM*ZNM) 
RN1L=SQRT(D2+2Z12-2.*Z1*ZN+ZN*ZN) 

RNP 1=SQRT(D2+212-2.*Z1*ZNP+ZNP*ZNP } 
RNM2=SQRT(D2+Z22-2.*Z2*ZNM+ZNM*ZNM ) 
RN2=SQRT(D2+2Z22-2.*Z2*ZN+ZN*ZN ) 
RNPZ2=SQRT(D2+2Z22-2.*Z2*ZNP+ZNP*ZNP ) 
K1=38.*J*(CEXP(-J*B*RNMI1 )/RNMI-2. *COS(B*DZN)*CEXP(-J*B*RNI ) 
2/RN1+CEXP(-J*B*RNP1)/RNP1)/SINCB*DZM) 

K2=38.*J*(CEXP( -J*B*RNM2 )/RNM2-2.*COS(B*DZN)*CEXP(-J*B*RNZ ) 
2/RN2+CEXP(-J*B*RNP2)/RNP2)/SIN(B*DZM) 

K1=K1*SINCB*¢Z1-ZMM) )/SIN(B*DZM) 
K2=K2*SIN(B*( ZMP-Z2) )/SIN(B*DZM) 

RETURN 

END 

FILE NAME BLTSOL 

SUBROUTINE BLTSOL(Z,V,PS,NW,NP,IENTRY) 

COMPLEX Z¢(1),V(1),PS(1) 

DIMENSION IA(2) 

GO TO (41,42,43,44),ITENTRY 

CONTINUE 

IRET=9 

GO TO 1 

SUBROUTINE SOLVES FOR I THE MATRIX EQUATION V=ZI WHERE Z IS 
A SYMMETRIC BLOCK-TOEPLITZ MATRIX OF ORDER NW*NP. EACH BLOCK IS 
OF ORDER NP AND AN NW X NW PARTITIONING IS USED. 

V IS A SPECIFIED VECTOR OF LENGTH NW*NP. ON RETURN FROM BLTSOL 
I IS STORED IN PLACE OF V. 

PS IS AN ARRAY FOR SCRATCH STORAGE. 

STORAGE REQUIREMENTS ARE 


ZC NW*NP**2 ) (I1.E., THE FIRST ROW OF NP X NP BLOCKS) 
Z MATRIX IS FILLED BY COLUMNS, I.E., Z((J-1)*NPFI)=Z(1,0) 
VONW*NP ) 


PSC(2*NW+1)*NP**2) (FOR TEMPORARY STORAGE ) 
BOTH NP AND NW MUST BE GREATER THAN OR EQUAL TO 2. 
ALL ARRAYS ARE COMPLEX. 
CONTENTS OF Z ARE DESTROYED. 
ENTRY (IENTRY) POINTS ARE AS FOLLOWS.. 
(1) LINSET(Z,PS,NW,NP } FACTORIZES THE Z MATRIX - STEPS I AND II. 
(2) NEWRHS (V) MUST BE PRECEEDED BY A CALL TO LINSET. CAN CALL 
THIS ENTRY POINT A NUMBER OF TIMES TO SOLVE FOR CURRENT FOR 
DIFFERENT V BUT THE SAME Z FACTORED BY INITIAL CALL TO LINSET. 
(3) NEWFAC(Z,PS,NW,NP) CALLED TO RESET ADDRESSES. MUST BE CALLED 
IF PS ARRAY, NW, NP ARE STORED ON TAPE AND REREAD FOR SUBSEQUENT 
CALLS TO NEWRHS. 
(4) BLTSOL(Z,V,PS,NW,NP) EQUIVALENT TO CALLS TO LINSET AND NEWRHS. 
FACTORED ARRAY REMAINS FOR POSSIBLE REUSE BY FURTHER CALLS TO 
NEWRHS OR PS ARRAY CAN BE SAVED ON TAPE FOR LATER USE. 
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Cc ENTRY LINSET(Z,PS,NW,NP ) 
41 CONTINUE 
IRET=1 
GO TO 1 
Cc ENTRY NEWFAC(Z,PS,NW,NP) 
42 CONTINUE 
N=NW-1 
N2=NP**2 
I=NW*N2+N2+1 
J=N2+1 
IF(MOD(N,2)) 2,2,3 
N EVEN 
IPHI=J-N2 
IPSI=I 
GO TO 4 
N ODD 
IPHI=I-N2 
IPSI=J 
RETURN 
ENTRY POINT IF A PREVIOUS CALL MADE TO BLTSOL AND NOW ONLY 
SPECIFY A NEW RHS 
ENTRY NEWRHS 
3 CONTINUE 
GO TO 68 
CALC DEL(-1) AND PS((8),8) 
N=NW-1 
IF(NW.LT.2) GO TO 188 
IF(NP.LT.2) GO TO 181 
N2=NP *NP 
DO 5 I=1,N2 
WRITE(8,-)1,Z(1) 
PS(T)=2Z¢1) 
CALL LINEQ(PS,NP) 
CALL MATMLT(PS,Z(N2+1),PS(N2+1),NP ) 
IA(1) = START ADDRESS IN PS ARRAY OF PS((M-1),8) 
IA(2) = START ADDRESS IN PS ARRAY OF PS((M),@) 
IA(1)-N2 = START ADDRESS IN PS ARRAY OF DEL(M-2) 
IA(2)-N2 = START ADDRESS IN PS ARRAY OF DEL(M-1) 
IST+1 =2*NW*N2 + 1 = START ADDRESS OF AN ADDITIONAL SCRATCH AREA. 
IAC 1)=N2+1 
IAC 2 )=NW*N24N241 
IST=2*NW*N2 
MZ=N2+N2+1 
MM=% 
Cc ITERATE ON M=1,2,... N. FOR M=N, ONLY CALC DEL (M-1) 
DO 45 M=1,N 
IM@=1A(1)+MM 
MM=MM+N2 
11=1A(2)+MM 
18 IS START ADDRESS OF PS({M-1),M-1) 
I1 IS START ADDRESS OF PS((M),M) 
CALC DEL(M-1) 
CALL MATMLT(PS(I9},PS(I1@),PSCIST+1),NP) 
IJ=IST 
DO 28 J=1,NP 
DO 28 I=1,NP 
IJ=IJ+1] 
PSC IJ )=-PS( IJ) 
28 IFCI.EQ.0) PSC IJD=PSCIJ)+1. 
CALL LINEQ(PS(IST+1),NP) 
ID=IA(1)-N2 
ID1=IA(2)-N2 
CALL MATMLT(PS(IST+1),PSCID),PSC(ID1),NP) 
IF(M.EG.N) GO TO 59 
c CALC PS((M),M) 
MZZ=MZ 
MS=IA(1) 


NO 


=O BFOMASe WO 


(oe) 


aaAARAN 


aan 


25 


38 


45 
58 


65 
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IJ=IST 
DO 25 I=1,N2 
IJ=IJ+1 
PS(IJ)=Z(MZZ) 
MZZ=MZZ+1 
MZZ=MZ-N2 
DO 38 IS=1,M 
CALL TRMMLT¢PS(MS),Z(MZZ),PS(IST+1),NP) 
TRMMLT ACCUMULATES -TRANSP{PS(MS ) )*Z(MZZ) 
MS=MS+N2 
MZZ=MZZ-N2 
MZ=MZ+N2 
CALL MATMLTC(PS(ID1),PSCIST+1),PS¢11),NP) 
CALC PS((M),R) FOR R=8,1,...M-1. (CIR=R) 
IBR=IAC1) 
TIR=IAC2) 
IMR=19 
DO 48 IR=1,M 
CALL MATMLT(PS(IMR),PS(11),PS¢€IST+1),NP) 
IMR=IMR-N2Z 
IJ=IST 
DO 48 I=1,N2 
PSCTIR)=PSCIMRI-PSCIJ+1) 
IJ=IJ+1 
TIR=I1R+1 
IPR=19R+1 
I=I1A(1) 
IA(1)=IAC2) 
IA(2)=1 
HAVE FINISHED ITERATION ON PS. NOW PUT PHICR) INTO PSC(IA(2)>) 
IPHI=IA(2)-N2 
IPSI=IA(1) 
IBR=IAC1) 
T1IR=IA(2) 
DO 68 I=1,N 
CALL MULTTR¢PSCIPHI>,PSC IORI, PSCIIR), NPD 
IMPR=IGR+N2 
TIR=I1R+N2 
PUT PHI(-1) IN PSC IPHI} 
J=IPHI 
DO 65 I=1,N2 
PSCJ)=-PS(JI) 
J=J+1 


C NOW HAVE PHI(S), S=-1,8,1... N-1 STARTING AT PSCIPHI) 


C AND 


c 
68 


78 


75 


PSI(S}, S=8,1,... N-1 STARTING AT PSCIPSI} 
FORM A AND B IN Z ARRAY 
IFCIRET.NE.@) RETURN 
IB=NW*NP+1 
re=} 
J=2*NW*NP 
DO 78 I=1,J 
Z(1)=(8.,8.) 
Iv=1 : 
DO 88 J=1,NW 
NR=NW-J+1 
I1S=IPHI 
I2S=IPHI+ N*N2 
IVS=IV 
DO 75 I=1,NR 
JENTRY=1 
CALL MATVCACPS( 31S), V¢(IVS)},Z€IC)}, NP, JENTRY ) 
CALL MATVCACPS(12S), VC IVS),Z(¢IB),NP,JENTRY) 
T1S=I11S+N2 
I12S=I12S-N2 
IVS=IVS+NP 
IV=IV+NP 
IC=IC+NP 
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88 IB=IB+NP 
c NOW CALCULATE I IN V LOCATIONS. 
J=NW*NP 
DO 85 I=1, 
85 V(T)=-2¢1) 
IV=NP4+1 
Ic=1 
IB=1V+Jd 
DO 95 IR=1,N 
11S=IPSI 
I2S=(N-1)*N2+IPSI 
ICS=1C 
IBS=I1B 
DO 98 IS=1,IR 
JENTRY=1 
CALL MATVCA(PS(11S),Z(ICS),VCIV),NP,JENTRY) 
JENTRY=2 
CALL MATVCA(PS(12S),Z¢1BS),VCIV),NP,JENTRY) 
I1S=11S+N2 
I2S=12S-N2 
ICS=ICS-NP 
98 IBS=IBS-NP 
IV=IV+NP 
IC=IC+NP 
95 IB=IB+NP 
RETURN 
C ERROR RETURNS 
189 WRITE(6,1889) NW 
RETURN 
191 WRITE(6,1881) NP 
RETURN 
19@@B FORMAT(///18X,27HILLEGAL CALL TO BLTSOL. NW=, I6) 
1981 FORMAT(///18X,27HILLEGAL CALL TO BLTSOL. NP=,I16) 


CALL EXIT 

END 
Cc INVERSION OF COMPLEX MATRIX C, OF ORDER LL. INVERSE IS RETURNED IN 
Cc PLACE OF C 


SUBROUTINE LINEQ(C,LL) 
COMPLEX C(1),STOR,STO,ST,S 
DIMENSION LR(77) 
COMPLEX X 
CABQ( X )=REAL( X)*REAL( X )+AIMAG( X )*AIMAGC X ) 
DO 28 I=1,LL 
LR(I)=I 

28 CONTINUE 

M1=g 

DO 18 M=1,LL 

K=M 

DO 2 I=M,LL 

K1=M1+I 

K2=M1+K 

IF (CABQ(C(K1 ))-CABQ(C(K2))) 2,2,6 

K=I 

CONTINUE 

LS=LR(M) 

LR(M)=LR(K) 

LR(K)=LS 

K2=M1+K 

STOR=C(K2) 

J1=2 

DO 7 J=1,LL 

K1=J1+K 

K2=J1+M 

STO=C(K1) 

C(K1)=C(K2) 

C(K2)=STO/STOR 

J1=J914LL 


NO 


12 


14 
21 


13 


18 
15 
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CONTINUE 

K1=M1+M 
C(K1)=1./STOR 
DOW tte Ee 
Glo Mim liceleln we 
K1=M1+I 

ST=C(K1) 
CCK1)=(8.,8.) 
J1=2 

DO 18 J=1,LL 
K1=J1+I 

K2=J1+M 
C(CK1)=C(K1)-C(K2)*ST 
J1=J14LL 
CONTINUE 
CONTINUE 
M1=M14LL 
CONTINUE 

J1=8 

DO 9 J=1,LL 
IFCJ-LR(J)) 14,8,14 
LRJ=LR(J) 
J2=(LRJ-1)*LL 

DOV ie T=1 JEL 
K2=J2+1 

K1=J1+I1 

S=C(K2) 
C(K2)=CC(K1) 
C(K1)=S 

CONTINUE 
LR(J)J=LRC(LRI) 
LRCLRJ=LRI 
IF(J-LR(J)) 14,8,14 
J1=J14+LL 
CONTINUE 

RETURN 

END 


SUBROUTINE MATMLT(A,8B,C,NP) 


589 


CALCULATES C=A*B, A,B,C ARE NP X NP MATRICES OF COMPLEX NUMBER. 


COMPLEX A(1),B(1),C(1),D 


IJ=2 

L=1 

DO 15 J=1,NP 
DO 18 I=1,NP 
IJ=IJ+1 
D=(8.,8.) 
KJ=L 

IK=I 

DO 5 K=1,NP 
D=D+A( IK )*BCKJ } 
IK=IK+NP 
KJ=KJ+1 
C(IJ)=D 
L=L+NP 
RETURN 

END 


SUBROUTINE TRMMLT(A,B,C,NP) 
-~TRANS P(A)*B 
COMPLEX A(1),B(1),C¢1),D 


ACCUMULATES IN C 


IJ=% 

L=1 

DO 15 J=1,NP 
M=1 

DO 18 I=1,NP 
IJ=IJ+1 
D=(2.,8.) 


KI=M 
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KJ=L 

DO 5 K=1,NP 

D=D+A( KI )*BC KJ) 

KI=KI+1 

KJ=KJ+1 

M=M+NP 

C(IJ)=CC(IJ)-D 

L=L+NP 

RETURN 

END 

SUBROUTINE MULTTR(A,B,C,NP) 
CALCULATES C=A*TRANSP(B) 

COMPLEX. A(1),B(1),C¢1),D 
IJ=8 

DO 18 J=1,NP 

DO 18 I=1,NP 

IJ=IJ+1 

D=(8.,8.) 

IK=I 

JK=J 

DO 5 K=1,NP 

D=D+AC IK)*B( JK) 

IK=IK+NP 

JK=JK+NP 

C(IJ)=D 

RETURN 

END 

SUBROUTINE MATVCA(A,B,C,N,JENTRY) 
POSITIVE ACCUMULATION OF A*B IN C, WHERE A IS AN N X N MATRIX, 
B IS AN N-VECTOR, C IS AN N-VECTOR. ALL ARE COMPLEX 
COMPLEX A(1),B(1),C(1),D 

GO TO (32,33),JENTRY 

IGO =1 

GO TO 1 

CONTINUE 

NEGATIVE ACCUMULATION - SYMBOLS AS ABOVE 
IGO=2 

DO 18 J=1,N 

D=(8.,8.) 

IJ=J 

DO 5 I=1,N 

D=D+A€ IJ )*BC( I) 

IJ=IJ+N 

GO TO (6,7),I1G0 

C(J)=C( J )+D 

GO TO 18 

C(J)=C(J)-D 

CONTINUE 

RETURN 

END 
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INPUT PARAMETERS 


NW = 12 

NP = 5 

L = .58888 

A= .S8818 

SPACING = .58998 
N XN YN ZMAG ZPHASE INORM 
1 -2.759 2.888 137.148 22.773 1.880 
2 =2.258 2. B88 178.819 28.876 - 883 
i: =1.758 8.888 176.435 15.465 BU 
4 -1.258 SB. BBL 178.981 12.984 - 886 
5 Safes 8.888 163.757 12.918 -837 
6 a ecoe S. OBB 168.594 14.845 -854 
7 258 DB. 888 168.241 15.349 - 856 
8 - 758 B. O88 May We 16.428 -847 
9 1.258 DB. 888 165.526 17.133 829 
1g 1.759 BD. 988 171.669 L6eo7.5 7S) 
11 2ec50 DB. 888 188.563 14.438 - 768 
12 2.758 8.888 183.888 3.839 -746 
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The subroutine listing given below will compute the diffraction coefficients D, 
and D, presented in Section 9.5 for the wedge of interior angle (2 — n)x. The 
subroutine will also compute the slope diffraction coefficients associated with the 
perpendicular and parallel cases. The latter slope diffraction coefficient is dis- 
cussed in Section 9.8. 

To use the subroutine, it is only necessary to know the calling parameters in 
line 1, which are 


DS = diffraction coefficient D,(L, ¢, $’) 
DH = diffraction coefficient D,(L, ¢, ¢’) 
DPS = slope diffraction coefficient for the parallel case 
DPH = slope diffraction coefficient for the perpendicular case 
R = distance parameter L 


PH = angle ¢ 
PHP = angle ¢’ 
BO = angle y, 


F'N = n of the interior wedge angle (2 — n)x 


As an example of the use of subroutine DW, consider the E-plane analysis of 
the horn antenna in Section 9.6. In writing a “main program” to analyze the 
horn antenna we would call, for example, DW (X, DPER, X, X, RL, PHI, 0.0, 
90.0, 2.0) where X is a variable not used in the program. We must supply the 
subroutine with RL and PHI, and it will return DPER. 

The user of subroutine DW may verify the statement listing by calculating the 
diffracted field in Fig. 9-16. 
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SUBROUTINE DW(DS,DH,DPS,DPH,R,PH,PHP,BO,FN) 
C *** WEDGE DIFFRACTION AND SLOPE DIFFRACTION COEFFICIENT *** 
C *** FOR THE SOFT AND HARD B.C. *** 
COMPLEX DIN,DIP,DPN,DPP,DS,DH,DPS,DPH 
BETN=PH-PHP 
CALL DIC(DIN,R,BETN,BO,FN) 
CALL DPI(DPN,R,BETN,BO,FN) 
IF(ABS(PHP).GT.2.5E-4.AND.ABS(PHP).LT.(FN*189.-2.5E-4) 
&)GO TO 12 
DS=(@.,8.) 
DH=DIN 
DPS=DPN 
DPH=(8.,@.) 
RETURN 
18 CONTINUE 
BETP=PH+PHP 
CALL DI(DIP,R,BETP,BO,FN) 
CALL DPI(DPP,R,BETP,BO,FN) 
DS=DIN-DIP 
DH=DIN+DIP 
DPS=DPN+DPP 
DPH=DPN-DPP 
RETURN 
END 
SUBROUTINE DI(DIR,R,BET,BO,FN) 
C *** INCIDENT (BET=PH-PHP) OR REFLECTED (BET=PH+PHP) *** 
C *** PART OF WEDGE DIFFRACTION COEFFICIENT *** 
COMPLEX TOP,COM,EX,UPPI,UNPI,FA,DIR 
DATA PI,TPI,DPR/3.14159265,6.2831853,57.29577958/ 
ANG=BET/DPR 
TOP=-CEXP(CMPLX(@.,-PI/4.)) 
DEM=2.*TPI*FN*SIN( BO/DPR) 
COM=TOP/DEM 
SQR=SQRT(TPI*R) 
DNS=(PI+ANG)/(2.8*EN*PI ) 
SGN=SIGN(1.,DNS) 
N=IFIX(ABS(DNS)+2.5) 
DN=SGN*N 
A=ABS(1.@+COS(ANG-2.8*FN*PI*DN) ) 
BOTL = 2.8*SQRT(ABS(R*A) ) 
EX=CEXP(CMPLX(@.8,TPI*R*A) ) 
CALL FRNELS (C,S,BOTL) 
C=SQRT(PI/2.8)*(8.5-C) 
S= SQRT(PI/2.8)*(S-8.5) 
FA=CMPLX(@.,2.)*SQR*EX*CMPLX(C,S) 
RAG=(PI+ANG)/(2.2*FN) 
TSIN=SIN( RAG) 
TS=ABS(TSIN) 
1F(TS.6T. 1,E=5)°CO T0442 
COTA=-SQRT(2.8)*FN*SIN(ANG/2.8-FN*PI*DN) 


GO TO 443 

442 COTA=SQRT(A)*COS( RAG )/TSIN 

443 UPP1=COM*COTA*FA 
DNS=(-PI+ANG)/(2.8*FN*PI >) 
SGN=SIGN(1.,DNS) 
N=IFIX(ABS( DNS )+@.5) 
DN=SGN*N 
A=ABS(1.8+COS(ANG-2.@8*FN*PI*DN) ) 
BOTL = 2.8*SQRT(ABS(R*A) ) 
EX=CEXP(CMPLX(8.8,TPI*R*A) ) 
CALL FRNELS (C,.S,BOTL) 
C=SQRT(PI/2.8)*(8.5-C) 
S= SQRT(PI/2.8)*¢(S-#.5) 
FA=CMPLX(@.,2. )*SQR*EX*CMPLX{(C,S) 
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RAG=(PI-ANG)/(2.8*FN) 
TSIN=SiN(RAG ) 
TS=ABS(TSIN) 
LEKMSe Gilt E=—5 GOT 09542 
COTA= SQRT(2.8)*FN*SIN(ANG/2.8-FN*PI*DN) 
IF (COS(ANG/2.8-FN*PI*DN).LT.@.8) COTA=-COTA 
GO TO 123 
542 COTA=SQRT(A)*COS(RAG)/TSIN 
123 UNP IT=COM*COTA*FA 
DIR=UPPI+UNPI 
RETURN 
END 
SUBROUTINE DPI(DPIR,R,BET,BO,FN) 
C *** INCIDENT (BET=PH~PHP) OR REFLECTED (BET=PH+PHP) *** 
Cc *** PART OF WEDGE SLOPE DIFFRACTION COEFFICIENT *** 
COMPLEX TOP ,COM,EX,UPPI,UNPI,FPA,DPIR 
DATA PI,TPI,DPR/3.14159265,6.2831853,57.29577958/ 
ANG=BET/DPR 
SBO=SIN(BO/DPR) 
NORSCERRCCMREX Ci .—P iL / an)? 
DEM=4.*TPI*FN*FN*SBO*SBO 
COM=TOP/DEM 
DNS=(PI+ANG)/(2.8*FN*PI ) 
SGN=SIGN(1.,DNS) 
N=IFIX(ABS(DNS)+8.5) 
DN=SGN*N 
A=ABS(1.8+COS(ANG-2.9*FN*PI*DN) } 
BOTL = 2.8*SQRT(ABS(R*A) ) 
EX=CEXP(CMPLK(@.8,TPI*R*A) ) 
CALL FRNELS (C,S,BOTL) 
C=SQRT(PI/2.8)*(8.5-C) 
S= SQRT(P1/2.0)*<{S-9.5) 
FPA=TPI*R*(CMPLX(@.,2.)+4.*SQRT(ABS( TPI*R*A) )*EX*CMPLX(C,S)) 
RAG=(PI+ANG)/(2.8*FN) 
TSIN=SINC( RAG) 
TS=TSIN*TSIN 
IF(TS.GT.1.E-5) GO TO 442 
CSCA=-2.*FN*FN*COS(ANG-TPI*FN*DN)/COS( (PI+ANG)/FN) 
GO TO 443 
442 CSCA=A/TS 
443 UPPI=COM*CSCA*FPA 
DNS=(-PI+ANG)/(2.8*FN*PI ) 
SGN=SIGN(1.,DNS) 
N=IFIXC(ABS(DNS)+@.5) 
DN=SGN*N 
A=ABS(1.8+COS(ANG-2.9*FN*PI*DN) ) 
BOTL = 2.8*SQRT(ABS(R*A) ) 
EX=CEXP(CMPLX(@.8,TPI*R*A) ) 
CALL FRNELS (C,S,BOTL) 
C=SQRT(P1I/2.8)*(2.5-C) 
S= SQRT(PI/2.8)*(S-9.5) 
FPA=TPI*R*(CMPLX(@.,2.)+4.*SQRT(ABS( TPI*R*A) )*EX*CMPLX(C,S)) 
RAG=({PI-ANG)/(2.0*FN) 
TSIN=SIN( RAG ) 
TS=TSIN*TSIN 
HIPC USSG a Halaska) fete) ate) bavi 
CSCA=~-2.*FN*FN*COS( ANG-TPI*FN*DN)/COS( (PI-ANG)/FN) 
SORTOni 23 
542 CSCA=A/TS 
123 UNPI=COM*CSCA*FPA 
DPIR=UPPI-UNPI 
RETURN 
END 
SUBROUTINE FRNELS(C,S,XS) 
c THIS {S THE FRESNEL INTEGRAL SUBROUTINE WHERE THE INTEGRAL IS FROM 
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U=@ TO XS, THE INTEGRAND IS EXP(-J*PI/2.*U*U),AND THE OUTPUT IS 

C(XS)-J*SCXS). 

DIMENSION AC 12),B(12),CC¢€12),D(12) 

DATA A/1.595769148,-@. 288981782 ,-6.888568854,-8. 9898576361 ,6.929691 
*992,-8.816898657 ,-3.858485668,-2.875752419,8.859663781 ,-8.8256398 
*1,-8.158238969 ,09.834494779/ 

DATA B/~2. 8889098833 ,4.255387524,-@. 888092818 ,-7.788829480 ,-B. 88952 
*9895,5.875161298,-#.138341947,-1.363729124,-8.483349276 ,8. 7822228 
*6,-8.216195929,8.819547831/ 

DATA CC/®.,-#.824933975,8.588823936 ,8.885778956 ,8.GHG689892,-8. B99 
*497136,8.811948889,-9. 896748873 ,2. 800246428 ,8.882182967,-8.881217 
*328 ,8.868233939/ 

DATA D/#.199471148,8. 888888823 ,-H.809351341 ,H.BIGU239H6 , BW. 8H485146 
*6 ,8.801993218,-8.817122914,8.829864967,-®@.827928955 ,8.816497398, - 
* 8895598515 ,8.888838386/ 

DATA PI/3.14159265/ 

IF(XS.LE.8.8) GO TO 414 

X=X$ 

X = PI*X*X/2.8 

FR=8.8 

FI=8.9 

K=13 

IF(X-4.8) 18,408,498 

Y=X/4.8 

K=K-1 

FR=CFRtACK) )*®Y 

FI=(FI+B(K))*Y 

IF(K-2) 38,398,298 

FR=FR+A(C 1) 

FI=FI+B(1) 

C=(FR*COS(X )+FI*SINCX)}*SQRTCY) 

S=C(FR*SINCX)-FI*COS(X))*SQRTCY) 

RETURN 

Y=4.8/%X 

K=K-1 

FR=(FRtCC{(K) )*Y 

FI=(FI+D(K))*Y 

IF(K-2) 68,689,598 

FR=FR+CC(1) 

FISFI+D(1) 

C=8.5+(FR*COS(X)+FI*SINCX) )*SQRTCY?) 

3=8.5+(FR*SINCX)-FI*COS(X) )*SQRTCY) 

RETURN 

C=-8.8 

$=-8.8 

RETURN 

END 


The above diffraction program has been used extensively by one of the authors at the 
Ohio State University ElectroScience Laboratory where it was written over a period of 
years by the laboratory staff. 


Active impedance, 155 
Antenna beam solid angle, 35 
Aperture antenna, 375 
Aperture efficiency, 395 
Archimedean spiral antenna, 285 
Array: 
arbitrarily configured, 164-165 
binomial,:147-151 
circular, 350-354 
collinear, 134-135 
conformal, 109 
Dolph-Chebyshev, 151, 537-542 
feeding of, 165-167 
linear, see Linear array 
parallel element, 138-141, 342, 349-350 
phased, 108, 160-167, 349-356 
planar, 108, 354-355 
superdirective, 134 
Array antenna, 108 
Array-element factor, 165 
Array factor, 109, 110-111, 135, 164 


Babinet’s principle, 283 
Backscatter, 453 

Balun, 217-218 
Bandwidth, 260 

Beam broadening, 161 


Beam solid angle, 35 

Beamwidth, 30, 128 

Beverage antenna, 240 

Biconical antennas, 270-278 

Binomial array, 147-151 

Boundary conditions, 6, 7 

Bowtie antenna, 288 

Broadband antenna, 193, 239, 260-261 
Broadside antenna, 30 


Capacitor-plate antenna, 81 
Cardioid pattern, 115-116 
Cassegrain reflector antenna, 430-433 
Collinear array, 134-135 
Collinear dipoles, 155 
Collocation, 321 
Communication links, 60-62 
Conductivity, 6, 563 
Conformal array, 109 
Corner reflector antenna, 437 
Corporate feed of an array, 165 
Cosine-tapered line source, 184-185 
Creeping wave, 499 
Current density: 

electric, 5 

magnetic, 6 

surface, 6, 7 
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Current element, 13 


Diffraction, 458 
Dipole: 
folded, 205-212 
full-wave, 197 
half-wave, 84-87, 196, 315 
ideal, 13-17, 81 
short, 50-52, 80, 313-314, 319 
sleeve, 280-281 
straight wire, 193-203 
top-hat loaded, 81 
vee, 204 
Dirac delta function, 11, 565 
Directive gain, 34 
Directivity: 
definition of, 36 
Hansen-Woodyard increased, 130-134 
linear array, 141-145 
uniform line source, 180-182, 190 
Discone antenna, 274-278 
Dolph-Chebyshev array, 151, 537-542 
Driving point impedance, 154 


Effective aperture, 61 
Effective isotropically radiated power (EIRP), 
62 
Effective length of an antenna, 65 
Effective permeability, 102 
Effective receiving aperture, 65 
Efficiency: 
aperture, 395 
radiation, 38, 48-52, 395 
Electrically small antenna, 79 
Element factor, 28 
Element pattern, 135, 137-138, 164 
Endfire antenna, 30 
Endfire array: 
Hansen-Woodyard, 130-134, 143, 265 
ordinary, 130, 139-141, 143 
Equiangular spiral antenna, 284-287 
Equivalence principle, 375-384 
Equivalent currents, 309, 492 


Fan beam, 31 

Far-field region, 17, 22-25 

Far zone, see Far-field region 

Field probe, 41, 69 

Fields, 4-6 

Folded dipole, 205-212 
Frequency-independent antenna, 281 


Frequency scanning, 165 
Friis transmission formula, 60 
Frill generator, 337 

Full-wave dipole, 197 


Gain, 37, 334, 392-397 
Galerkin’s method, 319, 321, 323-332 
Geometrical optics, 447-454 
Geometrical theory of diffraction, 460, 469 
Grating lobe, 123 
Ground plane: 

imperfect, 229-238, 489-492 

perfect, 87-94 


Half-power beamwidth, 30 

Half-wave dipole, 84-87, 196, 315 

Hansen-Woodyard endfire array, 130-134, 143, 
265 7 

Hansen-Woodyard increased directivity, 130- 
134 

Helical antennas, 261-270 

Horn antennas, 397-415, 479-481 

Huygen’s principle, see Equivalence principle 


Ideal dipole, 13-17, 81 
Impedance: 

active, 155 

antenna, 17, 47-53 

driving point, 154 

intrinsic, 16, 22 

matrix, 313 

mismatch, 65 

mutual, 154-160 
Impedance matching, 52-53, 212-216 
Interferometer, 161 
Isotropic source, 33, 110 


Linear array: 
beamwidth, 128-129 
Dolph-Chebyshev, 151, 537-542 
excitation of, 349-350 
general properties, 108-123 
Hansen-Woodyard endfire, 130-134, 143, 265 
main beam scanning of, 128, 160-167 
nonuniformly excited, 145-154 
ordinary endfire, 130, 139-141, 143 
unequally spaced, 151-153 
uniformly excited, 124-145 

Linear phase, 161 

Line source, 19, 26, 173-189, 522-530, 543- 

550 


Log-periodic antennas, 287-303 
Log-periodic dipole array, 294-303, 345-349 
Long-wire antenna, 239 
Loop antenna: 

circular, 259 

small, 99-104 

square, 244-251 
Loop-stick antenna, 102 


Magnetic moment, 101 
Main beam, 29 
Main lobe, see Main beam 
Maximum effective aperture, 57 
Maxwell’s equations, 2, 4-6 
Measurement: 
field intensity, 69-71 
gain, 39-40 
mutual impedance, 155-160 
pattern, 44-47 
Method of moments, 306 
Minor lobe, 29 
Monopole, 92-94, 278, 489-492, 502-509 
Mutual coupling, 154, 164, 349-356 
Mutual impedance, 154-160 


Near-field region, 17 


Omnidirectional pattern, 19 
Open-sleeve dipole, 280-281 
Ordinary endfire array, 130, 139-141, 143 


Parabolic reflector antenna, 397, 422-436, 
482-485 

Parallel dipoles, 155 

Parallel element array, 138-141, 342, 349- 
350 ; 

Parallel feed of an array, 165 

Pattern, see Radiation Pattern 

Pattern factor, 28 

Pattern multiplication, 134-141, 164 

Pencil beam, 31 

Permeability, 6, 102 

Permittivity, 6 

Phased array, 108, 160-167, 349-356 

Physical optics, 381, 454-458 

Planar array, 108, 354-355 

Pocklington’s integral equation, 307-310 

Point-matching, 312, 321 

Point source, 110 

Polarization, 53-57 

Polarization mismatch, 65-69 
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Potential: 
scalar, 10 
vector, 9 
Power gain, see Gain 
Power pattern, 28-29 
Poynting’s theorem, 7-8 
Poynting vector, 7 
Prime-focus reflector antenna, 422-430, 482- 
485 
Principle of pattern multiplication, 137 
Pyramidal horn antenna, 397, 398, 411-415 


Q, 104-105, 134 


Radar, 63-64 

Radar cross section, 63, 335, 453, 457 
Radiated power, 17 

Radiation efficiency, 38, 48-52, 395 
Radiation fields, 17 

Radiation intensity, 33 

Radiation pattern, 17-19, 27, 46 
Radiation resistance, 48, 200-201 

Ray optics, 447-454 

Reaction, 40, 321 

Reciprocity, 40-44 

Reflector antennas, 422-440, 482-485 
Rhombic antenna, 242-244, 259 


Sampling method, 526-530, 534-535 
Scanning: 
frequency, 165 
of pattern main beam, 160-167 
Scattering, 332-336, 344-345, 365-370 
Sectoral horn antennas, 398-411, 479-481 
Series feed of an array, 165 
Short dipole, 50-52, 80, 313-314, 319 
Shunt matching, 215-216 
Side lobe, 29 
Side lobe level, 29 
Similar array elements, 136 
Sleeve antennas, 278-281 
Slice generator, 336 
Slope diffraction, 488, 518 
Slot antenna, 485-489 
Small loop antenna, 99-104 
Space feed of an array, 165 
Spiral antennas, 281-287 
Square loop antenna, 244-251 
Staggered dipoles, 155 
Superdirective array, 134 
Supergain, 134 
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Supergain ratio, 134 


Taylor line source, 543-550 

Toeplitz matrices, 340-343 

Top-hat loaded dipole antenna, 81 
Transmission-line loaded antenna, 81-82 
Traveling-wave wire antenna, 239-244 


Umbrella-loaded monopole, 94 

Uniform line source, 26, 174-184 

Uniform progressive phase, see Linear 
phase 


Uniform theory of wedge diffraction, 472 _ 


Vector potential, 9 
Vee dipole, 204 
Vee, traveling-wave, 242, 259 


Wave antenna, 240 

Wave equation, 10-11 

Weighted residuals, 315 

Wire-grid model, 356-365 

Wood’s anomaly, 356 

Woodward-Lawson sampling method, 526-530 
534-535 


Yagi-Uda antenna, 218-228 


“ 


panera 
meas 


Baia 
oz 


Pee ce 
pee 


